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ABSTRACT

This thesis is concerned with efficient scheduling in production systems involving flexible
multipurpose plants. Scheduling in such systems generally involves a complex set of deci-
sions regarding the allocation of production resources over a time horizon in order to meet
certain objectives such as the fulfillment of customer orders. These decisions interact with
each other and must therefore be considered simultaneously if the best schedule is to be
found. The best schedule is determined in relation to some desired criterion such as the max-

imisation of profit or the minimisation of costs.

Large-scale process scheduling problems often arise because of the need to model
the system in detail. Problem size is further increased if there are decisions on widely differ-
ing time-scalesif. daysvs. minutes) or if the problem involves many different resource
types (materials, equipment itemts). One class of large-scale problem which is given par-
ticular attention in this thesis is multisite scheduling involving several multipurpose plants
and warehouses distributed over a wide geographical area. Both production and transporta-
tion issues need to be considered in this context.

In this thesis it is shown how many large-scale process scheduling problems can be
represented in detail using a very general framework based on a discrete-time mathematical
formulation. Thisdetailed formulation, however, may be too large to be computationally
tractable due to the factors discussed above. A general method for reducing problem size is
therefore introduced in which a smalkeggregateformulation is derived directly from the
detailed formulation. Because of its rigorous derivation, this aggregate formulation has cer-
tain useful properties which enable it to be a close approximation to the detailed formulation
in many cases. It can therefore provide useful information relating to the solution of the origi-
nal problem which was intractable in its detailed form. This is illustrated by several exam-
ples. The aggregate formulation has several potential applications which are also discussed in
this thesis.
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Chapter 1

Introduction

1.1 Scheduling of multipurpose process plants

This thesis is concerned with efficient scheduling in multipurpose process plants. These differ
from continuous process plants, such as those used for oil refining or bulk chemical produc-
tion, in that they are generally highflgxible They are often able to produce a wide range of
different products as required using a variety of production routes. This flexibility is often
gained by using batch processing, although some production activities may be continuous
(e.g.packing of final product items). These characteristics make multipurpose plants particu-
larly effective for the manufacture of product types with a large degree of inherent diversity
and which are subject to time varying customer demands. Such products include paints,
foods, consumer products and speciality chemicals.

An analogy can be drawn between the operation of a multipurpose plant and that of a
kitchen in a restaurant where orders for meals have to be met during the course of an evening.
In the case of the kitchen, there is a finite set of resources (chefs, saucepans, cookers, kitchen
implementsetc) which are used to convert the set of available foodstuffs into the finished
meals via a set of pre-specified tasks given in the recipes. Different meals are likely to have
some ingredients and intermediates in common, as well as sharing similar equipment items in
their preparation. In a similar way, multipurpose plants have the flexibility to produce a wide
range of products in an order driven environment. A set of common production resources
(equipment items, manpower, utilitietc) are used to convert the raw materials into the final
products. The processing stages involved in the production of each final product are generally
known but the specific equipment items which will actually carry out these tasks are not. This
is how the flexibility of the system arises.

Given such flexibility, scheduling is concerned with finding Hest(e.g. minimum
cost, maximum profit) way of assigning the production resources to tasks over the time hori-
zon of interest in order to meet the required production objectagsfilfill the customer
demands). For many multipurpose plants, this represents a highly complex problem given the
large number of decisions that an operating schedule involves.
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1.2 The benefits of efficient scheduling

The benefits of finding an optimal (or close to optimal) schedule are obviously determined by

the criterion which one is trying to optimise. Identifying the benefits of finding the minimum

cost way of doing something, for example, is not hard — the benefit is that it minimises

costs! However, as well as being desirable on an operational level, efficient scheduling can

also bring less immediate or quantifiable (but, in some cases, more significant) benefits in

terms of a company’s strategic policy. Some important implications of efficient scheduling

are given below:

1.

Economies of scale.

In many cases, there are significant cost savings that can be derived from the different
parts of a production system co-operating to meet certain goals or sharing commonly
required resources. For example, an equipment item such as a packing line that is not
fully utilised by one part of the production system may be used to pack products from
another part. Quantity discounts for procurement of raw materials from suppliers or
transportation of products to customers may also make closer co-ordination desirable.
The scale of such co-operation may vary from closer harmonisation of different pro-
duction lines in the same plant up to interactions between different plants on an interna-
tional or even global basis.

Customer satisfaction.

The timely fulfillment of orders is essential in a competitive environment where a cus-
tomer can turn to another supplier if orders are late. In many cases, demand patterns are
time dependent and unpredictable over the longer term. A plant, therefore, may sched-
ule its activities on a short-term (daily or weekly) basis in order to be able to adapt to
such changes. For periods of heavy demand, efficient schedules will enable the maxi-
mum number of orders to be met on time. Another important feature that customers
look for is a short lead-time from making their order to receiving it. By using efficient
scheduling, a company can offer faster service and therefore gain a significant competi-
tive advantage.

Product Diversification.

Companies often need to tailor their products to the customers’ individual requirements
to increase or maintain their market share. In the detergents sector, for example, the
large producers offer a range of different brands, each having different variants, pack
sizesetc Such product diversification, therefore, is desirable in marketing terms but it
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also introduces a higher degree of operational complexity in the manufacture of these
products. A company with a capability for efficient scheduling of its production activi-
ties will be able to cope better in this respect.

1.3 Large-scale process scheduling problems

Process scheduling problems are inherently complex due to their combinatorial nature which
stems from the large number of discrete decisions that are involved at each stage of the time
horizon considered. There are, however, certain features in some problems which make them
an order of magnitude larger than many of those commonly encountered. Clearly, if a prob-
lem involves lengthy process recipes involving many different types of equipment items, this
will increase the size of the problem. However, even comparatively simple processing struc-
tures can give rise to large-scale problems if they involve highly flexible equipment items.
Suppose an equipment item can perform a total dffferent tasks and that change-over
activities €.g.cleaning) are required between each. There will then be a totataf possi-

ble change-over activities that can be performed. If each task is performed once in the hori-
zon, there are a total of possible task sequences. If there are many such equipment types,
then a very large combinatorial optimisation problem will result.

Multisite production systems which involve multipurpose plants also give rise to large-
scale scheduling problems. These are given particular attention in this thesis (see chapters 3
and 6) and are described in more detail below.

1.3.1 Multisite Production Systems

For the purpose of this thesis, a multisite system will be defined as a collection of geographi-
cally distinct sites at which material is either stored or converted to other materials. These
sites co-operate with each other in order to meet certain required objectives.

The most obvious example of a co-ordinated multisite system is the network of plants
and warehouses operated by a single manufacturing company. This may have arisen because
the company has inherited existing sites after acquiring other operations, or it may be eco-
nomically advantageous to have several production and storage facilities, each near to centres
of demand. The geographical extent of such a system could range from a regionaldevel (
in the case of a small-scale food producer) up to a truly global level for a multi-national
chemical company.
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Multisite scheduling is a topic which is currently attracting a great deal of interest since
inceased co-ordination at an operational level can often lead to significant benefits. Flaherty
(1986) studied five multi-nationals (two of which were chemical companies) and concluded
that increased co-ordination should not only give significant reductions in costs, but also
enhance their effectiveness in the market place. For organisational and other reasons, there
may be some necessity for a degree of autonomous management at each site. On the other
hand, the need for a co-ordinated response to diverse customer demands and the desire to
minimise costs, imply that ideally the various plants and warehouses should be treated as
parts of one large production system. Planning for this system would be carried out centrally,
allowing full interaction between all the sites and consequently the most efficient utilisation
of the available resources. For example, a product of one multipurpose plant may be used as
one of the feedstocks of another, and it may sometimes be beneficial for plants operating sim-
ilar processes to exchange intermediates. This is illustrated in figure 1.1. In this case, the mul-
tisite system consists of 3 plants and 7 warehouses serving customer demands and shows a set
of possible routes along which materials may be transported. The plants procure the neces-
sary raw materials from a set of suppliers (dashed lines) and then convert them into products
which are transported to the warehouses (dotted lines). The plants may well operate very sim-
ilar processes; consequently it could be desirable for them to share intermediates, or for a
product from one plant to form the feedstock for another. Such exchanges correspond to the
solid lines in the diagram.

Suppliers

~= <
NN T <
~

Customers/Warehouses

PLANT | .

| PLANT

Figure 1.1: A multisite production and distribution system.
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In addition to multisite systems operated by a single company, there are an increasing
number of examples where separate companies have benefitted from co-ordinating their
activities in agreements and partnerships. Large retailers, for example, may benefit from
working closely with their suppliers in such areas as distribution, warehousing and demand
forecasting. Norman and Ramirez (1993) describe the success of companies who have co-
ordinated their activities with those of their suppliers and customers. Even directly compet-
ing companies may see an advantage in limited co-operation. An example of this is the direct
buying and selling of stocks (‘exchanges’) between large oil companies which is sometimes
carried out to reduce distribution costs. This may arise when a company needs to meet
demand in an area which is far away from its own refinery but close to one of its competitors.

The phrase ‘supply chain’ shall be used to cover all the activities involved in satisfying
customer demand, from procuring raw materials through to coverting them into products and
distributing them to warehouses and demand centres. As well as costs associated with pro-
duction such as labour, utility and raw material costs, those associated with distribution and
storage can be significant proportions of the cost of supplying the product to the customer.
Cooper (1987) studied several large food and drink companies and found that distribution
costs were, on average, 9.4% of their total sales revenue. Many companies work with profit
margins of less than 5% and consequently only a small reduction in costs can lead to a signifi-
cant competitive advantage.

The activities with which these costs are associated interact with each other and must
therefore be considered simultaneously. For example, maintaining higher stock levels has a
buffering effect which can smooth the demand on the production facilities but causes
increased stock-holding costs. Similarly, a warehouse can reduce the average amount of stock
held (and hence its costs) by increasing the frequency of its re-order policy. This, however,
may be at the expense of increased transportation costs.

In a highly competitive and constantly changing market environment, it is even more
important to have a high degree of co-ordination between all the supply chain activities. It is
widely recognised that there is a great deal of potential for reducing costs in many areas if
more efficient scheduling methods can be found which consider the multisite system in its
entirety. A very good indicator of the amount of inefficiency present in most multisite produc-
tion and distribution systems is the total amount of stock held. Of course, holding large stocks
can help decouple the different supply chain activities reducing the effect that one has on the
other. There are, however, unit costs associated with holding stock which can be very signifi-
cant. Edwin L. Artz, Chairman and Chief Executive of Procter and Gamble, summed up the
difficulties and trade-offs involved in operating a multisite system in 1992:
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“ Swings in price create variability and massive inefficiency in the manufacturing
and distribution system. To meet heavy short-term demand, manufacturers must
build raw material inventory and design peaks and valleys in production sched-
ules, which entail excessive warehousing costs, excessive shipping rates and new
handling costs. As an industry we’ve estimated annual grocery sales in the
United States of 300 billion U.S. dollars. Out of that, there's between 75 billion

to 100 billion U.S. dollars of inventory, much of it unproductive, caught between
the manufacturer, the manufacturer’s supplier and the retailer — up to a third of

total sales just trapped in the pipelihé.

Excessive stock levels, therefore, incur a quantifiable cost that can be greatly reduced
by increased co-ordination of the supply chain activites.

1.4 Outline of Thesis

The objective of this thesis is to develop a general method for obtaining approximate solu-
tions to large-scale process scheduling problems. Chapter 2 contains a brief review of some
work relating to aggregation in mathematical programming formulations. Since multisite sys-
tems are given particular attention in this thesis, a review of work in the logistics and supply
chain planning area is also included. Finally, literature relating to detailed and aggregate for-
mulations for large-scale process scheduling problems is discussed.

Chapter 3 reviews the Resource-Task Network (RTN) process representation of Pan-
telides (1994) which is a very general representation allowing a wide range of problems to be
modelled. A discrete-time fomulation based on this representation is presented which
involves very few constraint and variable types. Finally, some examples are presented to
illustrate the general modelling capability of this formulation. It is this formulation that forms
the basis of the aggregate formulation derived in chapter 4. It is shown how a family of
aggregate formulations can be derived directly from the detailed RTN formulation by sum-
ming constraints and introducing aggregate variables.

The aggregate RTN formulation has some potentially useful mathematical properties
that allow the trade-off between accuracy of solution and problem size to be exploited. These
are discussed in chapter 5 with the aid of an example. Chapter 6 dicusses some applications
of the aggregate formulation, along with schemes for generating feasible detailed schedules

T Taken from Fulleet al. (1993).
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from the aggregate solution. A comparison with a recently proposed formulation for multi-
purpose plant scheduling (Bassstal, 1994) is also presented in this chapter.

The aggregate RTN formulation is applied to an industrial case study in chapter 7. This
is concerned with production and distribution scheduling for a multisite system of plants and
warehouses that span Western Europe.

Finally, chapter 8 summarises the contributions of this thesis and indicates some direc-
tions for further research.



Chapter 2

Literature Review

When faced with a problem that cannot be solved when expressed at the desired level of
detail, some simplification must be found to convert it into a formighedctable and which

still yields valuable information about the solution of the original problem. A perfectly natu-
ral way to proceed when faced with such a large problem is to find a way of breaking it up
into smaller sub-problems which can then be solved separately. This method often works
guite adequately when the critical interactions in the system can be determined, indicating
which parts can satisfactorily be considered in isolation from the whole. In these cases, the
decomposed solution may be very close (or even identical) to the solution of the original
problem.

For problems that can be expressed in terms of a mathematical programming formula-
tion, another approach is to aggregate constraints and/or variables to create, in effect, another
problem which is small enough to be solved. Depending on the nature of the problem and the
form of aggregation used, this solution may then provide a reasonable approximation to the
fully detailed solution. This is the approach adopted in this thesis for large-scale process
scheduling problems which are generally too complicated to be tackled by an intuitive
decomposition method.

The complexity of process scheduling problems, in common with other decision-
making problems, arises from their combinatorial nature as was illustrated briefly in section
1.3. Karp (1972) has shown that many such problems, the travelling salesman problem being
a well-known example, arP-complete i.ethey cannot be solved exactly by any algorith-
mic method of polynomial complexity. Scheduling in multiproduct plants (in which all prod-
ucts follow the same route through the plant) is another problem that falls into this category
(Gabow, 1983). Multiproduct plants are a less general case of the multipurpose plants and
therefore the general multipurpose plant scheduling problem considered in this thesis can also
be regarded as being NP-complete. Finding an exact solution, therefore, may only be possi-
ble for small problems (Garey and Johnson, 1979), since it requires some kind of enumerative
approach. Most published work therefore aims to use heuristic polynomial algorithms to find
‘good’ solutions i.e. with objective values that can be shown to be tolerably close to that of
the true optimal solution).

In this chapter we shall briefly review the literature on four areas that are relevant to the
work in this thesis. Firstly, some previous work on formal aggregation techniques in
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mathematical programming will be examined. Hierarchical production planning in which var-
ious aggregation and disaggregation techniques are utilised will also be considered. Also,
since multisite planning problems are given particular emphasis throughout this thesis, some
work in this area will also be reviewed. Finally, as the vast majority of the earlier research
carried out in the first three areas is specific to assembly or machine shop manufacturing sys-
tems, work specific to the modelling and solutiorpafcessscheduling problems is consid-

ered. Multipurpose process plants are fundamentally different in nature from factories that
manufacture items by machining and assembling various component parts. Optimal planning
in such flexible plants therefore necessitates a different approach.

2.1 Aggregation Techniques in Mathematical Programming Formulations

Zipkin (1980a) considers aggregation of variables in a general linear programming formula-
tion of the form:

Z = maxcx , (Ax<b, x=0) (2.1)

wherec is ann-dimensional vectorh is anm-dimensional vector; anf is anm x n matrix.
Variable aggregation is achieved by partitioning rieector of variablex into a set of sub-
vectors {: k =1, .. ,K}, each of which is then replaced by a single aggregate variable. The
aggregate formulation is then written as:

Z = maxcX , (AX<b,X=0) (2.2)

wheret is aK-dimensional vector,ach element of whicltyf) is a weighted sum of a subset

of the elements of the original vectothat correspond to those in the sub-vectarLike-

wise the matrixA is anm x K matrix formed from weighted sums of the columns in the orig-

inal matrix A corresponding to those in the sub-vectpr The same weightings are used in

both cases. It is shown that, if a feasible solution to (2.2) is found, thendineensional

vector formed by disaggregating the aggregate variables (using the same weighting functions

as were used to generatandA) is feasible with respect to the original problem (2.1).

Such an aggregation of variables places extra restrictions on the variables of (2.1).
Even though (2.1) may have a feasible solution, therefore, it may not necessarily give rise to
an aggregate problem (2.2) that is feasible. Error bounds on the accuracy of the optimal
aggregate solution with respect to the original problem are derived assuming certain collec-
tive bounds on the variables in each partition and the dual of the aggregate solution. Optimal
weightings are suggested to obtain a ‘good’ aggregate formulatertol minimise this
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error).

In direct contrast to the aggregation described above, aggregation of constraints rather
than variables gives rise to a formulation whicke&sconstrained than the original problem.
An error analysis similar to that introduced above can also be carried out when the variables
and constraints in a general linear programming problem are aggregated simultaneously (Zip-
kin, 1980b).

Geoffrion (1977) considers a specific linear programming formulation for a procure-
ment planning problem. A set of facilities is considered that procure a range of items from a
set of suppliers in order to meet customer demands. No production activities are considered in
this model ((e. those that transform one product type into another). The objective is to min-
imise the overall procurement cost subject to meeting the demands. An aggregate formulation
is produced by aggregating constraints of different item types. Aggregate variables are then
introduced, corresponding to summations of variables for a subset of product types. In com-
mon with other approaches where different product types are aggregated, each aggregate vari-
able represents a simple summatioe. (veighting functions are all unity) of disjoint groups
of product types. Error bounds on the accuracy of the aggregate formulation and necessary
conditions for optimal grouping of product types are also derived.

Aggregation of constraints has been exploited in solution algorithms for integer pro-
gramming problems. Much of this work is based on a theorem due to Matthews (1897) who
considers two linear constraints:

=}
=}

. apj X = bl & . A Xj = b2 (23)
j=1 j=1

where Xj 20, j =1,..,n are integer unknowns and the coefﬁcieai;sand b, are positive

integers. It is shown that the equation:

n

2 (aqjty + apjtz)X; = byty + bty (2.4)

=1

has the same solutions as (2.3) indt, are suitably chosen positive integers that are prime
relative to each other. In most solution algorithms for integer programming problems that are
based on this property, constraints are sequentially aggregated to eventually form a single
constraint that has the same solutions as all the original ones. Bradley (1971) demonstrates
how such a scheme can be used to convert any bounded, equality constrained integer pro-
gramming problem into an equivalent knapsack problem with the same number of variables
but only one constraint.
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The papers discussed above serve to illustrate the wide body of work that has been
done on aggregation in mathematical programming. Rogers (1991) gives a full review of
aggregation and disaggregation methodology in optimisation.

The work described in this section is mainly concerned with solving abstract mathe-
matical problems with little attention being paid to the application of these techniques to real-
istic examples such as the process scheduling problems addressed in this thesis. These often
result in mixed integer linear programming (MILP) formulations and it is not obvious how
aggregation of variables as proposed by Zipkin (1980a,b) for linear programming problems
can be effectively used in this case. In addition, any techniques for obtaining error bounds
that rely on the dual solution would not be appropiate for MILP problems. Where a real life
problem has been addressed (Geoffrion, 1977), the formulation bears little relation to those
required for process scheduling problems which are time-dependent rather than steady state

in nature.

2.2 Hierarchical Production Planning

Hierarchical Production Planning (HPP) is a name connected to a fairly diverse body of work
developed by several authors over the last two decades to tackle problems involving large-
scale assembly or machine shop manufacturing systems. Such systems generally have a fixed
‘bill of materials’ where, for any intermediate item in the manufacturing process, it is known
exactly which items will be involved in its production and which items will themselves
require it for their own production. The basic idea of this approach is to identify a hierarchy

of decisions on different levels which can be associated with aggregate groups of items which
share certain characteristics.

Bitran and Hax (1977) identify three levels of product aggregatemswhich are the
end products delivered to the customé&silieswhich are groups of items which have simi-
lar set upsi(e. when a machine is set up for one item, it is set up for all the others in its fam-
ily); and product typesvhich are groups of items having similar production costs. For single
stage manufacturing systems, Bitrah al. (1981) present a hierarchical approach which
determines aggregate quantitiesg(total production levels within each family) at one stage
and then passes them on to another for disaggregation. This method has also been extended
for systems involving two production stages (Bitedral, 1982).

Axsdter (1981) considers product aggregation in a model which is typical in this field
and which is governed by the following equality constraint:

Yo = Vi1 + X~ Ax — OF vt (2.5)
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wherey, = (yi1,..,Yw)" is @ vector of inventory levels for al products involved in the
system in period; X, is the corresponding vector of product orders initiated in periadd

df is the external demand vector for the products. NlheN matrix A = (@)i,j=1,..,N

reflects the fixed interdependence of the items in the manufacturing process, each item of
product j requiring a; items of product for its manufacture. An important assumption
implicit in (2.4) is that all orders are initiated and completed within the same pefgdre-

gation into groups of products can be carried out to generate constraints of lower dimension-
ality. The author presents conditions for so-called ‘perfect aggregation’ when the aggregate
constraint is fully consistent with the detailed constraint.

In a two-level hierarchical approach, Aatsi’ (1986) identifies constraints which, when
applied to the aggregate level, will guarantee a feasible solution at the detailed leatdr Axs”
and Jonsson (1984) use simulation experiments for an industrial example in order to evaluate
disaggregation procedures and methods for aggregating items.

Das and Sarin (1994) consider aggregate planning in integrated manufacturing systems.
They use a master schedule in which capacity, time and products are aggregated to synchro-
nize product activities with demand.

Although the work on HPP addresses realistic manufacturing problems, it is of limited
significance for process scheduling problems involving flexible plants where a given product
can be often produced by a variety of different production resources. In such a case, it is
impossible to sum up the interdependencies of all resources involved in the problem by a sin-
gle matrix A as in (2.5) above. In the same way, it is very often not meaningful to group
resources into families in multipurpose plants.

2.3 Multisite Planning

When considering a multisite system of plants and warehouses operating on an international
or even global basis, material transportation and storage activities need to be taken into
account, as well as those associated with production at each plant. This section will present a
brief survey of work that has considered the interaction between two or more of the following
supply chain activities: distribution, inventory control and production. The work is highly
varied, both in the nature of the problems that are examined, and in the methods of analysis.
It should be stressed that, in all the work, the production models used were rather simplistic.
The objective is to minimise distribution or inventory holding costs (or both) but production
costs are not included. This is indicative of the fact that the production models are so simple.
In particular they contain none of the detail needed to represent the many choices and degrees
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of freedom that exist in flexible production facilities.

Anily and Federgruen (1993) do not consider production scheduling at all but give
detailed consideration to interactions between the cost of distribution and inventory holding.
They consider problems with up to 500 demand points and a central warehouse in a problem
that may be faced by a large retail chain, for example. Travelling Salesman concepts are used
to derive bounds on the minimal transportation and storage costs incurred when using indi-
vidual vehicle subtours for the delivery of a single commaodity.

Zuo et al. (1991) seek to minimise overall production and distribution costs for a case
study of seed hybrid production in the United States. They use Mixed Integer Programming
and consider the steady state allocation of seeds to processing facilities. This leads to the con-
clusion that it is not always optimal to process seeds in the nearest facility to where they were
produced.

The highest level of detail for production used in the literature surveyed was that by
Blumenfieldet al. (1985). They consider different production runs, each producing a single
product, with set up costs between each run. They extenfctireomic Order Conceftd
generate an explicit expression for the total costs. The optimal production cycle time and
shipment size are then found by calculus. Cohen and Lee (1988) decouple the supply chain
into material control, production, and distribution submodels that are linked by constraints.
The cost incurred in meeting customer demands is then minimised using heuristic methods.

Williams (1981) surveys 7 different heuristic techniques of varying sophistication for
production-distribution scheduling in multi-echelon structures. Different path structures from
raw materials to final customer demand points are considered: ‘assembly’ (each node having
exactly one successor node); ‘arborescent’ (each node having exactly one predecessor node);
and co-joined assembly-arborescent. Customers are considered to have steady state demands
for the final products. It was found that no one heuristic worked better in all examples, but
that some consistently gave better results than the methods for scheduling actually employed
by companies.

Ishii et al. (1988) consider a dynamic market situation where a company makes one
product that is reaching the end of its life (whose demand is decreasing linearly) and is being
replaced by a new product (whose demand is increasing linearly). They develop a method to
find base stock levels and leadtimes to keep the probability of stockouts below a required
level whilst minimising the amount of unsaleable ‘dead stock’ when demand for the old prod-
uct has dropped to zero.

Conway (1988) considers the interaction of production activities with work-in-process
inventory. Generic production systems comprising sets of workstations in series were studied
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by computer simulation in conditions of variable process times and unreliability of equip-
ment. It was found that, not only was the size of the inventory buffers between each worksta-
tion important, but also their position in the production line.

Computer simulations of production-distribution systems have also been carried out.
Dorairaj (1989) developed a multiperiod model of a multisite system with stock re-allocation
decisions to be made each day. He uses an inventory cost model that includes back-ordering
costs as well as carrying costs. The aim of his method is to minimise total system costs by
finding suitable warehousing operating policies. Mohanty and Chandrasekhar (1983) simulate
the case of a single factory supplying 3 regional warehouses. Some autonomy is allowed at
each site to decide transportation policy. A feedback control model is developed to derive
optimal operational parameters for the system. The production planning side of the model is
concerned with workload balancing (hiring, firing and overtime costs are considered). Runs
are carried out with stochastic demands and fixed customer service levels.

So-called ‘lumpy’ demand patterns on a plant are often encountered in practice and can
cause major problems for the production planner. They arise when there is insufficient co-
ordination of the individual parts of the system. A production facility and the final demand
points are separated by links which may be warehouses, transshipment centres or other pro-
duction facilities. Each link places a demand on the previous link (in order to satisfy the
demands placed on it), with no regard for the scheduling of that previous link. Edgethill
(1988) examine the dynamics of the supply chain and how variations in demand at retail out-
lets can be amplified by the time they have been transmitted back to the production facility.
They suggest feedforward as well as feedback control loops to smooth out the demand.

The papers referred to above are illustrative of a large body of work in the literature
which addresses the efficient design and/or operation of large-scale distribution systems.
Issues such as vehicle routing and optimal re-ordering policies are obviously important in
any multisite system with distributed plants, warehouses and customers. However, the lack of
attention to the details of production makes them unsuitable for systems involving multipur-
pose process plants which are the subject of this thesis. An approach is needed which simulta-
neously considers the allocation of production resources at each plant and the wider supply
chain activities such as product distribution and storage.

2.4 Process Scheduling Formulations

Flexible multipurpose plants can accommodate the production of several different products in
the same facility. They are often associated with batch processing although some of their
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operations may be continuous in nature. In general, equipment items can be used for different
types of task and each task can be performed in different equipment items of the same or dif-
ferent types. For example, several similar mixing vessels may be used to blend any one of
number of intermediates. Hence, different products may be produced by following the same

route through the plant and batches of the same product may have followed different routes.
Examples of such plants include those that produce food/dairy products, paints, detergents,
and pharmaceuticals.

Their inherent flexibility means that the scheduling of multipurpose plants involves a
combinatorial problem of high dimensionality. Compared to the other activities in the multi-
site systemi(e. those associated with distribution and storage), the production scheduling
problem often involves the allocation of far more resource types (intermediates, equipment
items, utilitiesetc).

Much work has been carried out on the detailed scheduling of multipurpose plants.
Reviews of the literature in this area have recently been published by Reklaitis (1992) and
Rippin (1993). In deriving aggregate scheduling formulations that will be of wide applicabil-
ity, we are primarily interested in general frameworks for the scheduling of multipurpose
plants. The recent work in this area is reviewed below.

Kondili (1988) and Kondiliet al. (1993) presented a mathematical formulation based
on theState-Task NetworfSTN) process representation which allows a detailed description
of the operation of multipurpose plants. A solution algorithm based on it has been shown to
be effective for solving a variety of realistic short-term planning problems @raeh1993).
More recently, Pantelides (1994) presented a unified framework based®Resoarce-Task
Network(RTN) representation of the process in which all resources (equipment items, storage
capacity, utilitiesetc) are treated uniformly. This generic approach facilitates taking account
of complicating production features such as sequence-dependent cleaning, as well as mainte-
nance and wider supply chain activities, all in a unified and consistent manner.

Efficient solution strategies have been presented by authors who seek to increase the
capability of discrete-time process scheduling formulations for tackling large-scale problems.
Sahinidis and Grossmann (1991) present an approach in which the constraints in the STN for-
mulation of Kondiliet al. are disaggregated. Although this increases the number of variables
and constraints in the MILP problem, it can give a reduction in the integrality gap (and hence
the solution time) for certain classes of problem. Sétahl. (1993) demonstrate how refor-
mulation of constraints of the STN formulation of Koneiial. and pre-processing of prob-
lem information can significantly reduce solution times and enable previously intractable
problems to be solved. Elkamel (1993) presents a variety of measures for developing efficient
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solution strategies for discrete-time process scheduling formulations. These include model
pre-processing to eliminate certain variables at the initial stage of the solution procedure;
heuristics to decompose the problem into a set of sub-problems; and the use of strong valid
inequalities which exploit the structure of the problem.

All of the work described above is based on formulations employing a discrete repre-
sentation of time. More recently, work has been aimed at producing formulations based on a
continuoustime representation. Pinto and Grossmann (1994) describe one such formulation
for cyclic scheduling of multiproduct plants comprising a sequence of stages interconnected
by storage tanks. Zhang (1995) and Zhang and Sargent (1996) present a general formulation
based on the RTN framework of Pantelides. They demonstrate how a mixed integer linear
programming (MILP) formulation can be generated by linearising constraints. A similar gen-
eral continuous-time formulation is presented by Schilling and Pantelides (1996). They pro-
pose a novel branch-and-bound algorithm which aims to address the computational problems
caused by the large integrality gap inherent in this and other related formulations.

The papers above illustrate the very considerable recent progress in process scheduling
methods that has enabled many problems to be solved that were considered intractable only a
few years ago. There is, however, a limit to the extent to which the efficiency of these algo-
rithms can be improved. The large-scale problems considered in this report often require
some approximate solution method. The work described below attempts to use aggregate for-
mulations to give a significant reduction in problem size whilst giving meaningful results.

2.4.1 Aggregate Process Scheduling Formulations

There are very few papers which present aggregate formulations that are specific to process
scheduling problems. In the area of process synthesis rather than scheduling, Daichendt and
Grossmann (1994) have developed a preliminary screening procedure by aggregating the
variables in the mixed integer non-linear programming (MINLP) problem formulation to give

a mixed integer linear programming (MILP) formulation. This is of lower dimension and pro-
vides a rigorous upper bound to the global optimal solution of the original MINLP problem.

Musier and Evans (1988) emphasise the cost of holding inventory and present an
aggregate multi-period formulation which simultaneously minimises production and distribu-
tion costs over an intermediate planning period. They suggest a discretisation interval of the
order of weeks or months. The formulation is a linear programming problem and ignores dis-
crete decisions such as equipment set ups and change-overs. It is assumed that these decisions
can be dealt with by a lower level scheduling formulation.
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Liu and Sahinidis (1995) consider a long range MILP formulation for a system involv-
ing several chemical processes and in which capacity expansions or shutdowns are allowed
during the course of the planning horizon. They present an aggregation-disaggregation
heuristic for large-scale planning problems. An aggregate problem is first solved, in which
time periods are aggregated into groups. This effectively restricts the times at which changes
to the system can be implemented over the planning horizon. Then the detailed model can be
solved as a linear programming problem with all the integer decision variables fixed at the
values given by the aggregate solution. This yields a feasible but not necessarily optimal solu-
tion to the original problem. Finally, to demonstrate the effect of the discretisation interval on
the integrality gap of the detailed formulation they present a series of examples. These have a
total planning horizon of 12 years and discretisation intervals ranging from 1 to 12 years.

Aggregation over time is used by Bassdtal. (1994) to form a higher level planning
problem based on a uniform time discretisation model. This forms part of decomposition
strategy whereby production is allocated to different time zones, thus creating a set of
detailed scheduling problems that can be solved independently to produce a global schedule.
Their aggregate formulation bears some relation to the one derived in this thesis and is there-
fore discussed more fully in chapter 7.

2.5 Concluding Remarks

In this section we have reviewed four areas in the literature which are related to the work in
this thesis. The work on formal aggregation in mathematical programming is relatively lim-
ited in the scope of the aggregation it considers despite the fact that very general original
problems are considered. Much work has been done on the formal derivation of error bounds
for the aggregate formulation and finding the best weightings to use. However, the accuracy
of the aggregate formulations is limited since only single summations of disjoint groups of
variables and/or constraints are considered.

A similar criticism could be applied to the work on hierarchical production planning
which adopts a similar approach of single weighted summations. In addition there is an exclu-
sive emphasis on assembly type manufacturing systems where techniques such as the aggre-
gation of products into families can be meaningful. This work is not directly applicable to the
case of scheduling in multipurpose plants and also uses a simplistic form of aggregation.

The work on scheduling of supply chain activites, whilst highlighting the trade-off
between distribution and inventory costs, devotes no attention to problems requiring detailed
production models. It is therefore difficult to see how multipurpose plants could be
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incorporated into these methodologies, indicating that a different approach is required.

The aggregate process scheduling formulations presented in this thesis are based on a
detailed discrete-time RTN formulation (Pantelides, 1994) which is discussed more fully in
the next chapter. The RTN framework has two very important properties. Firstly, it is a very
general representation which allows a wide range of different scheduling problems to be tack-
led. Secondly, as a result of its generality, formulations based on this framework are very sim-
ple, involving only a few different constraint types. This aids in the derivation of aggregate
formulationsvia the mathematical manipulation of these constraints.



Chapter 3

The RTN Framework for Process Scheduling

This chapter outlines the Resource-Task Network (RTN) framework recently presented by
Pantelides (1994). This is a unified framework for process scheduling which captures many
of the complicating features involved in the operation of multi-purpose plants. We start by
introducing the basic concepts of resources and tasks, and the way they can be used to derive
very general, yet simple, mathematical formulations for process scheduling problems. Two
examples are presented to illustrate these ideas. It will then be demonstrated how wider sup-
ply chain activities such as distribution and warehousing can also be modelled within the
RTN framework.

3.1 Resources and Tasks

The key property of the RTN framework is its uniform description ofesburcesnvolved
in the process. No conceptual distinction is made between, for example, raw materials, pro-
cessing equipment items, utilities and transportation resources.

The other fundamental concept is that of thek which is an abstract operation that
consumes and/or produces a setraegource typesand is uniquely defined by that set.
Resources are classified into the minimum number of resource types such that any part (or
element) of a resource type is functionally equivalent to any other. Equipment items of differ-
ent capacities, for example, are regarded as being in different resource types, even though
they may be used for exactly the same transformations of material.

Functional equivalence within resource types depends on the level of detail demanded
by the scheduling application. In a problem involving equipment cleaning considerations, for
example, two equipment items may belong to the same resource type only if they are in the
same conditiong.g.‘clean’ or ‘soiled’). In multisite schedulindpcationis obviously a cru-
cial feature which distinguishes different resource types. In other words, a material & a site
is considered to be in a different resource type to the same material &B.a site

3.2 Discrete-Time RTN Formulation

Based on the RTN process representation, different formulations can be derived based on the
representation of time chosen. Zhang and Sargent (1996) present one based on a continuous
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time representation. As well as determining when to perform each of the processing tasks,
their algorithm also allows certain decisions that are intrinsic to each task (such as its dura-
tion) to be included in the optimisation process. Pantelides (1994) presents a formulation
based on a uniform, discrete representation of time (see figure 3.1) which is the one that will
be discussed for the remainder of this chapter. Unlike the formulation of Zhang and Sargent,
it assumes that the process recipe is completely fixed. Despite this assumption, processing
tasks can still be modelled in detail as the example given in section 3.4 demonstrates. Impor-
tantly, it ensures that the resulting mixed integer programming problentiseag allowing
relatively large-scale problems to be tackled. In addition, linear, discrete-time formulations
can be used to generatggregateformulations with useful properties. These are discussed in
the next two chapters.

Figure 3.1: Uniform discretisation of the planning horizon.

The overall planning horizon is divided inkb equal time intervals. The time discreti-
sation is made fine enough such that all tasks can always be considered to start and end on a
time interval boundary. Each tagkhas a fixed duration, and the execution of taskstart-
ing at timet is characterised by a paiN{;, &), whereNy, is an integer variable anfl; a
continuous one. This pair is called #dentof the taskk starting at time.

Resources are produced and consumed at discrete times during the execution of the
task. The amount of resource typproduced at a timé relative to the start of tadkat time
tis:

HirgNict-o + Vi t-0 (3.1)

These coefficients allow tasks such as those with time-dependent manpower or utility require-
ments to be modelled, as well as those which involve a simple transformation from a feed to a
product using an equipment item.

Changes to the resource utilisation can occur only at interval boundaries. The variable
R denotes the amount ekcess resourceaver time intervak (i.e. the amount that is not
involved in the tasks that are active over this time interval). The change in the excess resource
level for each resource type from one time interval to the next is givexdsss resource
balanceconstraints of the form:
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O O
Ri = Ry1 + 22 Effkre Ngi-o + Vkryc(k,t—eD + Ty Vort (3.2)
k 6=0

wherell,, is the amount of resourcemade available from external sources at a tinkhe
guantity R, corresponds to the amount of resour@vailable initially and is assumed to be
given.

We also need to ensure that the amount of excess resource at any time is within certain
levels. This can be written as follows:

0< Ry < R™ Yot (3.3)

The upper boundR"® may, for instance, reflect limited storage capacity for an intermediate
material in the process. In this case, the lower bound,0is zero but it may be greater than
this (.e. R‘“” < Ry) if a minimum inventory of material is required to guard against uncer-
tainty in the process. This is similar to ‘safety stocks’ which are often maintained by ware-
houses (see section 3.5.4).

Individual tasks may be subject to operational constraints. These are normally
expressed in terms of the task extent. For instance, the continuous extent of a batch process-
ing task corresponds to the amount of material undergoing the task at any given time. This is
constrained by the integer extent of the task which can be interpreted as the number of pro-
cessing equipment items being used by the task at that time. The necessary capacity con-
straints can be written as:

VIIMNy < & S VN ¥ Kk, t, rOPE, (3.4)

where PE, is the set of processing equipment resource types used b, taBkIVE}i” and
Vir® are respectively lower and upper limits on the corresponding batch-sizes. We shall see

examples of more complex operational constraints later in this chapter (section 3.5.2).

Finally, theobjective functiowill typically be a linear combination of task extent and
excess resource level variables. In general, there will be fixed and also vaedidéch-size
dependent) costs associated with each processing task. There will also be costs associated
with the use of utilities and possibly costs for holding inventories of process materials.
Assuming that we wish to maximise the total value-added at the end of the planning horizon
(t = H), we can write the following objective function:

H H H

0

max 3 CF(Ru~Ro) = C' 3 Rep = £ 3(CENi+ Cléw) - 2 CEMy (35)
rMR k t=1 t=1

whereMR is the set of material resources in the problem@hnds the end-of-horizon value
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of each of these resourceSIMR. Each material resource also has an associated inventory
holding costC! . It should be noted that, if the cost of holding stock can be assumed to be due

only to lost interest on the capital it ties up, t&randCf" are related:

IR N o
100% 365x24

Ch = Cf x (3.6)

wherelR is the annual percentage interest rate @mglthe length, in hours, of the time dis-
cretisation interval being used in the formulation. For intermediates, however, it may be diffi-

cult to establish any realistic sale valG&, so we may wish to set it to zero for these

resources. On the other har@, should be set to a positive value in order to prevent too
much stock of intermediates being held during the time horizon.

Returning to the objective function (3.8 andC) are the fixed and variable costs,
respectively, for each tagk These costs may arise from the utility or manpower require-
ments of the tasks; the depreciation of equipment items; or from charges quoted by a third
party operator (see section 3.5.1). Finally, the last term refers to the cost of receiving
resources from external sources, offl{f is negative, it becomes the revenue generated by
delivering resources to external sources.

To illustrate the basic RTN concepts and the formulation presented above, two exam-
ples are presented below.

3.3 Example |

Consider the simple process represented as a State-Task Network (&oaldii993) in fig-
ure 3.2. Two ingredients are blended and the resulting product is packaged to give either a 1
kg or a 2kg pack-size as the final products.

There are two identical batch blenders, each of capacity 5 tonnes, available for the
blending task. This task requires one operator per blender used and has a duration of 2 hours.
The unpacked product can be stored in a silo of capacity of 5 tonnes while awaiting packing.
The packaging tasks are both carried out by a single continuous flexible packaging line which
can perform only one task at any given time and has a capacity of 3000 packs per hour for
both pack-sizes. A re-tooling task taking 3 hours and requiring an operator must be carried
out whenever the packaging line is to switch from one task to the other.

In the discrete time formulation, continuous tasks can be approximated as being batch
tasks with a duration equal to the chosen time discretisation interval. In this case we shall use
a time discretisation interval of one hour. This means that the packaging tasks are taken to be
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lhr
Feed A 50% -
Packing 1 Product 1
; 1hr
Feed B 50% Blending
Packing 2 Product 2

Figure 3.2: State-Task Network of process for Example I.

batch tasks with capacity 3000 packs and a duration of one hour. In a similar way, the storage
of the unpacked product in the silo is modelled in the RTN formulation by a storage task of
duration one hour. This implies that changes to the amount of material stored in the silo can
occur only on an hourly basis.

The above process corresponds to the RTN shown in figure 3.3, with circles denoting
resource types, and rectangles corresponding to tasks. Note that the operator resource which
is required for the blending and re-tooling tasks has been omitted from this diagram for the
sake of simplicity.

Packing 1

—O

Eeed A Product 1
Unpacked
Feed B Product
Re-tooling Re-tooling
2to 1l 1to2
Blending (
5 te Blenders Storage

O

5teSilo Packing 2 Product 2

Figure 3.3: RTN of process for Example | (omitting operator resource).
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The packing line is considered to be in one of two distinct resource types at any time
while not performing a task. These dp&l and PL2 which correspond to the line being
tooled up to perforniPacking lor Packing 2respectively. Appropriate re-tooling tasks can
transform one of these resource types to the other.

As examples of RTN tasks, consider Blending StorageandRe-tooling 1 to 2asks
whose resource utilisation coefficients are given in tables 3.1, 3.2 and 3.3 respedtitiedy (
expression given by (3.1)).

In the blending task, the two feeds are consumed in equal proportions at the start of the
task to produce the unpacked product at the end. This gives rise to the values of the coeffi-
cientsv,,, shown in the first three rows of table 3.1. The equipment items (in this case, the
blenders) are considered to be ‘consumed’ at the start of the task and ‘produced’ at the end, as
are the operators. Again, this corresponds touthg values shown in the last two rows of
table 3.1. In the storage task, the equipment item (the silo in this case) is also used for the
duration of the taski.e. ‘consumed’ at the start and ‘produced’ at the end). So also is the
material that is undergoing the task (the unpacked product). The re-tooling task is considered
to ‘consume’ the Packing Line in one st&tkl and ‘produce’ it in anothePL2 three hours
later. It also uses one operator for its duration in the same way as the blending task.

Given the process recipe and the available equipment item resources outlined above,
we can now define a scheduling problem. The additional information we need to give is:

. the length of the planning horizon;

the initial and maximum allowable stock level for each material resource;

. the availability profile of any utilities required (manpower in this case);

. the initial state of those equipment items that can be in more than one possible state;
. the magnitude and timing of any demands/deliveries;

. cost data relating to tasks, material storage, utilities and end-of-horizon inventories.

We shall now consider an illustrative scheduling problem. The planning horizon is one
day (24 hours) long. Initially there are 60 tonnes of beged Aand Feed Bwith no
unpacked or packed product in stock. There is unlimited storage capacity available for the
feeds and packed products but thgpacked Produatan only be stored in the silo. We there-
fore consider that thelnpacked Productnust be stored only by undergoing a storage task
and that its excess resource level must always be zero. Two operators are available for the
duration of the planning horizon and the packing line is initially tooled up to pack the 2 kg
pack size. There is single demand of 20 tonnes for the 1 kg produ20(000 packs) which
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k = Blending (1 = 2)

Hkro Vkro
g: 0 1 2 0 1 2

r =Feed A 00 00 00| -05 00 o0p
r = Feed B 00 00 00| -05 00 o0p
r =Unpacked Productf 0.0 0.0 0.0 0.0 00 10
r = Blenders -1.0 00 1.0 0.0 0.0 0.0
r = Operators -10 00 1.0 0.0 00 0.0

Table 3.1: Resource utilisation coefficients for Biendingtask.

k = Storage (r, = 1)

Hxro Vikro
0. 0 1 0 1

r =Unpacked Productf 0.0 0.0| -1.0 1.0
r = Silo -10 10| 0.0 o0

Table 3.2: Resource utilisation coefficients for $teragetask.

k = Re-tooling 1 to 2(ry = 3)

Hkro Vikro
g: 0 1 2 3 0 1 2 3

r=PL1 -10 00 00 00 00 00 00 00
r =PL2 00 00 00 10 00 00 00 0O
r =Operators| -1.0 00 00 10 00 00 0.0 00

Table 3.3: Resource utilisation coefficients for Reetooling 1 to 2ask.

occurs at = 18 hours.

Due to the short length of the horizon, inventory costs are omitted. Also, there are con-
sidered to be no costs associated with any of the tasks. Each of the two feeds costs £100 per
tonne and the packaging materials cost £200 per tonne of final product for both 1 kg and 2 kg
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pack size. Finally, at the end of the horizon, the 1 kg and 2 kg packed products can be sold for
£400 per tonne and £500 per tonne respectively. Since the external derhariBatours is

for a fixed amount, its value is not included in the objective function. The objective is to max-
imise the total value of the stock held at the end of the planning horizon, comprising both
products and feeds.

The optimal solution to this problem gives a profit of £20,100 with the end-of-horizon
stock levels for the 1 kg and 2 kg products being 1.0 and 50.0 tonnes resp%dﬂwelyther
contribution to the total value of stock held comes from the unused feeds whose stock levels
are both reduced to 24.5 tonnes by the end of the planning horizon. Of the material that is
made for stock, the 2 kg product is made in preference to the 1 kg product because, on a
weight basis, it has a higher value and can also be produced at a higher rate. Despite this fact,
1.0 tonne of the 1 kg product is produced surplus to the demand of 20.0 tonnes. This is due to
the fact that the 1 kg product can be produced by the packing line at the rate of 3000 packs
(3.0 tonnes per hour) and the discretisation interval used for the problem is one hour. Given
that all tasks must start and end on a time interval boundary, it can be seen that 7 hours of
packing time are required to meet the 20.0 tonne demand. In this time, a total of
7x3.0=21.0tonnes of 1 kg product can be produced which results in 1.0 tonne (which still
has value, though not as much as the 2 kg product) left in stock at the end of the horizon after
the demand has been met.

The optimal schedule that the optimal solution represents can be shown in the form of a
Gantt chart as in figure 3.4. It shows which tasks are being performed by which equipment
items at each time in the planning horizon. It is interesting to note hoRi¢hdingtask is
‘staggered’ or out-of-phase for the two blenders, whenever their operations overlap. This is
due to the limited intermediate storage — the 5 tonne silo can take only one full blending task
batch-size (5 tonnes) at any one time.

Despite the fact that the two blenders have been disaggregatdgléntter (a)and
Blender (b)for the purposes of drawing the Gantt chart, it should be stressed that no distinc-
tion is made between them in the RTN formulation since they are functionally identical. The
optimal solution merely gives the starting time and extent (discrete and continuous) of each
blending task occurrence. This information has then been used to genprateriorione
of several operating policies for the two blenders that can be directly implemented in practice.
For instance, the schedule shown in figure 3.4 was generated using the rBlerttat (a)
should perform as many of the tasks as possible,Blithder (b)taking over any extra tasks
thatBlender (a)could not perform. As an example, consider the first 6 hours of the schedule.

T The optimal solution to this problem and all others presented in this thesis was obtained
using the SCICONIC MILP code (SD-SCICON, 1990).
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Figure 3.4: Gantt chart for optimal solution to Example 1.

The RTN solution has blending tasks, each of discrete extent equal to one, starting at times 1,
3, 5 and 6. Since each task is two hours long, it can be sediahder (b)must perform the
task starting at = 6 if Blender (a)performs those starting it 1,t = 3 andt = 5.

The equipment and manpower utilisations are given in figure 3.5 with the maximum
availability for each given by the dashed lines. The packing line is considered as being
utilised when it is being re-tooled as well as when it is actually engaged in packing.

If figures 3.4 and 3.5 are considered together, it can be seen that the ‘bottle-neck’
resources or activities vary over the course of the planning horizon. In the first part of the
horizon (up tat = 9), when the 1 kg product is being made, the packing line is fully utilised
whereas the blenders are idle for some of the time. Here we could say that the packing line is
the bottle-neck or rate determining resource. This is due to the fact that that the blenders can
produceunpacked productt a higher rate than can be packed by the packing line. After the
packing line has been re-tooled, however, and the 2 kg product is being made, the packing
line can pack twice the rate of unpacked product (since it packs a constant number of actual
packs per hour) and it is the blenders that become the bottle-neck with the packing line hav-
ing an hour’s idle time at=17. Such variable bottle-necks are common for problems with
time dependent demands for different products.

Figure 3.6 gives the variation in stock levels for four of the material resources
involved. The unpacked product is not included because its stock level is always zero due the
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Figure 3.5: Utilisation of equipment and manpower for optimal solution to Example I.

silo storage task explained above. Notice that no product appearsbtilThis is due to

the fact that the RTN formulation adopts the convention that the time horizon startd at

at which time the packing line immediately undergoes a 3 hour re-tooling (or change-over)
task in order to start packing the 1 kg product — it is initially tooled up to pack the 2 kg prod-
uct. Packing therefore only startstat 4 resulting in the first appearance of produdtab.

By t =11, enough 1 kg product has been made to meet the demand and the packing line
undergoes another 3 hour re-tooling task. This takes it back to the state where it can produce
the more valuable 2 kg product which therefore begins to appearl& since packing of it

starts at = 14. Notice, also, how the stock level of the 1 kg product drops when the demand
for it occurs at = 18.

This example illustrates the general modelling properties of the RTN formulation in
which all resources are treated uniformly allowing complicating features such as limited
intermediate storage and equipment change-overs to be taken into account. It also demon-
strates just how these features and others such as time dependent demands can have a signifi-
cant impact on the form of the optimal solution to a scheduling problem. Even for such a
small system, somewhat counter-intuitive results can arise, such as the fact that a total of two
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Figure 3.6: Variation of stock levels for optimal solution to Example I.

change-overs are carried out in the optimal solution rather than only one which might be ini-
tially supposed. This highlights the importance of detailed modelling for larger systems. Of
course, this may result in a prohibitively large problem, which gives rise to the need for an
aggregate formulation which can capture some of these important effects.

The RTN formulation can also be used to model more complicated chemical processing
tasks as is illustrated by the next example.

3.4 Example I

Consider the process described by the State-Task Network shown in figure 3.7. This
converts a feed\ to a productPl. Initially there is a batch reaction step lasting 3 hours which
starts with a 20% solution A& in an inert solvent and uses a 10 tonne glass-lined reactor.
Steam is required at a rate of 0.05 kg/s per tonne of reactor contents for the first hour to bring
the contents of the reactor up to operating temperature; after this, the temperature is main-
tained by the heat of reaction. As well as the primary readiorP1, there is also a side
reaction A- P2 forming a less valuable produBR. There is a negligible amount &f
remaining at the end of the reaction stage.

The reaction products then undergo a 2 hour batch distillation operation to separate the
products and the solvent. This task takes place in a 10.0 tonne capacity batch distillation



Chapter 3. The RTN Framework for Process Scheduling 39

Solvent
80% 75%
Product P1
20%
(after 1 hr)
0,

20% [ Reaction L) Disiillat-

3hrs "/ ion2 hrs
Feed A Reaction 506 Product P2
Products (after 2 hrs)

Figure 3.7: State-Task Network of process for Example II.

column. It requires 0.15 kg/s of steam for the reboiler and 2.0 kg/s of cooling water for the
condenser, these values being independent of the initial volume of the contents of the vessel
which has to be greater than a certain value for it to operate safely. This is to ensure that the
entire heat exchange surface in the reboiler of the vessel is completely submerged for the
duration of the distillation task. A first cut product which is riclPih(the most volatile com-
ponent) is collected for the first hour of the distillation. Then the second pré@uit
removed, leaving very nearly pure solvent which can be re-used in the reaction step. An oper-
ator is required for the duration of this activity, to supervise it and change the condensate col-
lection vessel halfway through.

The RTN utilisation coefficients for the resources involved in the reaction and distilla-
tion tasks are given in tables 3.4 and 3.5.

Note that the utilities (steam, cooling water, manpower) are treated in the same way as
the equipment items and the different types of material. The quantity of resource required for
the task is taken from the ‘excess amount’ (corresponding to the current available supply
allowing for the demands of other active tasks) at the start of the task and then released at the
end (or, in some cases, part way through the task). By way of illustration, suppose that there
is a total supply of 5.0 kg/s of cooling water available and that we consider a period when no
other tasks making use of this facility are active. The distillation task is considered to ‘bor-
row’ 2.0 kg/s of the total supply for its 2 hour duration. This is illustrated in figure 3.8.

We can also represent the restrictions on the safe operation of the distillation vessel, by
the following operational constraint (see equation (3.4)).

VNN < & < VN, (k = Distillation, r = Distillation Vessel ¥ t

Here,VE}i” is the minimum quantity (measured as a volume or weight as applicable) of liquid



Table 3.4: Resource utilisation coefficients for the reaction task.

k = Distillation
Hxro Vkre
0. 0 1 2 0 1 2
r = Distillation Unit -1.0 0.0 +1.0 0.0 0.0 0.0
r = Reaction Products| 0.0 0.0 0.0 -1.0 0.0 0.0
r = Product PL 0.0 0.0 0.0 0.0 +0.20 0.0
r = Product P2 0.0 0.0 0.0 0.0 0.0 +0.05
r = Solvent 0.0 0.0 0.0 0.0 0.0 +0.7p
r = Steam -0.15 0.0 +0.15| 0.0 0.0 0.0
r = Cooling Water -2.0 0.0 +2.0 0.0 0.0 0.0
r = Manpower -1.0 0.0 +1.0 0.0 0.0 0.0

Table 3.5: Resource utilisation coefficients for the distillation task.
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k = Reaction
Hxro Vkre
o: 0 1 2 3 0 1 2 3
r =10te Reactor -1.0 00 0.0 +1.0 0.0 0.0 0.0 0.0
r = Feed A 0.0 0.0 0.0 0.0/ -0.20 0.0 0.0 0.0
r = Solvent 0.0 0.0 0.0 0.0/ -0.80 0.0 0.0 0.0
r = Reaction Productsy 0.0 0.0 0.0 0.0 0.0 0.0 0.0 +10
r = Steam 0.0 0.0 0.0 0.0/ -0.05 +0.05 0.0 Q.0

that should initially be in the distillation vessel to ensure its safe operation. The maximum
capacity of the distillation vessel is given B§>*.

Having demonstrated how the RTN formulation can represent important details of
chemical processing tasks, we shall now show it can be applied on a higher level for multisite
scheduling problems.
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Figure 3.8: Effect of the distillation task on the cooling water availability.

3.5 RTNs for Multisite Scheduling

The examples given above demonstrate how the RTN formulation can model production
activities in detail including such operational constraints as change-over tasks and limited
utility levels, as well as the usual productive tasks. Formulations based on this framework
have allowed several detailed industrial scheduling problems involving production at a single
multipurpose plant to be effectively tackled.

The general nature of the RTN framework means that it can also be applied directly to
multisite scheduling and the wider supply chain activities of distribution and warehousing. In
this context, location is an important characteristic that distinguishes different resource types.
The transportation of materials, therefore, can be modelled as tasks that transform materials at
one location into materials in another location. If the task uses a transportation medium (

a lorry), then it is considered as also transforming the lorry at the departing location (one
resource type) into a lorry at the destination location (another resource type). The level of
detail used in the RTN representation depends upon the specific features that require mod-
elling. Some examples are given below.
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3.5.1 Third Party Transportation and Quantity Discounts

It is often the case that producing companies contract out the transportation of materials to a
third party. For many companies, this turns out to be a more economic alternative to main-
taining their own fleet of vehicles. Also, raw material transportation to the company'’s sites is
sometimes the responsibility of the suppliers. It is, therefore, unlikely that the company oper-
ating the multisite system will concern itself with the details of lorry movements in these
cases. Despite this, even if a third party is carrying out the transportation, it may be still be
necessary for the producing company to take into account features such as delivery lead-times
and quantity discounts.

Unit Transportation Costs (£ per te

~—

Standard Exoress
<100te > 100te P
50.0 40.0 80.0

Table 3.6: Haulage company price quote.

Consider the following example in which a haulage company is charged with the trans-
portation of a certain raw material from a supplier to one of the producing company’s plants.
Two types of delivery service with different lead-times are offered. In this case ‘lead-time’
refers to the maximum amount of time that the haulage company guarantees will elapse
between the placing of an order and the receipt of the goods at the plant. On their standard
delivery service (which has a delivery lead time of 24 hours), they offer a quantity discount
for amounts over 100 tonnes. They also offer an express service which takes 12 hours but
without any quantity discount. The minimum load that the haulage company will accept on
both the standard and express services is 10.0 tonnes. These unit costs are summarised in
table 3.6.

This cost structure can be represented in the RTN framework by introducing three tasks
which have a common output (raw material at the plant) and are considered to affect this
resource only. The tasks have no inputs since there is no need to include the raw material at
the supplier in the RTN. They have continuous extents only and are characterised by a maxi-

mum and minimum extent€. V' < & < VI'™), a duration £,) and a variable cos€{/ ;
cf. equation (3.5)). This is shown in figure 3.9.
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Transport Raw Material
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Figure 3.9: RTN representation of transportation options using three tasks.

The maximum and minimum extents, the durations and the unit costs for each task are
given in table 3.7.

Transport Task| VI (te) | V™ (te) | 7 (hrs) | CY (E/te)

10.0 100.0 24 50.0
100.0 00 24 40.0
10.0 00 12 80.0

Table 3.7: RTN transport task parameters.

Note that the maximum practical amount that the haulage company can transport is
assumed to be so large that it is not constraining for the producing company who can effec-
tively make their order as large as they want.

3.5.2 Mixed Lorry Loads

Suppose now that the producing compdoegsown its own fleet of lorries, shipsic. and
thereforeis directly concerned with the details of transportation. It will often be desirable to
have mixed lorry loads.€. more than one material or product type in the same vehicle) —
especially for problems with many product types and smaller delivery quantities. Situations
in which each lorry load consists of a single material, or a number of materials in fixed pro-
portions can be modelled directly within the RTN framework using the concepts discussed so
far. In this case the resource utilisation coefficients correspond to the proportions in which the
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various materials are carried. This is illustrated in figure 3.10.

Bat Bat
location 1 location 2

Transportation
Task

Cat
location 1

Cat
location 2

Figure 3.10: RTN for a transportation task with mixed loads in fixed proportions.

In practice, however, the proportions of the various materials being transported by a
vehicle are not usually fixed but may be allowed to vary, the only constraint being the overall
vehicle capacity itself. In such cases, the transportation task cannot be modelled in terms of
just a single continuous extent variablg, since we need to characterise the actual amounts
of each material being transported{ﬁj") denotes the amount of matenalcarried by trans-

portation task starting at time, we have the following operational constraint:

VN < T oméll) < VPN Vot (3.7)
m

where oy, represents the specific volume of materialV{"" is a lower bound on the total

volume of the load; an®f"® is the maximum volume capacity of the vehicle. We then use

E(k't“) in the resource balance equation (3.2) for the resources corresponding to nragdrial

the two locations.

It is worth noting that the set of constraints (3.7) is, in fact, completely equivalent to
replacing the composite transportation task of figure 3.10 by a set of simplekjaskech
transporting a single materiai, plus one more task, representing movement of the lorry.
This situation is illustrated in figure 3.11. We then have the operational constraint,

VIIINET < %am{kmt < VRN vt (3.8)

which, of course, is mathematically identical to (3.7).
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Figure 3.11: RTN for a transportation task with mixed loads in variable proportions.

As well as the overall capacity constraints (3.7), it may be the case that there is a sepa-

rate lower limitv{i" for each material being carried:

VNN < g v omt (3.9)

This lower limit might correspond to a single pallet of each product item, for example.

3.5.3 Material Incompatibilities

More complex features concerning the transportation of materials can also be modelled
within the RTN framework with the introduction of further constraints or more transportation
tasks. For instance, some materials may be incompatible as far as transportation or storage is
concerned. Thus, they cannot be transported together in the same vehicle or stored in the
same area of the warehouse. This is sometimes the case for products with packings whose
geometries make it difficult to stack them together, or occasionally for certain foodstuffs,
when one can corrupt the other.d.the ethylene emitted from apples can cause lettuce to
deteriorate).

Consider a simple example concerning the transportation of three materiland
C betweens two locations 1 and &.and C are mutually incompatible, but either can be
transported withB. We assume that only one lorry type is used and that any other resources
involved (manpower, for instance) are effectively unlimited and do not need to be included.
We can model this situation using a total of eight resources and three transportation tasks as
shown in figure 3.12.
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Location 1 Location 2
A FullAB Ay
B1 L1 Empty L2 B2
C1 FullBC Cs,

Figure 3.12: RTN representation of transportation of incompatible materials.

There are four physical resources involved, the three maté&i#sandC, and also the
lorry L. Since all these resources can occur at each of the two locations, this means that we
have a total okightRTN resources (location obviously being an important characteristic of a
resource in this case). It can also be seen that, for this simple example, we have two possible
mixed lorry load combinationsA with B, and B with C. We therefore need a transportation
task to model each of these possibilities in the same way as has already been described in sec-
tion 3.5.2. We also need a transportation task in which the empty lorry returns from location 1
to location 2 to pick up more material. This task will have a discrete eXigbut no contin-
uous exten§); since no materials are being carried by the empty lorry.

3.5.4 Warehousing Considerations

In its simplest sense, a warehouse is a single building in which a certain set of materials are
stored, its storage capacity being determined by its volume. If a warelouas capacity
V¥ then we can write the following constraint for the materials that can be stored within it:

> o0,Rt < V¥ Y ow,t (3.10)

radsy

whereg, is the specific volume of resource&nd S, is the set of resources that are stored in
warehousev. Note that these sef, are disjoint,i.e. a resource can be stored only in one
warehousav. Although there can obviously be stocks of the spmesical materialn differ-
ent warehouses, these correspond to diffesstturcesdepending on where they are (see dis-
cussion in section 3.1).

It is nearly always the case that a certain amount of ‘safety stock’ is kept corresponding
to a minimum storage level which must be maintained for each material. This guards against
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uncertainty in, for example, demand levels and re-stocking leadtimes, keeping the probability
of a ‘stock-out’ to an acceptable level. We can enforce this by the following constraint:

Ry = R ¥ r t (3.11)

whereRM"" is the safety stock level for resource

Equation (3.10) assumes that all the storage capacity of the warehouse can be used to
store all the materials, in other words, it is entifidxible as to which material is stored in
which part of it. The converse to this situation is where the warehouse is partitioned into sep-
arate storage areas which detlicatedto the storage of one particular material. In this case
we would write the following:

o Rty < Vi Y ow,r,t (3.12)

whereVy, 2 is the storage capacity available in warehauger resource . We note that both
(3.11) and (3.12) are special cases of the general capacity constraint (3.3).

In practice, a warehouse is likely to contain both dedicated storage areas and also flexi-
ble storage areas in which all or perhaps only a subset of the overall inventory set is stored,;
this may be due to packing or accessibility considerations. In this case, we can consider each
storage area as a separate warehouse, writing constraints similar to (3.9), (3.10) and (3.11) for
each one.

Further complications can arise if the operation of warehouses is considered in detalil
and if the costs associated with operating them (labour, administration, heating, legbjing
are to be modelled correctly. For example, it may be precisely because there are fixed costs
associated with operating the storage area within a warehouse, that it is divided into distinct
portions which are filled on a precedence basis. This is illustrated in figure 3.13.

If we wish to model fixed as well as variable costs associated with the operation of
each storage area, we can introduce the idea of a storage task which is similar to the storage
task used in the example of section 8&,an operation which is considered to consume the
resource being stored and then produce the same resource one time interval later. Using an
analogous approach to that used for transportation of mixed lorry loads above, we can write
the following operational constraints for the storage task in each storage area:

VIPN < T omél® < VPN, ¥ okt (3.13)
m

where gy, represents the specific volume of materialand Vi is the maximum volume

capacity of the storage area. H&f%r,') is effectively the amount of material stored in the
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Figure 3.13: lllustration of sub-division of warehouse capacity.

storage area represented by storage kasker time intervat. The discrete exteril, is, in

this case, a binary variable indicating whether or not this storage area is in use over time
interval t. Therefore, constraint (3.13) is simply an overall capacity constraint on storage
tasks. The introduction df; allows any fixed costs associated with the operation of each
storage area to be included in the objective function.

A safety stock limitation on the total amount of matenheld in the warehouse may

be imposedia the constraint:

vmn < 5 gm ¥ m,t (3.14)
kOSA

whereSAis the set of storage tasks describing the operation of different storage areas in the
warehouse.

3.6 Concluding Remarks

This chapter has demonstrated that the RTN framework, with its unified and general
approach, provides a way to model most of the activites and resources involved in a
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production system involving flexible multipurpose plants to a high level of detail. In particu-
lar, it has been shown how complex production considerations such as equipment change-
overs and task utility requirements can be modelled, as well as the wider supply chain activi-
ties associated with warehousing and material distribution.

One major practical problem with such a detailed approach, however, is the size of the
resulting mixed integer linear programming (MILP) problems for large-scale systems. With
the increasing power of computer hardware and the introduction of more and more efficient
algorithms, the RTN formulation presented here and the related STN formulation of Kondili
et al. have had some notable success in solving a variety of industrial sized problems (see, for
instance, Shaht al, 1993). However, while these typically involve hundreds or thousands of
integer variables, detailed models of the large-scale systems considered in this thesis may
involve tens or even hundreds of thousands of integer variables, which often renders them
intractable. Examples of such problems include multisite systems, such as that described in
chapter 7; those with a very large number of different product types and equipment change-
overs; or those with a very long overall planning horizon in relation to the time discretisation
required to model them.

There is, therefore, a need for a method that can reduce problem size whilst retaining as
many as possible of the important advantages achieved by modelling the system in detall
using the RTN framework. In the next chapter, we consider aggregate RTN formulations that
seek to address this issue.
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Aggregation Techniques for RTN Formulations

The RTN formulation presented in the previous chapter is typical of multiperiod MILP
scheduling formulations in which the planning horizon is discretised into equally spaced time
intervals. A set of discrete and continuous decision variables describe the resource levels and
the activities being performed in each time interval. An objective function is optingsed (

profit is maximised) subject to certain constraints such as resource balances and capacity con-
straints. By adopting a uniform representation of all available resources, the RTN framework
allows complicating production features such as sequence dependent cleaning, as well as
maintenance and wider supply chain activities to be considered as part of the scheduling
problem.

The above approach certainly permits the solution of many detailed industrial schedul-
ing problems that were previously considered intractable. However, in some cases, the result-
ing formulations may be too large to be solvable using currently available solution algorithms
and codes. We note that problem size increases with the number of resource types and tasks
in the process, and also with the length of the planning horizon in relation to the time discreti-
sation interval. Multisite problems, in particular, may have planning horizons of several
months and may involve several complex plants with processing steps on a time-scale of less
than one hour. Such problems would result in MILP formulations involving tens of thousands
of integer variables and would probably be beyond the scope of current branch-and-bound
algorithms. On the other hand, the central plan for the multisite system needs to take account
of the individual plant capacities but not their detailed schedules. Hence there is a need for a
method that involves fewer integer variables but that still captures enough of the detall
required to produce an optimal or near-optimal solution. &ggregate formulations
described in this chapter provide one such method.

In this chapter, we introduce the basic time aggregation concept. We then outline a gen-
eral approach to the aggregation of discrete time formulations introducing the idea of an
aggregation operatorThis is used to derive a family of aggregate scheduling formulations of
increasing accuracy and complexity which are based on the RTN formulation of Pantelides
(1994) presented in the previous chapter. As expected, these aggregate formulations represent
an approximation to the fully detailed model. Our general approach, however, allows the
trade-off between problem size and accuracy of solution to be fully exploited. In addition, the
aggregate formulations inherit the advantages of the RTN representation, automatically taking
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account of all available resources and all tasks including production activities, equipment
cleaning and change-overs, and material transportation and storage.

4.1 Basic ldeas

Generating an aggregated formulation involves replacing groups of related variables from the
detailed formulation with a set of aggregated variables in order to reduce the size of the prob-
lem to be solved. In the approach adopted in this thesis, this is achietssdpdmyal aggrega-

tion which involves splitting the planning horizon (of length) into smaller portions or
Aggregated Time Period®\TPs). Each ATP is described by aggregated variables, each of
which is equivalent to a weighted sum of the corresponding detailed variables over the time
intervals spanned by that ATP. This is represented pictorially in figure 4.1 below.

ATP1 ATP2 ATPr ATPN-1 ATPN
Aggregated variables
t=(r-Dh t=rh
-t ————
t=(r-Dh-1,2... t=rh-1,2...

Linking variables

Figure 4.1: Aggregation of the planning horizon.

The excess resource levels at the beginning of one ATP are related to those at the beginning
of the next ATP by an aggregated excess resource balance which is derived from the detailed
RTN excess resource balance. The balance involves aggregated variables representing, for
example, the total number of times that a certain task is started within the ATP. The total
change in a material level from the start of one ATP to the next is related to the aggregated
batch-size in that ATP of all the tasks that involve it.



Chapter 4. Aggregation Technigues for RTN Formulations 52

In most cases, some tasks that start near the end of one ATP will continue into the next
one. The extent variables describing these tasks are tdimkad) variablesand play an
important role in our aggregated formulations.

Other constraints from the detailed RTN formulatierg(the excess resource capacity
constraints (3.2)) can also be summed over time in the same way to give constraints that
involve the same aggregated and linking variables.

In the next section we shall formalise the ideas outlined above, showing how the aggre-
gate and linking variables arise naturally from mathematical manipulations performed on the
detailed RTN formulation.

4.2 A General Approach to the Aggregation of Discrete-Time Formulations

For any discrete time formulation, consider the general inequality conStraint
C(.)<0 (t=1,2,..H) 4.2)

This constraint holds for each timhén the planning horizon of lengtH. Suppose that we
can divide the planning horizon intoequal sections or aggregated time periods (ATPs), each
of h time intervals i(e. nh= H). We can then sum the constraints within each section obtain-

ing:

i Ce(.) <0 (t=h,2h,.. H) (4.2)
t'=t-h+1

In addition to the simple summation carried out above, we can also carry out a time weighted
summation within each ATP. To do this, we define a non-negative time-dependent weighting
function f (t - t'):

f(t-t) =20 (t'=t-h+1,t-h+2,..1) (4.3)

The fact thatf is function oft —t' (rather than simply) ensures that it has the same variation
over each ATP. The time weighted summation of (4.1) can then be written as:

i f(t-t')Ce(.) <0 (t=h,2h,.. H) (4.4)
t'=t-h+1

If the original constraint (4.1) iinear, we can replaceomeof the original variables in
the aggregated constraint by aggregate variables which are time weighted sums of the original

T Equality constraints can be regarded as special cases of inequality constraints for the pur-
poses of the discussion in this section.
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variables. In general, however, we cannot repktehe original variables by their aggre-
gated counterparts. We must retain some of them explicitly in the aggregated constraint.
These are the linking variables discussed in the previous section.

We shall now introduce a specific family of weighting functions:

fPt-t) = (t-t'+1)P (p=0,1,..m) (4.5)

It can be seen that these functions have the non-negativity property over the range
given by (4.3) above. Their variation over each ATP interval is illustrated in figure 4.2 for
p=0,1land2:

f(t-t)

=2

p=1

p=0

t'=t-h+1 t'=t

1ATP
Figure 4.2: Weighting functions fgg =0, 1 and 2.

The use of the weighting functions given by (4.5) leads to a family of aggregated constraints
of the form:

t
S fPt-t)C(.) <0 (p=0,1,..m, t=h,2h,.. H) (4.6)
t'=t—-h+1

It is helpful to define a generpl" orderaggregation operator A ] as below:
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t
AP[Ci(.)] = t’:t§1 1(t -t'+1)PCy(.) (p=0,1,..m) 4.7)

Application of such operators to the constraints of the detailed formulation then results in the
aggregate formulation. It can be seen that, gor 0, the weighting function given above
becomes unity over the whole ATP. Hence, the application ofehsthorder aggregation
operator is equivalent to a simple summation.

The aggregateariablesmentioned earlier can then be defined as:

. t
XP = AP[X] = S (-t +1)PXe (p=0,1,..m) (4.8)
t'=t—-h+1

In the next section we apply this and related operators to the constraints of the detailed RTN
formulation discussed in the previous chapter. This enables us to generate a faggyeof
gateRTN formulations.

4.3 Excess Resource Balance Aggregation

4.3.1 Zeroth Order Aggregation

Consider the general RTN excess resource balance constraint given below:

X g
Rt = Ri1 + 2 2 DukraNk,t—e + Vkrgfk,t—em*' My Yor,t (3.2)
k 6=0

We now sum each side of the above equality from a titmeck to a timeé —h+ 1. This is
equivalent to applying the zeroth ordee( p= 0) aggregation operator, and leads to:

t t t Ty 0 0 t
2 Re= 2 Ryat+t 2 22 Hire Ny t-g + Vkrefk,t'—BD*' 2 Ny
t'=t—h+1 t'=t—h+1 t'=t-h+1 k 6=0 t'=t—h+1

which can be simplified to:

Tk t T t 0 t
Rt = Rrn + %%ﬂkre 2 Nirg + 2 Viee 2 Skr-og* 2 M (49

t'=t—h+1 6=0 t'=t—h+1 t'=t-h+1

Consider now the quantity:

Tk t
Z Hkro Z Nk,t’—H
6=0 t'=t—h+1

appearing on the right hand side of (4.9). This can be written as:
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Tk t Ty t—
2 Mo 2 Ngi-g = 2 Hire Ny
6=0 t'=t—h+1 6=0 t'=t-h+1-6
Tk 0 t-h t t 0
= 2 Hiro 2 N + 2 Nev = 2 th'D
6=0 Q’:t—hﬂ—e t'=t-h+1 t'=t+1-6
Tk t-h Tk t Tk t
= 2 Mo 2 N + 2o 2 N = 2 twe 2 Nir
6=1 t'=t-h+1-6 6=0 t'=t—h+1 6=1 t'=t+1-6

Note that the lower limit of the outer summation in the first and third terms above has been
changed fron® = 0 to 8 = 1 since the corresponding inner summations vanisi fof. By
shifting the indices of the inner summation of the first and third terms, the above can be writ-
ten as:

0 t
2 Ny

Tk 4 |:| 1%
Z Hkre Z kt-h+1-¢' — Nk,t+1—9’D + ; Hkro
6=1 g'=1 =0 |:k'=t—h+1

Finally, the order of the double summation in the first term above can be reversed to yield the
following relation for the quantity appearing on the right hand side of (4.9):

Tk t Tk 0 % Ty 0 t
2 Mo 2 Niv—s = 2 Nii-hri-e — Niir1-g 2 Mo + ? Mo 2 Nir
6=0 t'=t-h+1 6'=1 =g’ =0 Ch—tohaa

Returning to (4.9), we can see that a similar set of manipulations can be applied to the term:

Tk

t
2 Ve 2 Ski-e

6=0 t'=t—h+1

that also appears on the right hand side of (4.9). Hence we can write (4.9) as follows:

Tk 0 t Tk 0 Tk
Rt = Rit-n + Z% Mo 2 N + 2 2 Nit-hii-e — Niir1-g 2 Mo +
k =0 Lh=thn K =1 o

Tk D t Tk D Tk t
Z? Vo, 2 Skt T 2 2 Ski-htl-e — Skiri-g 12 Vke + 2 My (4.10)
k Lo=0 Lh=tohaa k =1 =g t'=t-h+1

We note that the above involves the followiaggregate variablesvhich were defined by
(4.8), each of which replaces several variables from the detailed formulation:

SO _ <
Niw = 2 Nir (4.11a)
t'=t—h+1
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t
= Y & (4.11b)

t'=t-h+1

For simplicity of representation, we also define the followaggregated coefficientshich
are calculated from the original RTN coefficients:

~(0) <

fire = 2. Hirg (4.12a)
9'=6

S0 - <

Vkro = 6;9 Vire (4.12D)

and also the followingggregated demand parameter:

t
AY = 5 N (4.13)

t'=t-h+1

We can then write (4.10) as follows:

(@I

_ H¥G) NO 4+ 50
Rt = R + del(«)o (krzﬁtkt 0

O

Tk
% Z ,Ukrgg\‘kt hi-0 — Nit+1- 9[] + % Z Vkr)g%kt ht1-g — Ekt+1- o0

A ¥rt=h2h.. H (4.14)

which represents an aggregated excess resource balance constraint. As well as the aggregate

©)

variablesN,,’ and {kt , this constraint also contains some variables that have been retained

from the detailed formulation. These are:

Nk,t+l—9 , Ek,t+l—9 V k, t= h, 2h, . H, 6= 1, <l (415a)

Rq ¥ r,t=h,2h,..,H (4.15b)

The task extent variables (4.15a) represent thsket start less than one task duratiQn

from the end of each ATP and therefore finish in the next ATP. The excess resource variables
(4.15b) correspond to the resource levels on the ATP boundaries, where the resource level at
the end of one ATP is equal to the resource level just before the start of the next ATP. These
are therefore callelinking variables since they account for interactions (or ‘links’) between
neighbouring ATPs.
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4.3.2 Higher Order Aggregation

We now consider applying the aggregation operator for geperd to (3.2). Using a simi-
lar set of manipulations as for the zeroth order aggregation above we get the following aggre-
gated constraint. This is derived in detail in Appendix A.

t 0O O Tk 0 &
S Ht-t+1)P-(t-t)PORw - hPR .y = z%: feoe 3 (-t +1-6)PNy
t'=t-h+1[] O k -9=0 Ch=t-hea

Tk Ty T Tk
+ 2 2 Nipwa-g 2. (h+80 =0)P g = 2 3 Nipaa-g 2 (6" =0)P Lo
k o=1 6=6' k o=1 6=6'

Tk |:| t
+ Z? Vo 2. (E—t'+1-0)P&y
ko 4

'=t-h+1

Tk Tk Tk Tk
+ 2 2 &mie 2(M+0=60)Pvge — 3 3 Eknre 2 (0= 6)P vire
k o'=1 0=6' k =1 0=6'

+ i (t-t' +1)PM, (4.16)
t'=t-h+1

It is also shown in Appendix A that, as expected, (4.16) reduces to (4.1@for Further-
more, for any positive integral value pf (4.16) can be expressed in terms of aggregate vari-
ables up to ordep and thesameset of linking variables ((4.15a) and (4.15b)) that were used
in the zeroth order aggregate constraint. While the derivation of the explicit form of (4.16) is
instructive in that it shows where the linking and aggregate variables arise from, a more con-
cise and general form can be derived if the constraints of the detailed RTN formulation are
considered in matrix form (see Appendix C).

To illustrate how we can represent (4.16) in terms of aggregate variables, consider the
case ofp = 1. For the sake of simplicity, we shall consider only the disdxgtevariables as
exactly the same type of terms occur for the continufssariables. The following is
obtained:
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D Tk D t
S Ht-t+1)- G‘UDRH"thh"ZEF/&m Y (t-t'+1-8)Ng
k =0 0

t'=t-h+1[] '=t-h+1

Tk Tk
+ 2 Z Ni t-h+1-¢ Z(h+9 0) e — 2 2 Nire 2. (6" = 6) Uire
k =1 6=6' k =1 =6’

t
+ 2 (t-t+)Ny
t'=t—h+1

By simplifying the first term on the left hand side, and splitting the first term on the right

hand side into two separate summations, we obtain:

t Ty 0 t Tk 0 t
2 Ry - hRyp = %%o ,Ukreq 2 (-t +1)Ny - %%Hﬂkre 2 Ny

t'=t-h+1 '=t—h+1 '=t-h+1

Tk Tk
+ 2 Z Nk t-h+1-¢ Z(h+9' 0) o — 2 2 Niwa-o 2. (6" = 6) Uyro
Kk =1 =0’ Kk 6'=1 =0’

t
+ 2 (t-t+1)Ny
t'=t-h+1

Recognising the aggregate variables and parameters defined by (4.11a,b) and (4.12a,b), and
also re-introducing the continuous task extent variables, we can write this first order aggre-
gate constraint as follows:

0 ~(0) (1 ~(1) (0 ~(0) z(1) ~(1) 7(0)
() - hRf'[— Zﬂl(«)o () Z:u(kr)l () Z I(<rg)<:tkt Z (kr?LEkt

Tk Tk Tk Tk
Z Z Nk,t—h+1—9' Z(h+9'—9) Hkro — Z Z Nk,t+1—e’ 2(9'_9) Hikrg T
k o=1 6=6' k g=1 6=6'

ZZQWHzmw 0) Vico ~ ZZQMHﬂemmwﬂm(Mn

k 6=6' =1

where the newly introduced aggregate varlabléé 5(1) and Iiﬁ?) are defined by:

t
NY = 3 (-t +1)Nyy (4.18a)
t'=t-h+1
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N t
)= 3 (t-t+D&e (4.18b)
t'=t-h+1

~(0
RV = 3 Ry (4.19)

New aggregate parametaﬁg), G(k})l and I:Ift1 ) have also been introduced. These conform to

the following general definitions:

Tk

AP = 3 (6)P ke (4.20a)
9'=6
Tk
i = 2 (6) Ve (4.20D)
0'=6
= (p) L
AP = 3 (-t +1)PN, (4.21)
t'=t-h+1

Higher order aggregated excess resource balances require the introduction of more aggregate
variable types. Both the first and second order aggregated resource balances are given in

Appendix B. In general, for a" order aggregated balance, we will need the aggregate vari-

ablesN{, fgt),i =0,..,pandRYi=0,..,p-1.

4.4 Aggregation of other Constraints

The operational and capacity constraints of the detailed RTN formulation ((3.3) and (3.4)) are
simpler in form than the excess resource balance and also differ in that they are inequalities
rather than equalities. This second feature results in some more degrees of freedom when
deriving their aggregated counterparts as will be demonstrated below. A major consideration
in this context is the tightness of the resulting aggregate inequality constraints. In general, we
shall endeavour to derive the latter by aggregating the minimum possible number of the origi-
nal constraints that still allows us to express the aggregate formulation in terms of the aggre-
gate variables as defined by (4.8) and the also the linking variables (4.15).

4.4.1 Excess Resource Capacity Constraints

The excess resource capacity constraints (3.3) of the detailed RTN formulation still apply to
the linking excess resource variables:
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O< Ry <R™ V¥r,t=h2h..,H (4.22)

Also, by summing (3.3) from a tinte- h + 1 to a timet (zeroth order aggregation) we get the
following:

t t
0<s > Ry > R™® Y¥Yr,t=h2h..,H
t'=t—h+1 t'=t-h+1

which can be written in terms of the zeroth order aggregated excess resource variables as:
0< RY < hR™ ¥ rt=h2n.. H (4.23)

In fact, we can exploit the presence of the linking variabigs {=h, 2h,.., H) in
the aggregated formulation to obtain a different constraint. This can be achieved by summing
(3.3) fromt —h+1tot -1 (instead ot), which results in the following:

0< RY - R, < (h-1)R™ ¥ r t=h2h,.., H (4.24)

In this case we are summing over a smaller intetvah[+ 1, . . ;t — 1] than that given in the
general definition of constraint aggregation (4.5) and therefore (4.24) is tighter than (4.23).
The aggregation is equivalent to applying the alternative weighting function:

t=t-h+1,..t-1

4.25
oy (4.25)

]
fO@-t) = EP
to the excess resource capacity constraints. Although the weighting functions used for these
inequality constraints are different to that used in section 4.3 for the excess resource balances,
it should be emphasised that they give rise tosdraeaggregate variables and linking vari-
ables as were introduced in section 4.3.

Constraint (4.24) is theeroth orderaggregated excess resource capacity constraint. It

contains the linking variableR,; as well as the aggregated variabﬁ{;%) found in the first

order aggregated excess resource balance. The second order aggregate excess resource bal-

ance containsﬁﬁ?) and Iiﬁtl) variables as well as the linking variables. To derive the tightest

possible excess resourcapacityconstraints that can be written in terms of these variables,

we use the following weighting functiohs

_ B(t-t')—l t=t-h+1,..t-1

f(-t) o
5 0 t'=t

(4.26a)

T The subscripts used for these functions are explained later in section 4.4.3.
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Oh-1-(t-t' t=t-h+1,..t-1
(®e-ry=g" + 7

- (4.26b)
5 0 t'=t

The variation of these weighting functions over each ATP is given in figure 4.3.

f(t-t)

h-2 |
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1
T

(t-h+1) t-1
Figure 4.3: Weighting functions for first order aggregate excess resource capacity constraint.

Using the first weighting function (4.26a) we get the following:

t t
0<s Y tPt-t)Ry < Y fOt-t)R™ ¥ r,t=h2h,.. H
t'=t-h+1 t'=t-h+1

This can be written as:

t t-1
0< 3 (t-t-1)Ry + Rys R 3 (t-t'-1)
t'=t-h+1 t'=t—-h+1

then as:

t t 1

0<s 2 (t-t+1)Ry -2 2 Ry + Ry < > (h-1)(h-2)R™
t'=t-h+1 t'=t-h+1

before being written in terms of the aggregate and linking variables as required:

. . 1
0< RP-2R9 + R, < 5(-DO-2RM™ ¥ rt=hzh. . H  (4279)

The same can be done for the second weighting function (4.26b):
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t 1
0 Y fPt-t)Ry = X fOt-t)R™ ¥ r,t=h2h,.., H
t'=t-h+1 t'=t-=h+1

This can be written as:

t t-1
0<s Y (h-1-t+t)Ry - (h-1)R; < R™ Y (h-1-t+t)

t'=t-h+1 t'=t-h+1
then as:
t t 1
O<h 3 Ry - X (t-t+1)Ry-(h-1Ry < S (h-1)(h-2)R™
t'=t-h+1 t'=t-h+1 2

Again, we can write it in terms of aggregate and linking variables:
50) _ 30 _ L vk — oyRmax _
0<hR{-Ry -(h-1R; < 5 (h-1)(h-2)R ¥ r,t=h,2h,..,H (4.27b)

The first order excess resource capacity constraints therefore consist of constraints (4.27a)
and (4.27b).

4.4.2 Extent Non-Negativity Constraints

Consider the non-negativity constraint on the continuous extent of each task:
S =20 Wkt (4.28)

This is implicit in the detailed formulation, all variables having a lower bound of zero, and
was not written explicitly in chapter 3. Its aggregated counterpart, hoveesmeed to be
explicitly included in the aggregate formulation as will become apparent below.

As in the previous section, we shall derive an aggregated constraint by summing over
time in such a way as to produce the tightest set of constraints from the aggregate and linking
variables introduced in section 4.3. The excess resource levels have a single linking variable
per ATP Ry, t =h, 2h,.., H), whereas the continuous task extents of a kds&ver, link-
ing variables per ATP& 1419, t =h, 2h,.., H, 8 =1,..,7). We can exploit the presence of
these linking variables to generate the zeroth order aggregated extent non-negativity con-
straints by using the following weighting function:

L t=t-h+1,..t-r
O+ _+1y = , ) K
g (t t)-B) Votoro+1,. . (4.29)

The aggregate constraint formed by summing (4.28) using this weighting function is then,



Chapter 4. Aggregation Technigues for RTN Formulations 63

t
Z g(ko)(t_t')fkt' 20 ¥ kt=h,2h.. H
t'=t—h+1

which can be written in terms of the zeroth order aggregate and linking variables as:
20 _ & _
ik — 2 k-9 20 Y kt=h2h.., H (4.30)
6=1

Clearly, an aggregate constraint of the same form can also be written for the discrete task
extent variables which are also implicitly non-negative in the detailed formulation:

~ Tk
NO = 5 Newie =20 ¥ kt=h2h,.. H (4.31)
6=1

We shall now derive the first order aggregate version of (4.28). This means that it can
contain only those aggregate continuous task extent variables that occur in the first order

aggregate excess resource balance (4.17), n&%ﬁ%b{nd E(k}) Again, in order to derive the
tightest possible constraints using these variables, we shall use the following weighting func-

tions:

O o _ Ot +1)-(r+1) v=t-h+l.. t-n

t—t) = 4.32

O (t— 1) B 0 t=t-r.+1,..¢t ( 2
Ch-(t-t' +1) t'=t-h+1,..t-r
o . v k

(-t = 4.32b

o ( ) g 0 t'=t-r+1,.. ¢t ( )

Summing (4.28) over each ATP using the weighting functions (4.32a) and 4.32b), we obtain:

t
S odt-t)ee 20 ¥V kt=h2h.. H
t'=t-h+1

and

t
> gW¥t-1)&e 20 ¥ kt=h2h. . H
t'=t—-h+1

which can be written as:
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S [(t-t + 1) (e + Dl

t'=t-h+1
t
- 2 [(t-t'+1)—(r+1D)]ér 2 O ¥ k,t=h,2h,.., H
t':t—Tk+l
and
t t
> [h=(@t-t'+&e — 2 [h=-(t-t'+1)]&y =20 ¥V k,t=h,2h,.., H
t'=t-h+1 t'=t-r +1

The two constraints above can be written as:

t t
2 (t-t'+L)é&¢ — (x+1l) 2 &k

t'=t-h+1 t'=t-h+1

t
- > [t-t+1)—(rx+1)])&w =20 ¥ k,t=h,2h,..,H

t'zt—fk"'l
and

t

t t
h 2 ék - 2 (t-t+L&e - 2 [h=(t-tU+1)& 20

t'=t-h+1 t'=t—h+1 t'=t-r+1

¥ k,t=h,2h,..,H

Finally, recognising the aggregate variables (and using the substigutidn-t' +1 in the
last summation of each left hand side) the two constraints above can be written as:

ED — e+ DED + S (n+1-0)fme 2 0 ¥ kit=h2h.. H (4.333)
6=1

0 1y & _
hég — & — 2(h—60)&wie 20 ¥ kt=h2h .. H (4.33b)
=1

Constraints (4.33a) and (4.33b), therefore, represent the first order aggregated non-negativity
constraint for the continuous task extent variables. Again, we can write constraints of the
same form for the discrete task extent variables:

~ ~ Tk
NG = (e + DR + 3 (e +1-60)Ngpag = 0 ¥ kt=h, 2h,..,H (4.34a)
6=1
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h N(O) N(l) & _
- > (h-6)Ngw1e 20 ¥ k,t=h2h.. H (4.34b)
=1

In fact, as will be shown in the next section, the introduction of aggregated operational con-
straints means that only (4.33adn) (4.34a,b) need be included explicitly in the aggregate
formulation.

Finally, it should be noted that the implicit constraint that all linking variables must be
non-negative:

{k’Hl_gZO Vk,ch,Zh,..,H,t?:l,..,Tk
does not need to be included since all variables are assumed to have a lower bound of zero
anyway.
4.4.3 Operational Constraints

Here we consider the processing equipment capacity constraint (3.4). Of course, this applies
directly to the linking task extent variables of the aggregated formulation:

VN Ny s1-p € Eprice < V¥ Newie Y kt=h,..,H,6=1,..,1, rOPE, (4.35)

Exactly the same aggregation procedure as in the previous section can be carried out on
this constraint to produce its zeroth order aggregated counterpart which is given below:

0 d 0 O
me ( ) Z Ny t+1- Hl] fkt Zl $kt+1-0 Vmax ( ) Z Nk t+1-9 o]
6=

¥ k,t=h,2nh,.., H, rOPE

The first order aggregated operational contraints can also be derived in the same way as the
first order aggregated non-negativity constraints in section 4.4.2. They are given below:
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1 O
Vie" i = (ne+ DR+ zl(rk+1 6)Niis1-p, <
6=

~(1 ~(0 &
Y - e+ DEQ + > 0+ 1= i
6=

~ (1 ~(0 s O
< VI - (e + DR + 2 (04 1= N

O
¥ k,t=h, 2h,.., H, rOPE, (4.36a)
and
0 1 i
mln%N(O) (1) Z(h 0) th+1 QD h {( ) {(kt) ezl(h _ g)fk,t+1—8

maX%N(O) - (Y - Tzkl(h - e)Nk,tﬂ_gg ¥ k,t=h,2h,.. H, rOPE, (4.36b)
o=
As mentioned in the previous section, there is no need to include an aggregate non-negativity
constraint for theliscretetask extent variablell,; since (4.36a) and (4.36b) (combined with

the aggregate non-negativity constraints fordbetinuoustask extent variables (4.33a) and
(4.33b)) ensure that this condition holds anyway providedvwgjat > 0.

Higher order aggregate excess resource capacity and operational constraints can be
developed in a similar manner to the first order constraints. Here we shall consider only the
derivation of the second order non-negativity constraint for the continuous task extent vari-
ables. As for the first order constraints, the second order aggregated operational constraints
are derived by performing exactly the same set of operations.

In this case we can use the aggregate vanaﬂﬁ%sf(l) and f(k? along with the usual
linking variableséy1+1-9, 6 = 1,..,7¢ t0o generate the aggregate non-negativity constraints.
We use the following three weighting functions:
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@ _ 4 (t-t+D-(n+ Dt~ +) - +2)] t=t-h+l, . -7, o

O ( t)—g 0 Coton+1,. (4.37a)
h—(t-t' + 1))t -t'+1) - (r,c + 1)] t=t-h+1,..t-rg

(2) — 1! =

gt —t) _é[ 0 Cmtore 41 .. 1 (4.37b)
h-(t-t +1)][h-1-(t-t +1)] t=t-h+1,..t-r,

@ _ 11\ =

gg(t—t) % 0 Coton+l, .1 (4.37¢)

Summing (4.28) over each ATP using the weighting functions (4.37a), (4.37b) and (4.37c),
we obtain:

5 gd(t-t)6 20 ¥ kt=h.. H (4.38a)
t'=t-h+1

Z g9(t-t)ew 20 ¥ kt=h,. . H (4.38b)
t'=t-h+1

z 0d(t-t)ee 20 ¥ kt=h,. . H (4.38c)

t'=t—h+1

which can be written as:

2D (e DI D)~ (2l -

S [t-t+1)- (e + Dt -t + 1)~ (1 + 2] = 0 (4.39)

t'=t-r+1

t
2 [h=(@-t+D(t -t +1) = (7 + D))
t'=t-h+1

i [h—(t -t +DJ[(t -t +1)— (1 +1)]ée = O (4.39b)

t'=t-r+1
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S [h—(t-t+1)]h-1- (-t + Dl -
t'=t-h+1

i [h-(-t+D[h-1-(t-t'+D)]&y =2 0  (4.390)

t'=t-r+1

and then as:

t t t
> o(t-t+1)P%&p - (2 +3) Y (-t +D&y + (k+ D +2) Y ke
t'=t-h+1 t'=t—h+1 t'=t-h+1

S Y -t - (DI -t + )~ (r+2]ee = 0 (4.408)

t'=t-r+1

t

t t
- 3 (-t 1P + (h+re+l) 3 (-t +1)&¢ - h(rg+1) > &k
t'=t—-h+1 t'=t—h+1 t'=t—-h+1

Y (-t +D)[(t-t +1)-( +D]Ee = O (4.40b)

t'=t-r+1

t t t
> (t-t+1P& - (2h-1) 3 (t-t'+1)& + hh-1) 3 &

t'=t-h+1 t'=t-h+1 t'=t-h+1

- i [h=(t-t'+D]h-1-(t-t'+D)]&r = 0 (4.40c)

t'=t-r +1

Finally, recognising the aggregate variables in (4.40a,b,c) and using the substitution
6 =t —t'+1inthe last summation on the left hand side of each inequality, we obtain:

~ ~ ~; Tk
8D - (2r +3)EQ + (1 + 1)1 + 28 - 2 [0+ )= 61+ D)= ey 20 (4.412)

~ ~ ~ Tk
— D 4 (h+r+1D)ED - (r +1ED + > [h= 67+ 1)~ léipiis > O (4.41b)
o=
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x2) N O I .
Sk — (2h=1)¢&" + h(h=1)& Zl(h ) (h=1-6)ét+10 2 0 (4.41c)
0=

Y k,t=h,2h,.. H

The corresponding operational constraints follow directly from the above constraints in the
same way as was demonstrated for the first order aggregated constraints. In the next section
we present a general method for generating aggregate excess resource capacity and opera-
tional constraints for orders greater than 2.

4.4.4 Higher Order Aggregate Excess Resource Capacity and Operational Constraints

We can generalise the approach adopted in sections 4.4.1, 4.4.2 and 4.4.3 as follows. To

derive them™ order aggregate excess resource capacity constnaint3, we use the follow-
ing set of weighting functions which are given as functions ot'(+ 1) rather thant(-t') so
as to conform with those used for the excess resource balances:

O G —tr o1y 1 — O VR PUN _40
Drlgt t+1)-1 VELDlng (t-t+1)-wot'=t-h+1,..t-1

i O
fM-t+1)=0"" 0
. 0 =t .

0 0

y=0,..,m>0 (4.42)

For the zeroth order aggregated excess resource capacity constraint, we use the weighting
function given by (4.25) which we shall repeat here for completeness:

t'=t-h+1,..t-1

4.25
- (4.25)

fOt-t+1) = %

Similarly, to derivem™ order aggregate operational constraints, we use the following weight-
ing functions (form > 0):

y -y
O gt—t'+1)—rk—vdﬂ|_| %1+1—(t—t'+1)—WDt’=t—h+1, t-r B
(m) ; _ O Uly=1 O O
gky(t_t+l)=|] D
O 0 t=t-r+1,..t U
0 0
y=0,...m>0 (4.43)

To derive the zeroth order operational constraints, we use weighting function (4.29) which
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was introduced earlier:

t=t-h+1,..t-1,

4.29
t=t-r,+1,..¢t (4.29)

[h
gO(t -t +1) = B
After summing over each ATR'Et—-h+1,..t) using each of the weighting functions
from the desired set, we can then write the constraint in terms of the corresponding aggregate
variables as shown in sections 4.4.1, 4.4.2 and 4.4.3. It is these constraints, together with the
linking variables constraints (4.22) and (4.35), that are then included in the aggregate formu-
lation.

Although it can easily be verified that the general weighting function sets (4.42) and
(4.43) given above correctly reduce to the specific sets given in sections 4.4.1, 4.4.2 and
4.4.3, it is not immediately obvious why they are of the precise form that they are. This is
expained more fully in the next chapter.

It should be noted that each setrdf order aggregate constraints ‘covers’ all lower
order constraint sets. In other words, all constraint sets of order lowemtban be derived
from them™ order constraint set. This has implications when constructing an aggregate for-
mulation (see section 4.6). We can demonstrate this property for the second order aggregate
non-negativity constraint set (4.41a,b,c). If (4.41a) is added to (4.41b), we get the following:

(=21 =3+ h+ 1, +1)ED + (1 + 1)(ry + 2 — h)FD

Tk
+ 2 (k+1-0)(-1x =2+ 6 +h=6)frs1-9 2 0
6=1
Simplifying the terms in brackets we get:
2(1) 20 | &
(h=1x=2)i’ — (e +* D -1 =2)é + Zl(Tk +1-6)(h—1¢ = 2)éktr1-9 2 0
6=

It can be recognised that this is simply (4.33a), the first of the two first order constraints, mul-
tiplied by the factort{ — 7, — 2). Similarly, if (4.41c) is added to (4.41b), we get the follow-

ing:
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(-2h+1+h+7 +DES + h(h-1- 71 - 1)

Ty
+ 2 (h-6)(-h+1+60+1+1-6)é 1419 2 0
6=1

Again, simplifying the terms in brackets we get:
(he o _oniD oGO
(h=1=2)é" + h(h—1 = 2)é gzl(h 0)(h =1 = 2)¢k t+1-0

It can be recognised that this is simply (4.33b), the other first order constraint, multiplied by
the same factorh(- r, —2). We have shown, therefore, that the second order extent non-
negativity constraints cover the first order extent non-negativity constraints. This covering
property is proved for the general case in section 5.5 of the next chapter.

4.5 Aggregate Objective Function

As mentioned in the previous chapter, the objective function depends on the type of problem
being solved. We shall consider the detailed objective function (3.5) from the previous chap-
ter which represents nett profit over the planning horizon taking into account utility costs,
storage costs, and fixed and variable costs associated with tasks:

H H H

0

max ¥ CF(Ry - Ra) = CI 3 R~ 3 3 (CEN+ Clé) - 3 CEMy  (35)
rOMR t=1 k t=1 t=1

To form the aggregate form of this objective function, all terms involving a summation
of variables over time are written in terms of the zeroth order aggregate variables to give the

following:
o F I ~(0)D F 0 v 7(0)
max Z ﬂ:r (RrH - RrO) - Cr Z th 0- Z Z (Ck th +Ck<tkt)
rOMR[] t=h,2h,...H 0 k t=h,2h,..H

-y cEaAY (4.44)
t=h,2h,..,H

Since it contains only zeroth order variables, this aggregate objective function is inde-
pendent of the overall order of the formulation.
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4.6 Constructing Aggregate Formulations

We have shown how aggregate constraints of different orders can be derived from the con-
straints present in the detailed formulation. It is then necessary to use these constraints to con-
struct aggregate formulations.

The m™ order aggregatformulationinvolves the following variables:

. the linking excess resource variables

Ri Y r,t=h2h,..,H

and the linking task extent variables

Nk,t+l—9 y {k,t+1—9 V k, t= h, 2h, - H, 6= 1, <ol

. the aggregate excess resource variables
5(P) - - _
Rit ¥ r,t=h2h,..,H, p=0,.. m-1

defined by:

=(p) L
th = Z (t -t + 1)pth’
t'=t-h+1

. the aggregate task extent variables
K(P) 2P okt = -
kt ] {kt ,t—h,2h,..,H,p—0,..,m

defined by:

& (p) L =(p) L
Nie = 2 (t—t' +1)°PNye ; S = 2 (t-t+1)P&y
t'=t-h+1 t'=t-h+1

The m™ order aggregate formulation involves the aggregate objective function (4.44)
and the following constraints:

. the set of aggregated excess resource balances ofpord&rl, .. m;

. the aggregated excess resource capacity constraints ohorder
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. the aggregated non-negativity and operational constraints ofrarder

It should be noted that all the aggregated excess resource balances from onater O to

are included in then™ order formulation. This is due to the form of (4.16). A constraint of
order p containsall the variables contained by any lower order constraint. ‘Missing out’ con-
straints of any orders less thamis not, therefore, desirable since it may well decrease the
accuracy of the approximation and will not result in any savings in terms of the number of
variables.

For the excess resource capacity and operational constraints, on the other hand, only
the highest order aggregation is included. This is due to the covering property mentioned in
section 4.4.4.

Note, also, that the aggregate excess resource capacity constraints used are of order

m-1 rather thanm since the constraints in the" order aggregated formulation do not
include the variable&".

The complete first and second order aggregate formulations are listed in Appendix B.

4.7 Concluding Remarks

This chapter has shown how a family of aggregate formulations can be constructed from the
detailed RTN process scheduling formulation using a set of rigorous mathematical manipula-
tions. The derivations raise a number of interesting questions, such as:

(@) What is the relation between the aggregate formulations and the detailed one?
and,
(b) What s the relation between aggregate formulations of increasing order?

The discussion in the next chapter will seek to answer these and other related questions. By
examining the detailed properties of the aggregate formulation, the next chapter will also pro-
vide somea posteriorijustification regarding the form of the mathematical manipulations
used in this chapter.



Chapter 5

Theoretical Properties of the Aggregate RTN Formulations

The last chapter described a general aggregation technique involving the summation of the
detailed RTN constraints using a time-dependent weighting function to form constraints that
could be written in terms of aggregate variables. It was also shown how these aggregate con-
straints could be used to construct an aggregate RTN formulation. In this chapter, some
important mathematical properties of this aggregate formulation are demonstrated. These will
provide some justification for the form of aggregation used in the last chapter and also serve
to answer the two questions posed at the end of it.

5.1 Property I: Strict Relaxation of Detailed Formulation

All the aggregated RTN constraints have been derived from the detailed RTN formulation by
performing valid mathematical manipulations on the equality and inequality constraints. If we
consider a scheduling problem in which the objective is to maximise profit, therefore, the
optimal aggregate objective value will always provide a valid upper bound on the optimal
objective value of the solution to the detailed formulation of the same problem. Hence the
aggregate formulation can be used confidently in any application in which a valid upper
bound is required. It will be shown in the example presented in section 5.6 that this bound can
be quite a tight one.

To illustrate the relationship between the aggregate and detailed formulations we can
consider the aggregate formulation not in terms of the aggregate variables, but in terms of the
original detailed variables that they replace. We can then compare the solution space of the
aggregate formulation with that of the detailed formulation since both contain the same set of
variables. Since we have summed constraints, the solution space (also referred to as the feasi-
ble region) defined by the aggregate constraints must contain the solution space defined by
the detailed constraints, as illustrated in figure 5.1.

The objective functions of the two formulations (when both are written in terms of the
detailed variable set) are identical but tpimal objective value of the aggregate formula-
tion may be higher since the aggregate solution space is larger. For the remainder of this the-
sis, mention will be made of the ‘accuracy’ of the aggregate formulation with respect to the
detailed formulation which can be taken to be a measure of the similarity of their respective
feasible regions. One obvious way to quantify this is by comparing the optimal objective
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Aggregate solution space

Detailed solution space

Figure 5.1: Solution spaces of the detailed and aggregate formulations.

values of each formulation. This, however, may be somewhat misleading since, even if the
optimal objective values are the same, it does not mean that the aggregate formulation is
completely ‘accurate’. In other words, the aggregate feasible region is not necessarily identi-
cal to the detailed feasible region.

We can apply a similar argument when considering the relationship between aggregate
formulations of different orders. The accuracy of the+(1)" order aggregate formulation
of a certain problem must be greater than or equal to that of tterder formulation. This is
due to the fact that the@™ order formulation contains all the aggregated excess resource bal-
ance constraints from zerothid" order, whereas ther(+ 1) order formulation contains all
these constraints as well as tme+1)" order constraint. As far as the aggregated capacity

and operational constraints are concerned,rri‘re:()th order constraints cover the™ order
constraints (see section 5.6 later in this chapter).

In general, having more constraints in an aggregate formulation does not necessarily
mean that its accuracy must increase. For instance, it would stay the same if the higher order
constraints are redundant and do not tighten the approximation represented by the aggregate
formulation. This, however, isot the case. In fact, it is shown later (in section 5.3) that the
aggregate formulation becomes exaa. completely equivalent with the detailed formula-
tion) for sufficiently high orders. We can therefore generate a whole family of aggregate for-
mulations of increasing accuracy and complexity.

For many applications, low order aggregate formulations turn out to provide a suffi-
ciently good approximation to the detailed formulation. However, the lowest (zeroth) order
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formulation is of no use for any RTNs in which some resources are consumed and then later
producedi(e. ‘borrowed’) by any tasks. This is explained in more detail in section 6.1. Many
practical RTNs, including the ones considered in this thésispntain such resources (equip-
ment items, renewable utilitietc). The zeroth order formulation, therefore, is only very nar-
rowly applicable and shall not be discussed further in this thesis. On the other hand, first and
second order aggregated formulaticare generally applicable and often provide a good
approximation to the detailed RTN formulation.

5.2 Property Il: Reduction to Detailed Formulation for h- 1

It is interesting to note that, when the ATP length 1, an aggregate formulation of any
order is equivalent to the original detailed formulation from which it is derived. This is an
important property — the accuracy of the aggregate formulation should increase with
decreasing ATP length since this increases the number of constraints. Eventually, when the
ATP length is reduced to a single time interval, the aggregate formulation becomes.@xact (
equivalent to the detailed formulation. As demonstrated below, this behaviour is closely
related to the incorporation of the linking variables within the formulation.

Firstly, consider the genera” order aggregate excess resource balance presented in
section 4.3.2 and reproduced below:

t [ O Ti o &
2 Ht-t+1)P-(t-t)PORy - hPRp = Z? Mo, 2 (t—t'+1-6)PNyy
t'=t-h+1[] O k -9=0 Ch=t-hea

Ty Tk Tk Tk
+ 3 2 Nitehwa—g 2 (W46 =0)P g — 2 2 Nytaa—g 2 (6" =P o
Kk o=1 0=0' k o=1 6=6'

Tk D t , P
+ > Vo, 2. (t=t'+1-60)P&, +
ko 0

'=t-h+1

Tk Tk Ty Tk
2 2 ékt-hi-e 2 (h+8 =0)P vy — % 2 Ektri-e 2 (6= 6)P v
g=1

k 6=1 6=6' 6=6'
t
+ S (t-t'+1)PM, (4.16)
t'=t—-h+1

Consider first the left hand side of (4.16). or 1, the sum reduces to a single term with
t' = t. Hence the last term on the right hand side becdipeand the left hand side becomes:
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Sl»p _Op%rt - 1pRr,t—1 = Rt~ Rt

Now consider the three discrete extent terms on the right hand side of (4.16) Epthe
first and second of these terms become:

Tk Ty Ty
2 ; ﬂkregl_g)kat + 2 2 Ngtg 2. (1460 =0)P 1 (5.1)
k Lo=0 Kk o=1 0=6'

Now consider the third term. If we make the substitutivrs ' — 1, it can be written as fol-
lows:

Tk—l Tk
22 Nyor 2 (1+6"=0)° piyee
k ¢"=0 6=6"+1
-1 7k . 0 0 O
=2 2 NiiorD2 146" -6)° tiee = (1) piire O
K §'=0 [g=6" 0

Tk Tk Tk
=2 2 Ngtgr 2 (140" =6)° g + 2 Nie 2(1-6)P 1
k g'=1 6=6" k 6=0

Tk—l
- %Nk,t—rk(l)p Hyrry — % ZO Nk,t—e"(l)p Hyro"
g'=

Tk Tk Tk
=2 2 Nitgr 2 (A+60"=6)P trp + 2 Nie 2 (1-60)P ptep
k =1 6=6" k 6=0
Tk—l
- %Nk,t—rk.ukrrk - % Z N t-g" Hkro" (5.2)
8"=0

Overall, then, the first three terms on the right hand side of (4.16) are equivalent to expression
(5.1) minus (5.2):
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Tk
%%ﬂkregl‘e)pl\'m + Z Z N t-¢ Z(1+9 0)° Lo

=1 6=6'

Ty
- Z Z N t-g Z(1+5”—9)P Hkro — %th Zo(l‘e)p Hkro
6=0" 6=

Tk—l

+ 2 Nitr Mior, + 2 2 Nito e
K k =0

We note that the first four terms of the above expression immediately cancel out, while the

last two can be combined to give:

Tk
2 2 Nit-gHkre
k 6=0
Equivalent manipulations can be applied to the fourth, fifth and sixth terms on the right
hand side of (4.16) involving the continuous extent variables. Hence, we have shown that

(4.16) reduces to the following for= 1

Rt = Rit-1 = ZZOth -oHkrg T Zzofkt -oVkro T Ty
6=

This can readily be recognised as the detailed excess resource balance (3.2).

Turning now to the capacity and operational constraints, it can be seen that the gener-
alised weighting functions (4.25), (4.42), (4.29) and (4.43) of section 4.4.4 reduce to zero for
h = 1 and consequently only the linking variable constraints remain:

0< Ry < R™ Y t=h,..H (4.22)

VI N1 € Ekprie S VR Nygpwae ¥ kt=h,..,H,6=1,..,1, rOPE, (4.35)

For h=1, these apply fot =1,2,.. H. Thus, (4.22) becomes equivalent to the detailed
excess resource capacity constraint (3.3). In addition (4.35) becomes equivalent to the
detailed operational constraints (3.4) although there is some redundancy if they are written
foro =1,.. 1 rather than just fof = 1 as necessary.

In conclusion, then, the aggregate RTN formulation tends to the detailed RTN formula-
tion ash - 1. In a sense, this is to be expected given the rigorous nature of its derivation. A
different kind of limiting behaviour is discussed in the next section.
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5.3 Property lll: Reduction to Detailed Formulation for m-h-1

In this section it shall be shown that an aggregate RTN formulation of orden—1 is
equivalent to the detailed RTN formulation. To do this, we shall first write the detailed formu-
lation in matrix form. The aggregation procedure described in the previous chapter can then
be formalised as a matrix transformation which maps one constraint space to another.

We shall first consider the excess resource balances (equality constraints) before deal-
ing with the operational and capacity constraints which are inequalities and are treated differ-
ently.

5.3.1 Excess Resource Balances

Consider any equality constraint in a general discrete-time scheduling formukatighe(
excess resource balance of the detailed RTN formulation). In general, this constraint will
apply for all times in the planning horizon of lengthand can be written in vector notation

as:

c=0 (5.3)

where:

[y
—~ ~
~— —

= N
OoooOogooodg

DQIIIIJ Dé’_yl %

%D
T
—~

andO is a null vector, also having elements. We now aggregate the constraints in the way
described in section 4.2, using an ATP of lengttand aggregation operators of order
p =0,..,m. We write the following aggregate constraints:

t
> fPt-t)Cy(.) =0 (p=0,1,..m, t=h,2h,..,H=nh) (4.5)
t'=t-h+1

Again we shall use the weighting functions introduced in section 4.2:
fPt-t) = (t-t'+1)P (p=0,1,..m) (4.6)
We can then verify that the aggregated constraints can be written in matrix form as:

AMNc =0 (5.4)
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In (5.4),0is a null vector wit(m+ 1) elements and(™" is ann x n block matrix given
by:

Ogmh 9o . 0o U
O h) O

amn -0 0 S™ .0 g (5.5)
O .o O
O mh) O
oo 0 S

Each block ofA(™" js itself a n+ 1) x h matrix. In particularS™" is given by:

01 1 . 1 .1p
Oh h-1 . j . 10
0 (h-1) j 0
h®  (h-1P . j° . 10 (5-6)
O O
O O

oh™  (h-1)™ . ™ . 1g
In (5.5),0is a (m+ 1) x h null matrix.

We note thaB™" is generally rectangulan{+ 1 < h). However, wherm = h - 1, this

matrix is square and furthermore nonsingulan this case A(™" is also square and non-
singular since it is square block diagonal with each diagonal block corresponding to the non-

singularS™". Hence, whemm = h - 1, the inverse oA(™" exists and therefore the original
constraints (5.5) may be recovered from the aggregated ones (5.6) by pre-multiplying the lat-

ter by A(mM ™,

It is interesting to note that Property Il (see section 5.2) can also be proved by realising

thatA(™" reduces to the identity matri%™" whenh = 1.

5.3.2 Capacity and Operational Constraints

The detailed capacity and operational constraints (3.3) and (3.4) differ from the excess
resource balances in that they are inequalities rather than equalities. As a consequence of this
difference, the aggregate operational constraints are formed by using different weighting
function sets. These were defined in section 4.4.4 and are recalled below:

T In fact, this matrix is a special case of the Vandermonde matrix named after the French
mathematician A.T. Vandermonde (1735-1796). He derived a general expression for its deter-
minant showing that it is always non-zero.
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O G —tr 11y 1 -1 R PUN _40
Dﬂgt t'+1)-1 VELDlng (t-t+1)-wot'=t-h+1,..t-1

i 0
fM-t+1)=0"" 0
O 0 t' =t O

0 0

y=0,..,m>0 (4.42)

[l Y ' Ijn_y ' O — 0
-t'+1)- —_ +1- —_ +1)- _h+1 . —_
DI | gt t )= 1k VELN|:|1%| (t-t ) WDt =t N | %S

g(kr;)(t—t' +1)=" 0
O 0 t=t-r.+1,..t U

0 0

y=0,..m>0 (4.43)

Like those used for the excess resource balances, these weighting function sets are polynomi-
als in ¢-t'+1) and are summed from'=t-h+1 to t (i.e. (t-t'+1)=h to
(t—t"+1)=1). They ensure that the tightest possible aggregate constraints are derived using
only the variables used in the aggregate excess resource balance. Furthermore, they ensure
that the aggregate operational constraints become exact if a sufficiently high order is used in a
similar way to the aggregate excess resource balances.

The operational constraints also differ in that each consi@a(nt) only involves one
variable at that timéwhereas the excess resource balances also involve variables at previous
timest — 1, t — 2 etc. The result of this is that there are no constraints linking variables in dif-
ferent ATPs. For the following argument, therefore, we need only consider a general ATP.

As before, we represent the detailed variables by vectors but we only need to consider
those spanned by a single ATP. We define the following:

D?r,t—h+1D

rrtzg B ¥ r,t=h2h,..,H (5.7)
Rt O
[k t-h+1

xktzg B ¥ k,t=h, 2h, .., H (5.8)
Kt O
[Ny t-h+10

nktsg o VYkt=h2h. H (5.9)

Nkt U
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We also introduce then(+ 1) x h matricesF™" and G{™", the {, j)" elements of which

can be defined in terms of the weighting functions (4.42) and (4.43):

[FMDL = £M¢)  i=1,..m+1,j=1,..h (5.10)

[GM™]; = o)) i=1,..m+1,j=1,..h (5.11)

F(M" then operates on the detailed excess resource capacity constraints (3.3) to form the
aggregate constraints:

0 < FMmN < pmh) gmax (5.12)

while G(km'h) is applied to the detailed implicit non-negativity constraint (4.28) and also the
operational constraint (3.4) leading to:

0 < G™" xq (5.13)

VI G i < GEMY xi < VP G g (5.14)

As well as these aggregate capacity and operational constraints, the aggregate formulation
also contains separate capacity and operational constraints for each of the linking variables.
We shall now show that the operational aggregated and linking constraints become equivalent
to the detailed operational constraints whesa h— 7, — 1.

The elements oG(km’h) are always zero for the times in the ATP corresponding to the
linking variablest' =t+1-6,8=1,..,r,. This can be seen from the weighting functions
which are forced to be zero for these times. Otherwise, the elements are given by a vector of
m+ 1 polynomials which are evaluated at tinmtest-h+1,..,t—r. This is best illus-
trated by an example. Consider a single ATP of leigt8 time intervals and a tadk of
duration r, =3 time intervals. Suppose that the order of aggregationis set at
m=h-r,—-1=4. Then, using (5.11) and the weighting functions (4.43), we can now write

the 5x 8 matrixG\™" as follows:

(0 0 0 {B-q)(7-9)6-0)(5-0), q=4,..,80
0 0 {(a-4)E-a)(7-a)6-a), a=4,...§
G™ =D 0 0 {(@-4)@-5@-9(7-0), q=4,...80
b 0 0 {(a-9@-5)(-6)8-0), q=4,..,8C
00

0

Here g has been used to represent the quantityt'(+ 1) for simplicity. It can be seen that

{(@-49@-5@-6)a-7),a=4,..,8
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the polynomial ing in each row has roots at every valuegdbr which it is evaluated except
one, at which it always takes a positive value. A different root is left out of the polynomial for

each row which means that we get the following fomﬁ‘ﬁ?h):

0 0024000 0
M 00 0 600 00
G(k’“’“)ngoo 0 040 og
™ 00 0 006 0f
@ 0 0 0 0 0 0 240

In this case, the aggregated non-negativity constraint, for example, can therefore be written
as:

=
3%
ood

00
ia
00
R)B <
5
0
90

The above is equivalent to the following constraint:

x
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O oo oo
O oo oo
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oo b~ oo
O o o oo
'}goooo
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OOOOoOdnd

@,
oy
[

0<é&¢ t'=1,..,5 (5.15)

This enforces non-negativity of thig; variables for each time in the ATP except for those
times at which linking variables are defined. But each of these linking variables is subject to
an implicit non-negativity constraint anyway:

OSEK,I+1—9 9:1,..,3
or:
0<é&e t'=6..,8 (5.16)

For this example, therefore, we have shown that the aggregated constraint (5.15) and the link-
ing variable constraint (5.16) together enforce non-negativity at all times in the ATP and are
therefore equivalent to the detailed non-negativity constraint:

Osfkt' t’:].,..,8

If the weighting functions (4.42) and (4.43) are examined in detail, it can be seen that this

result is generally true +ke.for m=h-r, -1, G(km’h) hash columns andi+1)=h-r,
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rows and reduces to a form which can be partitioned into two distinct matrices:

Gt = g gl : D110 (5.17)
0 U

(h—1i)x7k

where0 is a null matrix andD"7*("79 s 3 diagonal matrix whose non-zero ele-

ments are all positive.

In such a case, the aggregated extent non-negativity constraint (5.13) becomes equiva-
lent to:

0 < &y t'=1,..t—-r (5.18)
which, combined with the implicit non-negativity constraints on each linking variable:
0 < &y t'=t—Tk+l,..,h

is obviously equivalent to the original detailed non-negativity constraints which apply for
each time in the ATP:

Okat' t':].,..,h

Exactly the same can be shown for the operational constraints (5.13).

If we now turn our attention to the aggregated excess resource capacity constraints
(5.11) it can be verified that, when combined with the linking constraints (4.25), these
become equivalent to the original detailed constraintsrferh — 2. This is to be expected
since the weighting function (4.42) is, in fact, a special case of (4.43yw4tli. For com-
pleteness, therefore, we can write the following:

Fh-2h) = Bo(h—l)ﬂ | pt-vxi-a) B (5.19)
0 | 0
where0™ 1 is a null vector an®™ ("1 is a diagonal matrix whose non-zero elements

are all positive.

5.4 Property IV: Maximal Aggregation Order

It was shown in section 5.3.1 that the set of aggregated excess resource balance constraints of
ordersp=0,..,h—1 (whereh is the ATP length) is exactly equivalent to the detailed con-

straints. This corresponds to the mati®*" becoming square and non-singular. Any aggre-

gated constraints of order greater than1 would correspond t&(™" having more rows
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than columns and must be redundant with respect to this set. Hence we can lsayltisat
the maximal order for the aggregated excess resource balance constraints.

For the operational and capacity constraints, the situation is slightly different. Looking
again at (5.18), it is natural to ask what happer@ffbh) for m>h-r,—1. The answer is

thatall the elements of the matrix become zero (the polynomials have roots at all values of
t —t' + 1 at which they are evaluated). So we can write:

m>h-r -1 = G™ = gmh (5.20)

where0(™b* is & null matrix. Consequently, any aggregate constraints formed from such a
matrix are of no use at all. This indicates that we should place a limit on the overall order of
any formulation of the type defined in section 4.6 given by:

mmax = p—gmax_q (5.21)

wherer™® is the maximum duration of any task in the RTN under consideration:

M = maxzy (5.22)

It is conceivable that there may be a few particularly long tasks in the RTN which make

max

the maximum ordem™® given by (5.21) overconstraining for the shorter tasks. If it is

desired to use a formulation with an overall ordérwhich is higher tham™®, then we

need to consider each task individually. We can introducdfantive task order Z’ﬁ for each
taskk given by:

O

eff _ .
me = mlnD

m* (h—rk—l)g v K (5.23)

For each task, therefore, the following aggregated and linking variables will appear in the
operational constraints:

N G=0,..m" t=h .. H)

Nk,t+l—9 (0:1,..,Tk,t:h,..,H)

This then implies that, for the longer tagksvhich havemﬁff < m", the operational con-
straints will be exact for the reasons given above — it can be seen that thensadedles
per ATP for these tasks as for the original detailed formulation.
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For these tasks, the aggregate excess resource balances qf »rderr, —1 can be
expressed completely in terms of the aggregate extent variables ofpatder 7, — 1. This
is clear since there are a totallbhggregate and linking extent variables per ATP for these
tasks. Any aggregate extent variable of orger h— 1, — 1, therefore, can be uniquely
expressed as a linear combination offther, lower order aggregate extent variables and the
1 linking extent variables. This can be demonstrated very simply in matrix notation as fol-
lows.

As well as the detailed task discrete extent vegtpwhich is defined by (5.9) in sec-
tion 5.3.2, we can also define the following two vectors of discrete extent variables for each
ATP:

(5.24)

=~

Iy

=

2
OooooOoooOod

[th

D (5.25)

Note that the following argument also applies to the continuous task extent variables. It can
be seen thaf; is made up of aggregate and linking variables, and, for aktabkt has

mﬁﬁ <m'"=h-r -1, it hash elements. For the same tadgkiy; is a vector containing only
aggregate variables that hag + 1 elements. The aggregate excess resource balance con-
straints must be written in termsiaf and not all the aggregate variablesijnplus the link-

ing variables as suggested by the recipe for constructingm'therder formulation given in
section 4.6 of the last chapter. For formulations with ordérs m™®, therefore, we can still

use this recipe provided we substitute, for any taskith durationr, > h-1-m", each
aggregate task extent variables of order h — r,, — 1 by a linear combination of lower order
aggregate extent variables and the linking extent variables.

We can relate, andf,; as follows:
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~(0)
N D g1 1 1 10 tNie-wes O
O _ 100N, .. O
N (e O 0 oo k.t h+2D
N’ O_g e (- (r"™ lng O
B\lkm_m 00 0 0 1 0 00MNguyD
O E 0 0 0 0 ogg B
[th 2 oo 0 0 0 0 10N« O
or as.
. amh
N = S¢ Nt (5.26)
where:
01 1 1 10
HE . . . . 10
é(kmﬁff,h) B E e (h-1m . DL 1% (5.2
0o 0 0 1 0 00 '
E 0 0 0 0 . og
0o 0 0 0 0 1

We can also relatey; andf; as follows:

EI\I(O) D D— 1 . 1D |j\|kt h+l[|
O 0.0 104 [Ny - h+2D
R TARIERE 1% 0 O

which can also be written in matrix notation as:
A = S(m+'h)nkt (5.28)

Note thatS™"" was defined earlier by (5.6) in section 5.3.1. From (5.26) and (5.28), there-

fore, we can relatg,; andfy; as follows:

~ (reff -1
gme gmen o (5.29)

In the aggregate excess resource balances, therefore, we can substitute the aggregate variables

with orderp > m" using (5.26).
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5.5 Property V: Covering Property for Capacity and Operational Constraints

It shall now be shown that the" order weighting function set (4.43) (used to generate the
aggregate operational constraints) can also be used to derive all lower order weighting func-
tions sets. A specific case of this was demonstrated in section 4.4.4 of the previous chapter.
Consider the non-zero portion of a general weighting function from the set for a givén task

y -y
(m) — 1! = — 1! — — [rn —_ — 1! —_ D
Oy t-t'+1)= v|=|l gt t'+1)-r1y vﬂlel1 %1 +1-(t-t'+1) WD

t=t-h+1,..t-7) (5.30)

Assuming thaty > 0, we can also write the corresponding weighting functiory fod.:
M —t+1)=[]Qt-t+1 M the1-(t-t +1)-wd
-t'+1)= -t'+1) -7 — +1-(t-t'+1)-
Oy )= )- 1 VL M hei-( )-wo

t=t-h+1,..t-1) (5.31)
Adding (5.30) to (5.31) and taking out the common factors results in:

TS N

_1 —
\i:l gt—t'+1)—rk—vaNmD:%1+1—(t—t'+1)—ng

=1

%t—t'+1)—rk—yg+ g]+1—(t—t'+1)—(m—y+1)%

_l I~
= [ &t e -yl v ey -win-mong

v=1

Finally, recognising the form of the product term on the right hand side, and omitting the
function arguments for the sake of simplicity, this can be written:

g(k';‘) + g(k”?_l = (h-m-r1) gf(r";,'_ll) , y=1,...m (5.32)
We note thag(k'f;'l), y=0,.. m-1 are the weighting functions used for constructing

the aggregate constraints of ordar— 1. Therefore, provided that—-m-r7, >0, (5.32)
shows that any aggregate inequality constraints of ardef are directly implied from the
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corresponding constraints of ordarand are therefore redundant.

By applying the above reasoning in a recursive manner, we deduce that only the high-
est order aggregate inequality constraints need to be included in the aggregate formulation.

As remarked in section 5.3.2, the resource capacity weighting funtﬁ@man be

viewed as a special case gﬁ@) with 7, = 1. Hence, an entirely analogous conclusion holds

for the aggregate resource capacity constraints.

5.6 lllustrative Example

We shall now return to Example | presented in section 3.3 and solve it using the aggregate
RTN formulation. Different solutions are generated by employing aggregate formulations of
differing ATP lengthsf) and ordersrf).

The results presented in table 5.1 demonstrate how the two aggregate parameters, ATP
length ) and order ifn) can be used to vary the size and accuracy of the aggregate formula-
tion. For comparison purposes, results for the fully detailed (exact) optimal solution, which
was described in detail in section 3.3, are also given in the last column of table 5.1. As the
ATP length is decreased or the aggregation order is increased, the number of integer variables
increases and (for the higher valuepét least) the objective function decreases to become
closer to the detailed value.

Consider the production data in the first two columns of table 5.1 representing the
amount of both products produced in the aggregate solutiondqwi4, m =1 andh = 24,
m = 2. In both cases, 1.0 tonne and 84.0 tonnes of the 1 kg and 2 kg products respectively are
produced. These values could be arrived at by using a calculation based upon a naive consid-
eration of the maximum production rates of the equipment involved in the problem. This cal-
culation, which takes no account of the manpower or intermediate storage limitations or the
timing of the demand, is presented below:

1. A change-over is required since packing line is initially tooled up to produce the 2 kg
product and there is demand for the 1 kg product. Hence, total available packing time is
the horizon length less the down-time due to the change-e&2r< 3 = 21 hours).

2. The demand for the 1 kg product is 20.0 tonnes, while the maximum packing rate for
this product is 3.0 tonnes per hour. The packing line will therefore need to spend a total
of 7 hours producing the 1 kg product. A total of 3. 0= 21. 0 tonnes of this product
will therefore be produced, leaving 1.0 tonne in storage at the end of the planning
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Aggregation Parameters

No. of ATPs 1 2 3 4 24
ATP length,h 24 12 8 6 1
Order of formulationm 1 2 1 2 1 2 1 2 -

Computational Statistics

Optimal Objective (£) 26,900 26,900 24,500 23,300 24,020 23]300 23,300 23,300 20,100

Fully Relaxed Objective (£) 29,524 29,524 29,54 29,524 29,524 28,754 2f,600 27,600 |24,872

No. nodes examined 17 27 97 762 632 458 232 315 115
CPU secs. (SUN SPARC 10) 1.1 2.0 3.8 5514 37.3 59.2 14.9 60.6 21.9
No. Integer Variables 23 29 46 58 69 87 92 116 144
Total No. Variables 66 88 132 176 198 264 264 35p 5p8
No. Constraints 71 103 141 205 211 307 281 409 649

Selected Solution Data

Final Storage of 2kg Produgt 84.0 84.0 72.0 66/0 70.0 66.0 66.0 §6.0 50.0
Final Storage of 1kg Produgt 1.0 1.0 1.0 1.4 4.0 1.0 110 1.0 1.0
Number of change-overs 1 1 1 2 1 2 2 2 2

Table 5.1: Data for aggregate solutions to Example | (no margin of optimality used).

horizon after the demand has been met.

3. The packing line then has 217 = 14 hours left to produce the more profitable 2 kg
product. Since the maximum packing rate is 6.0 tonnes per hour, a total of
14 x 6. 0= 84. 0 tonnes of the 2 kg product can be produced by the end of the horizon.

Since, in the optimadletailedsolution to this problem, only 50.0 tonnes of the 2 kg product
can be made, a simplistic calculation such as that presented above results in a considerable
over-estimate of the production capacity of the system (34.0 tonnes of the 2 kg product). This
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is a problem that the aggregate solutions with shorter ATP lengths address to some extent,
reducing the over-estimate to 16.0 tonnes in some cases (see table 5.1). This reduction of 18.0
tonnes in the production over-estimation is consistent with the inclusion of an extra change-
over. This results in an additional 3 hours down-time for the packing line.

Figure 5.2 compares some of the output values from one of the aggregate solutions
(ATP lengthh =8, and ordem = 2) indicated in table 5.1 with the corresponding values
from the detailed solution to the same problem, presented in section 3.2.

CUMULATIVE ATP 1 ATP2 ATP3
EXTENTS OF ‘ ‘ ‘
TASKS Detailed | Aggregate | Detailed | Aggregate | Detailed | Aggregate
STARTING 1 Solution | Solution Solution | Solution Solution | Solution
| | |
|
Blending 21009 ! 1916 | 2500 ! 34965 | 25005 | 3308 -
| | |
[ e ‘ |
L I — N [
Pack 1kg product 150(5) | 150(5) 60(2) | 60(2 00(0) | 00(0)

,,,,,,,,,, [ .
Pack 2kg product 00(0) | 0.0(0) 150(3) | 180(3) 350(7)1 48.0(8)
| | |
Retoding12 1550 000 | oow | oow | 000 | 000
| | |
P A [ A L A | R
Re-tooling 21 00(1) | 00(1) 00(0) | 00(0) 00(0) | 00(0)
t=0 t=8 =16 t=24
MATERIAL | | | |
STORAGE (te) |Det.Sol. 1Ag. Sol. Det. Sol. | Ag. Sol. Det. Sol. 1 Ag. Sol. Det. Sol.| Ag. Sol.
| | |
| |
| |
|
FeedA/FeedB | _____ B M B . h ,,,,,,
60.0 | 60.0 495 | 505 370 1 330 2451 165
1 1 ‘ 1
| |
1 kg product S [l ,,,,,,,,,,,,,,,,, h ,,,,,,,,,,,,,,,,, [
0.0 : 0.0 12.0: 120 210: 12.0 1.0 : 1.0
| | |
| | |
| | |
| | |
| | |
| | |
| |
2kgproduct | _______ L ,,,,,,,,,,,,,,,,,,, L ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
00 | 00 00 | 00 100 | 180 50.0 | 66.0

Figure 5.2: Comparison of detailed and aggredateg, m = 2) solutions to Example I.

1 For each task occurrence, figure 5.2 gives the continuous extent followed by the discrete
extent in brackets.
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Returning to table 5.1, it can be seen that the production capacity estimated by the
aggregate solution with =12 andm =2 is the same as that estimated by hhe6, m=2
solution. Hence, the doubling in formulation size from 58 to 116 integer variables appears not
to affect the accuracy of the approximation in this case. In fact, at first sight, it might appear
that an ‘asymptote’ of 66.0 tonnes of the 2 kg product exists. This would represent a limit on
the accuracy of the aggregate formulation for this example and would, therefore, contradict
the properties proved in sections 5.2 and 5.3. However, this is not the case as can be verified
if smaller ATPs are used. Fhr= 4 andm = 2, the optimal objective value is £22,630 and for
h =3 andm = 2, the aggregate formulation becomes completely equivalent with the detailed
formulation and therefore has the same objective of £20,100. For the second order formula-
tions, the variation of optimal objective value with the number of ATPs used is shown in fig-
ure 5.3.

27 1 %
26 -
Optimal Aggregate Formulation
profit o5 (order, m=2)
£ '000s
24 -
X X X
23
X

22 1

21 A

Detailed solution = 20.1
20 +—— — — — —— X
1 2 3 4 5 6 7 8

Number of ATPs

Figure 5.3: Variation of optimal objective value with the number of ATPs for Example I.

Some further ways of making the aggregate solution more accurate are discussed in
section 5.7 below.
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5.7 Improving the Accuracy of the Aggregate Formulation
5.7.1 Cut Constraints

It may often be possible to introduce extra constraints into the aggregate formulation which
improve its accuracy in relation to the detailed formulation. Such constraints can often be
derived for a specific problem using ‘engineering intuition’. It must be ensured that they are
redundant with respect to the detailed constraints even though they become active in the
aggregate formulation and help tighten it.

One important feature that the aggregate formulation often misses can be termed the
‘start-up time’ for the production system. For a multi-stage process, with sufficiently low ini-
tial levels of intermediates, there will be a time delay between the start of the time horizon
and the earliest time at which products can be produced. If there are a large nhumber of serial
processing stages, then such start-up times can be quite long. Some start-up constraints for
the RTN formulation are derived in Appendix E.

5.7.2 Detailed Portions in the Time Horizon

Another way of increasing accuracy is to use an aggregate formulation in which some critical
portions of the time horizon are governed by the fully detailed constraints. The ‘splicing in’
of detailed portions into the planning horizon is made possible by the presence of the linking
variables. The resulting formulation will still provide a rigorous upper bound on the true opti-
mal solution. For example, we can include a detailed portion at the start of the time horizon to
help reduce the start-up error discussed above. We can also reduce any ‘shut-down’ error by
including a detailed portion at the end of the time horizon. Such a planning horizon is illus-
trated in figure 5.4.

Start-up Shut-down

Aggregate portion

portion portion

ATP

Figure 5.4. An aggregate planning horizon with detailed start-up and shut-down portions.

Table 5.2 gives the results for two different cases when this approach is applied to the small
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making-packing example.

Table 5.2: Results for aggregate formulation with detailed constraints at start and end of hori-

Zon.

It can be seen that Case 1 gives a 10% over-estimate of the objective value while having only
41.0% of the total number of integer variables in the detailed formulation. Case 2 gives a
1.5% over-estimate at the expense of using 73.6% of the integer variables used by the
detailed formulation. The fact that both these sets of results compare very favourably with
those given in table 5.1 for uniformly aggregated horizons suggests that there may be some

merit in this approach.

5.8 Concluding Remarks

This chapter has demonstrated some mathematical properties of the aggregate formulation.

Perhaps the most important of these are the following:

. the aggregate formulation is a strict relaxation of the detailed formulation;

. the aggregate formulation reduces to the detailed formulatidn{fdr,

Case 1 Case 2
Length of start-up portion 3 hrs 5 hrg
Length of shut-down portion 3hrs 3 hrs
Length of aggregate portion X118 hrs | 2x 8 hrs
Optimal objective £22,100 £20,400
Fully relaxed objective £26,089 £25,985
Final storage of 1kg product (tonnes) 1.0 4.(
Final storage of 2kg product (tonnes) 60.0 50.0
Number of integer variables 59 106
CPU secs. (SUN SPARC 10) 3.1 30.6
Number of nodes examined 38 205

. the aggregate formulation reduces to the detailed formulatian fon — 1.

The strict relaxation property is significant in that it guarantees that the aggregate for-
mulation derived from a feasible detailed problem ndferbe infeasible. It also ensures that
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the aggregate formulatiawaysprovides an upper bound on the solution of the detailed one.

It should be noted that the two limiting aggregate formulations, Wwithl and
m = h — 1 respectively, have exactly the same number of variables as the detailed formulation
and would consequently never be used in practice. However, the fact that an exact limit does
exist provides some justification for using higher orders. Of course, it should be emphasised
that the theoretical analysis in this chapter has not established any results regantizug-the
ner in which accuracy increases as the order is increased or the ATP length is decreased.
However, the example of section 5.6 does provide some practical evidence on thisfissue (
figure 5.3).

Previous aggregate process scheduling formulatiergsBassettet al, 1994) have
often failed to take account of important features such as limited intermediate storage. For our
aggregate formulations, however, the fact that an exact limit exists means that such features
are represented in some way by the higher order constraints. In this way, the trade-off
between problem size reduction and accuracy of solution can be exploited.



Chapter 6

Discussion

In chapter 4 we presented a family of aggregate formulations based on the RTN concept and
in chapter 5 we analysed their mathematical properties. In this chapter, we discuss a number
of issues relating to these aggregate formulations. In particular, section 6.1 attempts to offer a
physical interpretation to some of the mathematical definitions and manipulations used in ear-
lier chapters. Section 6.2 considers the importance of the linking variables while section 6.3 is
concerned with the size of the aggregate formulations as a function of their order and the
length of the ATP. Section 6.4 presents a detailed comparison between our aggregate formula-
tions and that recently proposed by Bassetl. (1994). Finally, the use of aggregate formu-
lations in practical planning and scheduling problems is discussed in section 6.5.

6.1 Physical Interpretation of Zeroth and First Order Aggregation

In chapter 4, the idea of a time-weighted summation of the detailed constraints of the RTN
formulation was introduced. This somewhat abstract concept combining resources, tasks and
time is a generalisation of some ideas that have a more obvious physical interpretation. These
ideas can be related to the zeroth and first order aggregated excess resource balances.

The zeroth order aggregated excess resource balance relates the change in resource
level across an ATP to the combined extents of all tasks that start within that ATP:

~(0) ~(0 ~(0) ~(0 L 0
Rt = Rit-n + %llf«%Nﬁt) + %l/ﬁr%f(kt) + %glﬂ(kr)g Kit-h+l-6 — Nk,t+1—6D+

L 0, z0©
T 2 Wfcenae ~forop A Y nt=hoh M @19

Consider a resource.g.a raw material) that is onlgonsumedy the tasks under considera-

tion in the RTN. In any detailed schedule, its excess level will, in general, decrease monotoni-
cally with time. As an example, consider a feed that can be consumed by only one reaction
task. This is the only feed that is consumed by this reaction task and it is all consumed at the
start of the task,e..
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Suppose that, in a particular detailed schedule corresponding to the solution of a certain prob-
lem, this task starts three times during the period of time spanned by an ATP in an aggregated
formulation of the same problem. There are also no demands or deliveries during this time. If

there are initially 20 tonnes of feed at the start of the ATP, and if the tasks have continuous

extents equal to 5.0, 3.0 and 4.0 tonnes respectively, the variation of the excess level of this
resource will be as illustrated in figure 6.1.

20
Excess

Resource 15 1
Level

10 T

0 t’
t-h t

Figure 6.1: Variation of feed level for illustrative example.

In the detailed schedule, it is clear that the excess level of the feed at the end of the ATP is
equal to 20.0-5.0-3.0-4.0= 8.0 tonnes. This is reflected in the zeroth order aggregate
excess resource balance for the feed which (with the continuous extent coeffigiegigen

above and the discrete extent coefficigngg all being zero) can be written simply as:

~0
Rt = Ryp = &g 6.1)

The combined extent of all tasks starting within the ATP is:

5 t
f9 = S £,=50+3.0+4.0=12.0
t'=t-h+1

SinceR; ;- = 20. 0, we therefore obtaiR; = 8. 0 from (6.1) as expected.

In a similar way, the zeroth order aggregate excess resource balance accurately repre-
sents the change in excess levels for resources that ar@rodlycedby tasks €.g.final
products). However, it becomes less accurate for resources that can be produced by some
tasks but consumed by otheesq.intermediate materials) and meaningless for resources that
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are consumed and produced in equal quantities bgatinetask €.g.equipment items).

To illustrate this point, consider a piece of equipment that is used only for la ek
this task, the equipment resource has discrete coeffigigntas follows:

o _ -

0 1 =0
ﬂkrg:Do 9:1,..,Tk_l
|:|+l 0 =rg

1l

with all continuous task extent coefficiemig, being equal to zero. Therefore:
Tk
0 -
y(kr)o - Z Hkre = O
6=0

Since iy, is the multiplier of the variabl&l(k?) in the zeroth order aggregate excess resource
balance for this resource, the aggregate formulation effectively does not impose any con-

straint on I(I(k?). This means that, as far as this resource is concerned, thie ¢askstart an
infinite number of times. This is obviously incorrect — each occurrence of the task has a
finite duration which must place a limit on the number of times that it can start within an ATP.

In this case, we must consider the concepésburce-timeand this leads to the physi-

cal interpretation of thdirst order aggregate excess resource balance. Consider figure 6.2
which relates the first order weighting function to the area under a plot of excess resource
level vs.time for a detailed schedule. Suppose that the two increases in resource level shown
in figure 6.2 are due to a certain task that is producing it. The change in resource level for the
earlier task occurrence persists longer than that for the later one. Hence it gives rise to a pro-
portionately larger effect on the overall resource-time for that resource in that ATP. This is
reflected in the first order weighting function which is linear in time and therefore weights
tasks proportionately to their starting time within each ATP.

Consider the first order aggregate excess resource balance:

=(0) _ ~(0) (1) 1 (0) ~(0) (1) ~(1) z(0)
R’ — hRf,t-h = % (kr)ON Ziu(kr%)N I(<rg) z (krg)fkt

Tk Tk
Z Z N t-h+1-¢ Z(h+6 0) o = 2 2 Nkw1-e 2. (6" 6) tigp +

6=6' k =1 6=6'

Tk Ty Tk
% 2 Ski-hir-e 2. (h+60 —0) vigp — % 2 Skiio Z (@' =6) vkg + FI (4 17)
9'=1 9=6' g'=1

6=0'
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Figure 6.2: The first order weighting function and the concept of resource-time.

Consider again the equipment resource mentioned above for which the zeroth order aggregate
excess resource balance alone proved insufficient. As before:

Tk
~(0 _ _
:ul((r)() = Z Hxre — O
6=0
but we now have another aggregate parameter:
Tk
Hyo = 2 Ol = Tk
6=0
For this example, we can also simplify the coefficients on the linking variables:

Tk
2 (h+6=6) uwo = (h+6' - 1)
6=6'
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Tk

2 (6'=6) o = (6 — 1)

6=6'
Remembering that all the continuous task extent coefficigfysare zero, we can now re-
write (4.17) for this resource:

=(0 ~(0 Tk ) Tk )
RY = hR o - grkNﬁt’ + 3 3 (1+6 - wNeras + T 3 (-0Nkpas (62)
g'=1 6'=1

It can be seen that tH@l((?) variable is now constrained because all the other variables in
eqguation (6.2) are themselves bounded by capacity and operational constraints.

We can understand (6.2) better if we simplify it by ignoring the last two terms on the
right hand side (the linking variables). We shall also consider the case where the whole plan-
ning horizon consists of a single ATP=h = H) and where the resource involved is a single

equipment item that is initially idle at the start of the horizBp € 1). Regardin Nf?) as a

slack variable ~$?) > 0), we can then write (6.2) in inequality form as:

> TkN(k(t)) < H
K

This is simply a statement of the fact that the ATP length and the task duration place a limit
on the number of task instances that can start within it.

Although higher order constraints are not readily amenable to the same sort of direct
physical interpretation, they represent a mathematical extension of the principles considered
here. Their inclusion increases the accuracy of the aggregate formulation as was shown in
chapter 5.

6.2 Importance of the Linking Variables

One interesting feature of the aggregate formulation presented in this thesis is the inclusion of
someof the variables from the detailed formulation. At first sight, it may be thought that these
linking variables, although they arise naturally in the derivation of the aggregated formula-
tion, are an unnecessary detail. They are likely to account for the majority of the variables in
the aggregate formulation and yet only model the ‘end effects’ for each ATP. Such effects
may be very small for tasks with short durations. Many scheduling problems, however,
involve tasks with a considerable spread of time-scales, with the longer tasks having dura-
tions that are a significant fraction of the ATP length. In this case, the linking variables
assume greater importance since they allow tasks to span the boundaries between ATPs. This
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will be illustrated below.

Consider again the zeroth order aggregated excess resource balance:

_ ~(0) (0 ~(0) 2(0) L) 0
Rt = Rt *+ %ﬂf«%)'\'(kt) + %Vl(«%fkt + % Zl :u(kr?gg\lk,t—hﬂ—e - Nk,t+1—eD +
6=
Tk
~(0 U ~ (0
% zlvl(q)e%k,t—hﬂ—e ~ dktrt-o ¥ Ay Vort=h. H (4.14)
0=

Consider a material resourcehat is produced at the end of a t&s&nd only by that
task. The task extent coefficients are as follows:

/Jkrg = O 020, . ,Tk
y _B 0 9=0,. ,Tk—l
K =

The discrete extent aggregate coefficients are therefore all zero and the continuous extent
aggregate coefficients are as follows:

0 — §
Vg = 2 Ve = 1 6=0,..,1,
o=6

Assuming no external deliveries or demarﬁlg)(z 0), (4.14) can be simplified to:
~0) Tk N
Rt = Reten + e 921 k,t-h+1-6 ~ <.'|<,t+1—49D ¥ rt=h..H (6.3)

Suppose that an aggregate formulation of ATP lehgtl24 hours is being used, based
on a detailed discretisation interval of 1 hour, and that the task has a duration of 8 hours. Fig-
ure 6.3 illustrates the function served by the linking variables for this case.

Remembering that the aggregate variaﬁﬁ% represents the combined continuous
extent of a task startingwithin the ATP, the linking variables account for the fact that not all
tasks that start within the ATP will actually finish within it: some will carry over into the next
one. These will therefore not contribute to the increase in resource level across the ATP under
consideration. This is accounted for by subtracting the linking variables
Ete1-0» 8 =1,..,1¢ in (6.3). Similarly, there are a number of possible task occurrences ini-
tiated in the previous ATP that finish within this ATP and therefore these represent an extra
contribution to the increase in resource level across this ATP. This is accounted for by adding
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Task duration
=8 hours

ATP length = 24 hours

Figure 6.3: lllustration of the function served by linking variables.

the linking variablegy _p«1-9 ,» 8 =1,..,1¢ in (6.3) above.

The linking variables which result from aggregation of the excess resource balance can
also be used to help tighten the capacity and operational constraints as was demonstrated in
section 4.4.

In a mathematical sense, linking variables also ensure consistentyat the aggre-
gated formulation tends to the detailed formulatiom asl. This property was demonstrated
in section 5.2. It is interesting to note that, in general, the accuracy of aggregated formula-
tions that danot have this property will not improve &sis decreased: in fact, it will start to
deteriorate ah becomes comparable to the length of some of the tasks in the process.

The fact that longer tasks give rise to more linking variables means that they may
increase the number of integer variables (and hence the solution time) to unacceptable levels.
Multisite scheduling problems will often involve tasks that operate on widely different time-
scales. A transportation task, for example, may take 24 hours or more whereas a blending
task may be only 30 minutes in duration. Applying aggregation to a detailed formulation
using a 30 minute discretisation interval would introduce 48 linking variables for each trans-
portation task. This can be prevented if the longer tasks are constrained to start on fewer
occasions (every 4 hours, say) within the ATP without significantly compromising the opti-
mality of the resulting solution. This can be done quite simply by forcing to zero all linking
variables not corresponding to the allowed times, thereby removing them from the formula-
tion. In effect, we are using a different discretisation lelefor each task depending on
the minimum time-scale on which it affects the levels of the common resources. As shown in
Appendix B, aggregated RTN formulations employing multiple time discretisation scales can
be derived in a very similar manner to the uniformly discretised formulations of the previous
chapter.
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6.3 The Effect of ATP Length and Overall Order on Problem Size

Since the computational effort required for solving MILP problems of a given structure is
usually related to the number of integer variables, we shall use this as a guide to the reduction
in problem size that can be achieved by using the aggregate formulation. Only the single
time-scale formulation will be considered here although using multiple time-scales will result
in even fewer integer variables.

The number of integer variables for a given problem depends on the number of ATPs
into which the total planning horizon is divided. Consider a RTN that has a tofaliftérent
tasks. We can define awerage task duratioas follows:

=KL (6.4)

A generalm™ order aggregated formulation will have ¢ 1)q aggregated integer vari-
ables andyt linking integer variables per ATP. So, for an ATP lengtthdime intervals we
can write the following:

no. integer variables in aggregated formulation 7+ m+1
no. integer variables in detailedormulation h

(6.5)

Note that it is thewveragetask duration that is important in terms of the total number of inte-
ger variables. An RTN may have a few tasks that have durations that are a significant fraction
of the ATP length. If, however, it has many more short tasks, then the average value will still
be low.

Increasing the value df reduces the problem size but results in the aggregated formu-
lation becoming less constrained and therefore causes it to over-estimate the objective func-
tion by a larger amount. Conversely, increasingvill increase the accuracy of the aggre-
gated formulation at the expense of increased problem size. In many cases it has been found
that the optimal objective function is a weak functiomofThis suggests th&tcan be made
quite large in comparison to the total length of the planning hokizen for some problems,
splitting the latter into only two ATPs or even treating it as a single ATP still produces satis-
factory results. We note that ATP boundaries do not have to be constrained to coincide with
discrete product demands: as already explained, the aggregated formulation naturally takes
some account of theming of demands as well as their magnitude through its use of the
aggregated demand parameters.
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Overall these considerations provide some encouragement that the approach described
in this thesis will provide a means of solving previously intractable problems.

6.4 Comparison with the Aggregate Formulation of Basseegt al. (1994)

The subject of aggregate formulations for process scheduling problems has also recently been

addressed by Bassettal.(1994) whose aggregate formulation is summarised Below

2 PpVir < H; v . (B4.1)

i DI tasks
J

As = As,r—l + Z Z 1:sFi)Bijr - Z Z fscl Bijr - qgr + qgr Vs (84-2)

T i Dk | oy pouie
Bj, < myyj, Y i, j0Ir®® (B4.3)
@ <Qy Vsr (B4.4)
A, < AT Y g1 (B4.5)

f
max NPV=3 Sv505 - ¥ 3 S CVBj, - S5 ¥ Clhyj, — 2 > voas  (B4.6)
T S T i j [ | T S

In the Bassetet al. formulation, ther subscripts denote ‘planning periods’ which are similar

to the ATPs in the aggregate formulation presented in this thesis. However, unlike our formu-
lation which considers all production resource (equipment items, material, uétities a

unified manner, their formulation considers only material and processing equipment
resources. The two are treated in different ways and are denoted by the subsuripis
respectively. In addition, the Bassettal. formulation considers a task (denoted by subscript

i) as being independent of the equipment item which it is being performed. Hence, task
occurrences are represented by 3 subscripts fandr — which denote the task type, the
equipment item that it is performed in, and the planning period in which it took place, respec-
tively. Each task consumes and produces a subset of the matsrilalthe process. Overall,

this is consistent with the State-Task Network process representation (KobmadijlL993).

T The notation (B.y) refers to constrainfx.y) in the paper by Bassedt al. (1994). Their
original notation is used in this discussion.
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We shall now consider each of the constraints (B4.1) to (B4.5) and the objective func-
tion (B4.6) in turn. Constraint (B4.1) is a horizon constraint placing a limitation on the inte-
ger variabley;, — the number of batches of taskrocessed by unitin periodr. Here, p;;
is the processing time of taskvhen performed in unif and H, is the number of time dis-
cretisation intervals in period. Constraint (B4.2) is the material balance constraint which
relates the change in each material stored over each period to the batch-sizes of the tasks
starting within it. The variabld\g, is the amount of materialin storage at the end of period
7, Bjj, is the cumulative batch-size for taiskarried out on unif over periodr; and g2 and
gs, are respectively the quantities of matesddought and sold externally in periad For

p

each task, the parameters; S

and fg are the fractions of materialthat it respectively pro-

duces and consumes.

Constraint (B4.3) is an operational constraint which places an upper bound on the
cumulative batch-size for taskcarried out on unif over periodr. The parametemy; is the
maximum capacity of unif when performing task Constraints (B4.4) and (B4.5) impose
upper bounds on the amount of matesitthat can be acquired over perin@dnd the amount
of materials in storage at the end of periodrespectively. Finally, the objective function rep-
resents the maximisation of nett present value over the planning horizon of interest. The
materials sold or bought in period has a unit selling valueg, and a unit cost of purchase

V2. There are also fixed and variable costs associated with performing the tasks; these are

denoted b)C,‘J’fT andCfy respectively.

The Bassetéet al. formulation outlined above is, to a certain extent, comparable to the
first order formulation presented in this thesis. One notable difference is that Basdett
(1994) do not include any linking variables in their formulation. We now proceed to compare
the two formulations in detail.

6.4.1 Treatment of Material Resources

Consider the zeroth order aggregated excess resource balance (4.14) which was derived in
chapter 4. Typically, the amounts of a material resourcensumed and/or produced by a
task k will be directly proportional to the continuous ext&pt (i.e. the batch-size) of this

task. Consequently, the resource utilisation coefficigptgfor thediscreteextent of the task

will all be zero. Hence, in this case, we can simplify (4.14) to:
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_ ~(0) £(0) L O ~0©
Rt = Rit-n + %v(kréfkt + % Zlvl(«)g%k,t—hﬂ—e ‘fk,t+1—9D + ngt)
0=

Y rOmaterials t, h (6.6)

The material balance (B4.2) in the planning formulation of Basseitlt (1994) is just
an approximation of (6.6) obtained by ignoring the linking variables and consequently drop-
ping the third (double summation) term on the right hand side:

£(0)

Rt = Rgn + 2 Gﬁ%fkt + I:IE?) Y rOmaterials t, h (6.6")
k

To see the equivalence of (B4.2) and (6.6"), we identify:
Rt = A (6.7a)

since these quantities have exactly the same meaminie amount of excess resourcg
materials in inventory) at the end of discretisation intervé planning period). Similarly,

Rit-h = Asr-1 s (6.7b)

since each ATP £ planning period) covens discretisation intervals.

We also note that a taskin the RTN formulation corresponds to a specific combina-
tion of taski and equipment iten) in the Bassetet al. formulation. Therefore the single
summation on the right hand side of (6.6") cowdrdasks under consideration, in the same
way as the two double summations on the right hand side of (B4.2) which can be combined
as:

O
+ 2 2 Dsti) - fscigf‘ﬁjr

iol tsall)skq] | tS%Sksj 0l ieqmp

Now, by definition €f. (4.11b)), & is the cumulative batch-size of takkduring the ATP

ending att, and is therefore equivalent & .. Also, from (4.12b)47£% is the coefficient of

proportionality between the amount of material resourpeduced by task and the cumu-

lative batch-siz& (k?) of this task. Therefore:

~(0) _—
VI(«g) = sti)_ fsci

Consequently, we can identify:
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~ ~(0
gv(k%s‘kt) =3 s i%8,- 3 I f&B;, (6.7¢)

i D|tse’1)sksj Dlieqmp i D|1S%sksj I:”ieqmp

Finally, by definition ¢f. equation (4.13))I,:I|(§) is the net amount of resourceeceived
from external sources over the ATP finishing at tim&/e therefore identify:

~ (0
i = o& - ag (6.7d)
The overall effect of (6.7a-d) is that Bassdtal's constraint (B4.2) is entirely equiva-
lent to the simplified constraint (6.6").

6.4.2 Treatment of Processing Equipment Resources

Assuming that a piece of processing equipment is required for the entire duration of each pro-
cessing task for which it is suitable, we hayg, = -1 and u,, = +1, with all other coeffi-

cients y¢ andvy,, being zero. Hence the corresponding aggregated coefficients (as defined
by (4.12a) and (4.12b)) are as follows:

flap=0: [Hgy=1,6>0; b =0Y6

Under these conditions and assuming that equipment availability is constant over the plan-
ning horizon, we can write (4.14) as:

Tk D .
Rt = Rpn + % 21 kt-h+1-6 ~ Nk,t+1—@D V rOequipmentt, h  (6.8)
6=
We now leth = t and, assuming that tasks can only startal, we get:

Tk
Rt + 2 2 Nktv1-6 = Rio Y rCequipmentt (6.9)
k 6=1

Now consider the first order aggregated excess resource balance (4.17) from chapter 4.
By collecting terms that are pre-multiplied bywe can rewrite this as:

~(0 d i O ~(0) (1 i ~ (0
REt) - ha?r,t—h +2 2 Nki-heie 2 llkreD= Z#f«%)N(kt) -2 ? eﬂkreg\ll((t) +
K g=1 0=’ K k Lo=1

Tk Tk Ty Tk
2 2 Nithiig 2 (6'=6) o — 2 2 Nirrre 2 (0" = 6) tiro
k o=1 6=6' k o=1 6=6'
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The above can be simplified further by noting that, for equipment resources,

Tk Tk
SO0 uge=1cand > (8 -6) uge = (6 —1) Y 8 >0.This leads to:
6=1 6=6'

~(0 Tk D ~ (0
(t) - hSqr,t—h +2 > Nk,t—h+1—;9|:J = - 21K N(kt) +
k 6=1 k

Tk Tk
2 2 Niine1-0(60— 1) — 2 2 Nir1-9(68 — 1)
k 6=1 k 6=1

which, by virtue of (6.9), is equivalent to:

Tk—l

~ (0 O ~(0
% Tk NI(<t) + % Zl(Tk - 9)3\'k,t—h+1—9 = Nit+1-0 O
0=

0= NRo~ Re (6.10)
We note thaﬁﬁ)) iS a non-negative variable which, by its definitioh équation (4.19)), can
be interpreted as the total idle time for equipment of typeer the ATP finishing at time
Also, R is the number of available equipment items of typka view of the non-negativity

of R?, we can write (6.10) as:

<0 et O
2k Nig’ + 2 2 (rk— Q)S\Ik,t—hﬂ—e ~Nktr1-97 S hReo (6.11)
k k 6=1
Now, if we ignore the linking variableand assume thaR,q =1 (i.e. that each equipment
item forms a distinct resource type), (6.11) simplifies to:

SN < h (6.12)
k

We note that, by definitiorct. (4.11a)),I§I(k?) is the number of batches of takskindertakeh
during the ATP finishing at timeand is therefore equivalent to varialylg in Bassetet al's
formulation. Also, we identifyh = H, and r, = p;. Hence, (6.12) is, in fact, identical to
(B4.1).

T The word ‘undertaken’ is used somewhat loosely here. To be more pnﬁﬁ)sis the
number of batches of taskstartingin the ATP finishing at timé. This is not necessarily the
same as the number of batches thatcarapletedn this ATP (see discussion of section 6.2).
Bassettet al. define the variablg;, as ‘the number of batches of tasén unitj at 7’ which,
along with the absence of any linking variables in their formulation, highlights the fact that
they do not make the distinction that has just been discussed.
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6.4.3 Remarks
We can summarise the conclusions of section (6.4.1) and (6.4.3) as follows:

. Bassettet al's (1994) material balance constraint (B4.2) is an approximation to our
zeroth order aggregate resource balance constraint (4.14) formed by omitting the link-
ing variables.

. Bassettet al's (1994) equipment allocation constraint (B4.1) is an approximation to
our zeroth and first order aggregate resource balance constraints (4.14) and (4.17)
formed by omitting the linking variables.

. Constraint (B4.1) treats each processing equipment item as a distinct resource. This
corresponds tdR,g =1 in our formulations. In contrast, the latter treat all identical
equipment items assngleresource. This will be more efficient in problems involving
large numbers of such identical itenf®{ > 1), which is often the case in practice.

For example, in the industrial case study presented in the next chapter, the intermediate
storage tasks at each plant are performed by sets of 5 or more identical silos. Each of
these silo sets are considered as the same resource in the RTN formulation of this prob-
lem. Since the RTN involves a different storage task for each of the 18 intermediates in
the process, significantly more integer variables would be required if each silo were
treated as a different resource.

The importance of including linking variables in aggregate formulations has already
been examined in section 6.2. However, another important difference between the two formu-
lations is that the first order aggregate formulation presented in this thedimtigbg zeroth
order aggregated excess resource balandghe first order aggregated excess resource bal-
ance forall resource types — including materials.

The inclusion of the first order constraint for materials is important for a variety of rea-

sons. First, it introduces the first order aggregated demand parﬁﬁéﬁerthe formulation,
which allows the latter to take account of tiraing as well as the magnitude of demands
within each ATP. Consider a single point demand of fixed size for a resourceurring

within an ATP that ends at tinte The zeroth order aggregated demand pararﬁéfémas
the same value irrespective of when the demand occurs within the ATP. The first order aggre-

gated demand parameter, on the other hand, will have a vahﬁaﬁ?&ﬁf the demand occurs

at the start of the ATR'(=t - h+ 1), decreasing tﬁlf?) if it occurs at the end'(=t). This
allows relatively long ATPs to be used without losing all information as to the precise timing
of demands occurring within them.
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A second advantage of including the first order aggregated excess resource balance for

materials is that it introduces trﬁé?) variables in the formulation. This allows the aggregated
objective function to take some account of material inventory costs which may be significant,

especially for long-term planning problems. Tlﬁg) variables are also useful for problems

that are constrained by limited intermediate storage. The first order aggregated excess
resource capacity constraints (4.27a) and (4.27b) constrain not only the resource levels at the
start and end of each ATP (as done by constraint (B4.5)), but also the time integral of the

resource profile over the entire ATP.

Finally, it should be emphasised that the formulation of Basseitt (1994) considers
only material and equipment item resources. The aggregate RTN formulation, however, with
its general definitions of resources and tasks, allows other resources, such as utilities and
transportation devices to be considered. It also allows complicating features such as sequence
dependent cleaning to be taken into account in a direct and general fashion.

6.5 Applications of the Aggregate Formulation

It will be seen in the industrial case study presented in the next chapter that the aggregate for-
mulation can give a tight upper bound on the production capacity of a flexible plant and its
ability to meet demands imposed upon it. Thus the aggregated model can, in itself, be very
useful as a decision support tool for assessing the production capability of the system or iden-
tifying resource bottle-necks without having to solve the detailed scheduling problem.

One obvious application of the aggregate formulation is for performing rapid feasibility
checks in problems driven by customer demands as a prelude to attempting the solution of
detailed scheduling problems. If the aggregate problem is found to be infeasible, then so must
be the detailed problem since the former represents a relaxation of the latter.

Another possible use of the aggregate formulation may be in solving detailed schedul-
ing problems that have prohibitively long solution times because of a large integrality gap. In
such cases, the aggregate formulation may provide a much tighter upper bound on the optimal
value of the objective function than that obtained by simply solving the fully relaxed detailed
problem. Such an improved upper bound may significantly speed up the solution of the
detailed formulation. For instance, it may allow the branch-and-bound search to be termi-
nated early once an integer feasible solution with an objective function value sufficiently
close to this upper bound is obtained.

For central planning in a multisite system, the aggregate formulation for the whole sys-
tem can be solved to provide a set of ‘production targets’ for each ATP which take into
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account interactions between all the sites. These will consist of amounts of material in storage
at each site at the end of each ATP and amounts of material to be transported between sites in
each ATP. These targets are then useful to the individual sites when they schedule their activi-
ties individually.

The ultimate aim of most scheduling procedures is to generate a fully detailed schedule
i.e.one that involves a fully implementable sequence of operations that is relevant to the day-
to-day operation of the multipurpose plant involved.

In general, there is no rigorous method of deriving an optimal, or even feasible,
detailed solution from the corresponding aggregate solution, although specific problems may
have particular characteristics which can be exploited to this end. Since the aggregate formu-
lation will always tend to over-estimate production capacity and the ability to meet demands,
it is important to build a degree of flexibility into the original problem formulation. Fortu-
nately, this is often the case in practice anyway. For the industrial case study presented in the
next chapter, for example, all the demands are regarded as being.sdt peing desirable
to meet rather than being hard constraints that must be satisified). This conforms to the actual
operating policy for the system and means that the problem of infeasibilities at the detailed
scheduling stage does not arise. It is assumed that any demands not met in full in one week
will be given higher priority in subsequent weeks.

When a fully detailed schedule is being sought, therefore, the aggregate solution should
be used in a ‘target setting’ mode rather than to lay down hard constraints on the amount of
each product or intermediate that should have been produced by a certain time in the horizon.
Two approaches for generating detailed schedules in this way are outlined below.

6.5.1 A Decomposition Approach for Generating Detailed Schedules

One approach to generating detailed solutions from aggregate ones is independently to solve
the ATP sub-problems that the aggregate formulation generates. The aggregate solution gives
values of the aggregate and linking variables for each ATP and also the amount of material
produced in each ATP. The problem, therefore, can be conveniently decomposed into a set of
sub-problems, one for each ATP. Hence the detailed formulation could be solved for each
ATP with the objective of minimising the difference between the actual production and the
production ‘target’ indicated by the aggregate solution.

In some cases, this approach may be unsatisfactory since there is no scope for interac-
tion between the ATP sub-problems. In particular, no use is made of the linking variables,
which arise naturally in the derivation of the aggregate formulation and which represent these
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interactions.

Clearly, if one ATP cannot meet its targets, then it may give rise to infeasibilities in
subsequent ATPs in which demands cannot be met. This then dictates the use of some intu-
itive rules to shift production between ATPs. Alternatively, an iterative scheme could be
developed in which the aggregate formulation is modified before being re-solved in the
search for a feasible solution.

6.5.2 A Rolling Horizon Approach for Generating Detailed Schedules

An alternative approach, involves the repeated solution of the problem as many times as there
are ATPs in the planning horizon. Initially, the problem is solved with full detail in the first
ATP (i.e. the detailed constraints and variables) but with subsequent ATPs described by
aggregated variables and constraints. As was demonstrated in section 5.7.2 of the previous
chapter, the linking variables enable detailed portions to be included in the planning horizon
in this way.

Once the optimal solution to the first problem is found, the detailed variables in the first
ATP are fixed to these values. The problem is then solved again for the rest of the planning
horizon. This time the original first ATP is not included in the formulation while the second
ATP uses the detailed constraints and variables, and the remaining ATPs use aggregate
descriptions as before. This procedure is repeated until the entire planning horizon has been
scheduled in detail. This scheme is outlined in figure 6.4 for a week long scheduling problem
containing ATPs of 24 hours.

It can be seen that when the first ATP is being scheduled in detail, information about
the actions that are needed in the future is contained in the aggregated variables of the subse-
guent ATPs. This kind of approach may also be useful in systems where there is considerable
uncertainty in demands occurring in the latter portion of the planning horizon. In this case,
the detailed constraints can be used for short-term decisions with the longer-term (and hence
usually more uncertain) information being represented on an aggregate basis.

As has been stated earlier, the ATP length can be made quite large while still keeping
the aggregate solution as a tight upper bound to the detailed solution. Hence, for the scheme
suggested above, the aggregated portion of the planning horizon need consist only of a few
ATPs. Of course, it is still possible for infeasibilities to occur if there is significant over-
estimation of production capacity in the aggregated portion of the planning horizon. For this
reason, a procedure that allows the detailed schedule to be modified as required may be nec-
essary. For example, existing tasks could be increased in extent, or entirely new tasks could
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Figure 6.4: lllustration of a rolling horizon approach to generating detailed schedules.

be initiated in gaps in the existing detailed schedule.

6.6 Concluding Remarks

This chapter has considered some diverse and yet inter-related topics concerning the aggre-
gate formulation presented in chapter 4. The physical interpretation of the zeroth and first
order constraints gives a logical grounding for the concept of aggregation using time-
weighted summations of constraints.

In section 6.2 it was shown that, although the linking variables increase the size of the
aggregate formulation, they are needed to model interactions between adjacent ATPs. The
reduction in problem size that is achieved by using an aggregate formulation of ATPhlength
and ordem was quantified in section 6.3.

The concepts discussed in section 6.1 were reinforced in section 6.4 which compares an
existing aggregate process scheduling formulation (Bassett, 1994) with our first order
aggregate formulation. The Bassgsitial. formulation is based on certain ‘intuitively obvious’
constraints on material and processing equipment resources. For problems involving these
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two types of resource only, it is shown to be equivalent to part of our first order aggregate for-
mulation, once certain approximations (most notably, the omission of the linking variables)
are introduced. However, it is not obvious how such an intuitive approach to aggregation
could be extended to cover different types of resowggL(tilities, manpower, transportation
devices, storage equipment) or to take account of complications such as sequence-dependent
cleaning. Nor is it clear whether or how one could derive higher order aggregations in this
manner. The advantages of deriving aggregations by the application of rigorous mathematical
manipulations to the general RTN scheduling formulations are evident in this context.

Finally, in section 6.5, possible strategies for generating detailed schedules by using the
aggregate formulation were discussed. This represents an important area for further work and
is discussed in more detail in section 8.2. The next chapter demonstrates how the aggregate
formulation can be applied to an industrial multisite case study. The aggregate solution is
used to generate detailed schedules in a simple two stage procedure which gives reasonable
results.



Chapter 7

Planning of Europe-Wide Multisite Production
and Distribution: An Industrial Case Study

Aggregate formulations based on the Resource-Task Network (RTN) concept were derived in
chapter 4, and their properties were analysed in chapters 5 and 6. In this chapter, we consider
a real industrial application of the aggregate RTN formulations derived in this thesis. This
involves multisite production and distribution planning on a Europe-wide basis.

As discussed in section 1.3.1, efficient scheduling in multisite production systems is
becoming increasingly important as companies seek closer co-ordination of their operational
activities on an international or even global basis. The problem takes on an added significance
in the context of the European single market, where the opportunities and potential rewards of
co-ordinated international operations are as numerous as anywhere (Collins and Schmenner,
1995). It was demonstrated in chapter 3 that multisite production and distribution systems can
be modelled in terms of RTNs. Examples were given to illustrate how complex features
within multipurpose plants could be modelled in a manner that was entirely consistent with
externalactivites associated with storing and transporting materials.

In section 7.1 below, we shall give an outline of the multisite production system. For
reasons of confidentiality, full details of the system and the final schedule which we obtain for
it cannot be disclosed. Therefore, before the full solution is discussed, a smaller problem is
presented in a fully reproducible form. Although the data for the processing structure of the
smaller problem has been disguised, it has the same essential features as for the plants in the
full multisite system. In addition, this problem is sufficiently small for the detailed scheduling
formulation to be tractable. This allows a direct comparison against which to measure the per-
formance of the aggregate formulation. Finally, in section 7.3, the main features of the solu-
tion to the full multisite case study are presented.
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7.1 Problem Outline
7.1.1 Overview

The industrial case study considered in this chapter involves three production facilities which
are to supply a large portfolio of products to a set of 15 warehouses in order to meet given
customer demands. Figure 7.1 indicates the geographical scope of the problem. The plants
(shown as shaded rectangles) are situated in Spain, the United Kingdom and Italy. Each coun-
try served by the plants, including those in which a plant is sited, has a single warehouse
(shown as a shaded circle) which is subject to demands from the retailers in that country.
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Figure 7.1: Geographical scope of the case study (only countries directly involved are labelled).

A planning horizon of one week is considered in line with the weekly replenishment
policy of the operating company. This corresponds to 140 hours of produetibrworking
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days, each of three 8 hour shifts, plus a maximum of 20 hours overtime at the weekend. All
deliveries from the plants to the warehouses must be sent by the end of the planning horizon.
Not all the demands can be met but, in practice, this does not usually result in unfulfilled
orders since each warehouse maintains safety stocks in most products which can be replen-
ished in a subsequent week if they become depleted. The objective, therefore, is to maximise
the overall profit over the planning horizon with revenue generated for the deliveries and
costs associated with the production, transportation and storage tasks. This is equivalent to
meeting as much of the customer demand as possible while minimising the costs associated
with all the activities required to meet them.

A key property of this problem is that each plant is capable of making a large propor-
tion of the different types of products demanded by the warehouses. Hence, there is a large
degree of flexibility as to which plant can supply which product to each warehouse over the
time horizon of interest. Again, efficient scheduling can lead to significant improvements in
productivity, allowing costs to be kept to a minimum and the maximum number of demands

to be met.

7.1.2 Process Description

All products are made at each of the plants using a two stage blending-packing processing
structure. A base can be blended with different additives to produce one of a number of dif-
ferent variants which is then packed and labelled. The blending operations are batch tasks,
each with a duration of two hours whilst the packing tasks are continuous in nature.

The complexity arises from the different variants that can be blended, the different
pack-sizes in which these variants can be packed, and the different labels (corresponding to
different countries) that appear on the individual packs. This results in a total of 114 different
retailed product types (commonly known as ‘stock keeping units’ or SKUs) and is typical in
the fast moving consumer goods sector which is heavily driven by marketing considerations.
The large degree of diversity within the product range is designed to target particular cus-
tomer preferences and hence maintain or increase market share in a highly competitive envi-
ronment. A consequence of this is that the production activities become very complicated,
and efficient scheduling is therefore highly desirable. A portion of the processing structure of
the Italian plant showing some of the making and packing tasks which it can carry out is
shown in figure 7.2.

Flexible as well as dedicated packing lines are used in all the plants. For example, all
the packing tasks in the process illustrated in figure 7.2 are carried out by just two packing
lines, A and B, which can pack into pack typesl, A2 and B1, B2, B3 respectively. The
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Figure 7.2: Processing structure for some products made at the Italian plant.

change-over times for the re-tooling of the flexible packing lines vary from 2 to 20 hours
resulting in a significant down-time for the packing lines while they are being carried out.

Limited intermediate storage is another important constraining feature in the problem.
Each plant has a fixed number of multipurpose storage silos available for storing the
unpacked variants that comprise the intermediate materials between the making and packing
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tasks. The UK plant, for example, can produce a total of 18 variant types but has only five
silos, each of which can be used to store only one variant at any one time.

Manpower is a limited resource at all three plants and is therefore considered in the for-
mulation of the problem. One operator is required to supervise each blending task for its two
hour duration and two workers are required for the duration of each packing line change-over
task. All other utility type resources such as steam, electricity, cooling @tatare in plenti-
ful supply at all the plants and do not impose any restrictions on their process operations.
They are not therefore modelled in the problem formulation.

The costs of utilitiesd.g. electricity) required for the blending and packing taskes
included in the formulation by means of a fixed and variable cost associated with each task.
These ‘aggregate’ costs also include the cost of any other materials required by the task and
which are not modelled explicitly in the problem formulation for the system. For the blending
tasks, these include the additives that are added to the base while for the packing tasks these
are the packing materials in which the final SKUs are packed. Another important component
of the variable costs involved in the blending operations is a cost associated with the effluent
produced from cleaning the blenders. In this case, the effluent costs are the actual costs asso-
ciated with this task. However, they could equally represent an index which reflects the envi-
ronmental impact of the effluent produced. Modelling these costs means that any differentials
in local costs for each plant, for example those associated with labour, feed chemicals and
additives, packing and labelling materials, effluent treatment, utiditescan be included in
the overall objective function in the problem formulation. Such differentials in local costs are
indeed significant in this problem as is discussed in section 7.5.2.

7.1.3 Distribution of Materials

Transportation of raw materials to the production facilities is the responsibility of local sup-
pliers and is not considered in this problem, all three plants having a large amount of storage
capacity for the feed chemicals and packing materials that they use. In addition, allowing the
possibility of transferring intermediates (in this case the variants) between plants is not con-
sidered necessary. This is because the blending tasks rarely constitute the bottle-neck in this
problem and any differential in the cost of producing intermediates at the plants is far out-
weighed by the cost of transporting intermediates between them.

All products are transported from the plants to the warehouses on a third party basis by
a variety of different haulage companies who quote a cost per tonne for each different pack
type on each route. Detailed issues regarding the allocation of transportation resources are not
considered in the formulation of this problem since the operating company is not directly



Chapter 7. Planning of Europe-Wide Multisite Production and Distribution ... 120

involved in the transportation activities. Transportation tasks are therefore considered to have
a variable extent only with no capacity limitations and an associated unit cost. Costs are gen-
erally dependent on the distance travelled but are greater if a sea crossing is ire/glved (
from the UK plant to the Irish warehouse). Lead-times for these tasks vary from a few hours
up to a day or more.

7.2 RTN Formulation

7.2.1 Time Discretisation

An important consideration in the formulation of this problem is the choice of time discretisa-
tion. This should be made small enough so as to take account of all the important features of
the problem. In order to include all the important packing line change-overs in the case study
problem, a detailed RTN formulation with a time discretisation interval of 2 hours is used.
This is also the largest interval that can be used if the batch blending tasks (of duration 2
hours) are to be adequately modelled. The continuous packing task are then effectively
treated as batch tasks with a maximum batch-size equal to twice their hourly production rate.
Similarly, this discretisation interval implies that, if intermediates are stored between the
blending and packing tasks, they can be stored only for durations that are multiples of 2
hours. Both these assumptions are considered as reasonable in the context of this large-scale
problem.

It should be noted that there are other tasks in the process that operate on much shorter
time-scales having durations of less than 15 minutes. These include the loading of a packing
line with new labels (though obviously keeping the pack-size the same), or the cleaning tasks
for the blenders. Such tasks are therefore ignored in the problem formulation for the entire
multisite system in which a time discretisation of 2 hours is employed. As well as using
aggregation to reduce the size of the detailed formulation in a formal mathematical sense,
therefore, some intuitive aggregate assumptions are also used in developing the detailed for-

mulation in the first placé.

7.2.2 Size of RTN

The number of material and equipment resources at each site in the multisite system are given
in table 7.1. For the manufacturing plants, the material resources comprise both variants and

T A discussion of aggregation in terms of modelling of flexible process systems is given by
Liu and Sanhinidis (1995).
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SKUs, whereas for the warehouses they are made up of SKUs only. The total number of
equipment resources at each plant is made up of blenders, silos and packing lines. Each plant
also has a manpower resource as discussed in section 7.1.2. The large number of resources
(453) involved in the RTN formulation is due to the fact that the same physical material at

different locations counts as two different resources.

Site Number of Number of Number of Totgal
material resources  equipment resour¢es manpower resources

UK 129 15 1 145
Spain 96 11 1 108
Italy 113 12 1 126
France 12 0 0 12
Sweden 6 0 0 6
Ireland 13 0 0 13
Netherlands 8 0 0 8
Greece 10 0 0 10
Denmark 4 0 0 4
Finland 4 0 0 4
Portugal 4 0 0 4
Belgium 3 0 0 4
Switzerland 3 0 0 3
Norway 4 0 0 4
Austria 3 0 0 3
TOTAL 412 38 3 453

Table 7.1: Resources in the RTN for the multisite case study.

All the tasks in the RTN are associated with one of the three plants. Each plant has four
types of processing tasks and there are also transportation tasks from the plant to the ware-
houses. The total number of tasks for each plant is given in table 7.2. It can be seen that there
are many more transportation tasks from each plant than there are warehouses in the system.
The reason for this is that SKUs with different pack types have different unit transportation
costs on the same route (essentially governed by the tonnage of each pack type that haulage
company can carry in one lorry load). Hence, different transportation tasks have to be intro-

duced for each pack type on each route.
It should also be noted that, in table 7.2, the distinction is drawn between the tasks that

have a discrete extent (in this case all the processing tasks because they involve equipment
items) and those that do not (the transportation tasks). This has been done to give an
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Site Tasks with Discrete & Continuous Extent Variables Transportation
Blending | Storage| Packing Change—Jver Total || (continuous extent only)
UK 18 36 110 18 182 54
Spain 18 18 77 14 127 51
Italy 18 18 94 12 142 63
TOTAL 54 72 281 44 451 168

Table 7.2: Tasks in the RTN for the multisite case study.

indication of the size of the detailed formulation of the multisite problem in terms of the num-
ber of integer variables that it contains. The planning horizon is 140 hours long and the dis-
cretisation interval is 2 hours. We therefore have 70 intervals in the detailed time horizon.
There are a total of 451 tasks with discrete extents (from table 7.2), each of which is modelled
by a single integer variable for every interval in the detailed time horizon. The detailed for-
mulation of the case study problem therefore contains481= 31,570 integer variables.

This is completely intractable if tackled by currently available MILP algorithms.

7.3 Solution Strategy

In order to generate a solution to the case study problem, we adopt a simple two stage
approach. In the first stage, a first order aggregate formulation of the problem is solved in
which the entire time horizon of 140 hours is aggregated into a single ATP. This is reasonable
since all the demands have deadlines at the end of the time horizon. Even so, the aggregate
formulation is still quite large (over 1,500) variables and finding an integer feasible solution
takes a considerable amount of computational effort (see table 7.9 in section 7.5.1).

The amounts of each SKU produced in the aggregate solution for each plant are then
used in the second stage of the process. The full problem is decomposed into three detailed
sub-problems, one for each plant. Each plant is given a soft demand for each SKU which is of

T In fact, the change-over tasks do not need to be modelled using continuous extent vari-
ables. However, the latter are included in order to implicitly enforce the non-negativity condi-
tions (4.34a,b) on the discrete extent variables which are not included in the formulation. This
is achievediia the analogous constraints on the continuous extent variables (4.33a,bamhich
explicitly included in the formulation (see discussion in section 4.4.2). Strictly speaking there-
fore, a more efficient formulation would enforce (4.34a,b) directly for each change-over task,
thereby removing the need for the inclusion of the continuous variables.

1 The solutions to all problems presented in this thesis were obtained using the SCICONIC
MILP code (SD-SCICON, 1990).
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the same magnitude as the amount produced by that plant in the aggregate solution.

These sub-problems are several times smaller than the detailed multisite formulation
since each plant is subject to demands for only a subset of the total number of SKUs that it is
capable of producing. Consequently, the detailed formulation for each plant is based on much
smaller RTNs than the overall aggregate formulation. Each plant RTN contains only those
tasks necessary to make the SKUs which are in the target demands set by the aggregate solu-
tion.

Also, certain approximations were made with regard to the change-over tasks. In prin-
ciple, a packing line that is capable of packing mtiifferent pack types may undergé-n
different types of change-over. In a graph theoretic sense, if we consider the packing line
states as the nodes on a graph, and the change-over tasks as directed arcs between them, then
there should be complete connectivity, reflecting the fact that the packing line can be
switched between any pair of states. However, in an effort to reduce problem size, we do not
allow such complete connectivity in the detailed sub-problems. As long as the directed graph
of states and change-overs is dtilly connectedi(e. it is possible to reach all states from
any other) such approximations often do not significantly compromise optimality (Papageor-
giou, 1994).

Together, the solutions formed by solving the detailed sub-problems constitute a feasi-
ble solution to the overall multisite case study problem. As mentioned earlier, feasibility is
ensured by having soft demands. The degree to which this feasible solution is sub-optimal
can be judged, to some extent, by the proportion of the targets given by the aggregate solution
that is met by the solutions to the detailed sub-problems. The higher the proportion of targets
met, the better the solution is likely to be. In the highly unlikely event of 100% of the targets
being metandthe sum of the objective values of the sub-problems being equal to the aggre-
gate objective value, a guaranteed optimal solution would have been obtained since the
aggregate formulation is a strict relaxation of the corresponding detailed formulation. This is
not the case for the problem considered in this chapter as is discussed in section 7.5.2. Before
discussing the main features of these results, however, we shall present a smaller problem, the
detailed and aggregate formulations of which can be directly compared.

7.4 Comparative Example

For this example, we shall consider a single site problem involving only the part of the pro-
cess shown in figure 7.2. This corresponds to a problem in which the Italian plant attempts to
meet demands for the 20 products shown in this figure; no transportation is considered in this
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problem. The data given in this example have been altered in order to preserve confidential-

ity.

7.4.1 RTN Description

There are four types of task for this problem: blending, storage of the intermediates, packing
and change-over of the packing lines. The batch blending tasks require supervision by a sin-
gle operator for their entire duration of two hours. The five intermediate vavants V5

can be stored in one of three identical multipurpose silos before being packed by the packing
lines which operate on a continuous basis. Finally, there are change-over tasks which re-tool
the packing lines in order to switch them from packing one pack type to another. All these

change-over tasks take one shift (8 hours) to complete.

This process is modelled using an RTN formulation with a time discretisation interval
of two hours. In order to do this, we model the continuous packing tasks as batch tasks of
duration two hours with a capacity equal to twice the hourly rate of the packing line which
peforms the task. We also model the storage of intermediates as batch tasks with a duration of
two hours. Hence, the silos can store the variants only for multiples of two hours.

The durations of each task type, their manpower requirements, and the equipment in
which they can be performed are given in table 7.3.

Task type Duration Manpower Suitable
requirements equipment
Blend any variant 2 hrs 1 Blender
Store any variant 2 hrs - Silo
Pack into type Al 2 hrs - Packing Line A
Pack into type A2 2 hrs - Packing Line A
Pack into type B1 2 hrs - Packing Line B
Pack into type B2 2 hrs - Packing Line B
Pack into type B3 2 hrs - Packing Line B
Change-overs 8 hrs 2 -

Table 7.3: Details of the four task types in the comparative example.
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Within each task type given in table 7.3, there are 5 blending tasks and 5 storage tasks,
one for each variarW1 - V5. There are also 20 packing tasks, one for each SKU involved.
Finally, there are 8 change-over tasks, 2Hacking Line Aand 6 forPacking Line BHence,
there are a total of 38 tasks in the RTN for this example.

The problem involves a total of 26 material resources: the base, 5 variants and 20 final
products (SKUSs). In figure 7.2, the SKUs have been given codensmgst _cd, whereVx
is the variant from which they were produced,is the pack type in which they are packed,;
andcd is their labelling which reflects their country of destination. The additive chemicals
are not considered in the RTN because they are only used in very small quantities. Similarly,
the packaging materials are not considered since sufficient supplies are always available. At
the start of the time horizon, 2,000 tonnes of base are in storage. The initial storage of all

other material resources is zero.

For the equipment resourc&scking Line Bcan be in one of 3 possible states to pack
into one of the 3 pack types that it can produce. We shall call these Batksig Line Bl
Packing Line B2and Packing Line B3corresponding to the pack types that they produce.
Similarly, Packing Line Acan be in one of 2 possible states since it can produce 2 different
pack types. This is illustrated in figure 7.3.

Packing Line A Packing Line B

Figure 7.3: RTN representation of change-overs on packingAises! B.

The 5 silos are identical both in their capacity and in their task suitability and are there-
fore considered in the RTN as a single equipment resource. Hence, there are 7 equipment
resources: the 5 packing line states, the blender and the silos. The initial availabilities of the
equipment resources and their maximum capacities are given in table 7.4.

Finally, the operators required for the blending and change-over tasks are provided by
the manpower resource. A total of 4 operators are available. There are therefore a total of 34
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resource types in the RTN for this example.

Equipment Initial availability| Capacity (te)

Blender 1 25.0
Silo 5 80.0
Packing line Al 0 9.0
Packing line A2 1 13.0
Packing line B1 0 5.0
Packing line B2 0 7.5
Packing line B3 1 10.0

Table 7.4: Initial availabilities and capacities for the equipment resources.

The maximum capacity of the equipment resources governs the maximum\gent

for any taskk which it can perform. It should also be noted t’bfﬁ‘f” is zero for all tasks
considered in this problem. This means that any amount of material, however small, can be
blended or stored. The continuous packing line can only operate at a fixed rate. A task extent
which is less thaivy'® for the packing tasks, therefore, corresponds to the packing line lying
idle for some of the 2 hour discretisation interval over which the task is occurring. This oper-

ational possibility is therefore modelled by settViQi” equal to zero for the packing tasks as
well as for the blending and storing tasks.

7.4.2 Problem Specification

The scheduling objective is to maximise profit over the time horizon considered which is 6
days (144 hours)e. 72 time discretisation intervals. The demands for all 20 SKUs are soft.
There are no costs associated with any of the tasks or the holding of stock. It should also be
noted that no material is delivered to external clients or received from external sources during
the horizon {1, =0 Y r, t). In this case, the detailed and aggregate objective functions (3.5)
and (4.44) (see section 4.5) both have the same simplified form:

max Z C::(RrH - Rro) (7-1)
rOMR

Each tonne of each SKU in storage at the end of the time horizon (up to the demand tonnage)
is assumed to contribute £100 to the prcm'f € 100.0 Y r OSKU9. The base raw material

has an end-of-horizon value of £10 per tonB§,(.= 10. 0) whereas the variants have no
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end-of-horizon value and are therefore omitted from the objective function. Finally, there are
no SKUs in storage at the start of the time horizBp € 0.0 Y r OSKUS. The objective
function (7.1) therefore becomes:

max 10 (RBaseH - RBaseO) + 100 Z Ren (7.2)
r OSKUs

Of course, the initial amount of base is constant in this exarRglg« = 2000. 0), and
can therefore be excluded from the objective function leaving:

max 10RBaseH + 100 z RrH (73)
r OSKUs

The requirement that no more of each SKkhould be produced than the demand for
it, A, is enforced simply by the constraints:

Ry < A V rOSKUs

which can be seen as a special case of the resource capacity of the detailed formulation (3.3),
and also the linking resource capacity constraints of the aggregate formulation (4.22).

7.4.3 Results

The problem outlined above was solved using the detailed RTN formulation and also a first
order aggregate formulation based on splitting the time horidon 12 discretisation inter-
vals) into 3 ATPs, each of length 48 houhs=(24 discretisation intervals). The computa-
tional statistics for both are given in table 7.5, while the amount of each SKU produced in
both solutions is given in table 7.6 along with the demands. For sets of results, there are no
variants in stock at the end of the time horizon. This is to be expected since they have no
value themselves but their production depletes the base which does have value. For these
solutions, therefore, the depletion of base in storage is due to the production of SKUs only.
Therefore:

RBaseH = aQBaseO - 2 Rng = %OOO_ 2 Rng

r OSKUs r OSKUs

Therefore, using the above in (7.3), the profits given in table 7.5 are related to the total pro-
duction given in table 7.6 by:
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O

profit = 10%000— S Ry-+ 100 5
rOSKUs U r OSKUs
= 20000+ 90 S Ry
r OSKUs

RrH

The similarity of the production patterns for each solution is also demonstrated graphi-

cally in figure 7.4.

COMPUTATIONAL STATISTICS Detailed Formulation ~ Aggregate Formulat
h=24m=1
Best integer feasible objective value obtained (profit in £) 101,630 107,750
Fully relaxed objective value (£) 110,731 111,909
Number of integer variables 2,736 414
CPU seconds (SUN SPARC 10) 25,579 86
Number of nodes examined g34 293

T Up to second integer feasible solution during branch-and-bound search.

Table 7.5: Computational statistics for the detailed and aggregate solutions to the comparative

example.

The aggregate solution was obtained using a margin of optimality of 2%. The detailed

solution represents the second integer feasible solution found by the MILP solver and is not

necessarily optimal: the search for a better solution proved to be fruitless even after more than

60 hours of CPU time. In fact, there is evidence for some sub-optimality in the detailed solu-

tion when the occurrence of change-over tasks is examined. This is discussed later.

Looking at table 7.5, the problem size reduction factor (in terms of integer variables)

achieved by the aggregate formulation is:

414

2736

= 0.1513

The same figure can also be arrived at using equation (6.5) and (6.4) (see section 6.3) which

is recalled below:

no. integer variables in aggregated formulation 7+ m+1

no. integer variables in detailedormulation

where:

(6.5)
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Table 7.6: Demands for each SKU and the actual production for the detailed and aggregate

solutions.

SKU Soft Demand Production (tonnes Difference
(tonnes) Detailed Aggregate  AggrDet.
Solution Solution (tonnes)
V1 Al IT 116.0 116.0 116.0 0.0
V1_Al GR 9.0 9.0 9.0 0.0
V1 Bl GR 16.0 0.0 0.0 0.0
V1 B2 FR 81.0 0.0 30.0 30.0
V1_A2_ AU 40.0 40.0 39.0 -1.0
V1 B3 FR 7.0 7.0 7.0 0.0
V1 B3_IT 202.0 200.0 200.0 0.0
V1_B3_AU 24.0 10.0 20.0 10.0
V1_A2 1T 22.0 22.0 22.0 0.0
V2_B2 FR 35.0 0.0 0.0 0.0
V3_Al GR 8.0 8.0 8.0 0.0
V3 B2 FR 47.0 0.0 45.0 45.0
V3_A2_AU 25.0 25.0 25.0 0.0
V3_B3 FR 98.0 95.0 90.0 -5.0
V4 B2 _FR 90.0 0.0 0.0 0.0
V4_A2_AU 31.0 31.0 31.0 0.0
V4 _B3 AU 184.0 180.0 180.0 0.0
V5 A1 IT 89.0 89.0 81.0 -8.0
V5_B1 GR 140.0 5.0 0.0 -5.0
V5_B3 FR 72.0 70.0 72.0 2.0
TOTAL 1,336.0 907.0 975.0 68.0

(6.4)

For this RTN, there are a total gf= 38 tasks, 30 of which have a duration of one discretisa-
tion interval, with the remaining eight (the change-over tasks) having a duration of four time
intervals. Using (6.4), therefore, we can calculate the average task duration as:

_ _ (30x1)+(8x4)

= 1.6316
38

Hence, from (6.5) we get:

no. integer variables in aggregate formulation 1.6316+1+1
no. integer variables in detailedormulation 24

= 0.1513

as above.
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Figure 7.4: Comparison of SKU tonnages for the detailed and aggregate solutions.

It can also be seen from table 7.5 that the reduced number of integer variables in the
aggregate formulation translates into a much reduced amount of CPU time required to obtain
the solution.

Considering the total tonnage of SKUs produced, table 7.6 demonstrates that the aggre-
gate solution gives a 7.5% over-estimate of the overall production capacity of the plant as
represented by the detailed solution. In addition, the similarity of the patterns of production is
indicated by figure 7.4. Because the demands cannot be met in full, the SKUs that are pro-
duced tend to be those that can be made at the highestimtésnfes per hour). These
SKUs can contribute most to the overall profit per unit time since all SKUs have the same
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end-of-horizon value per tonne.

Table 7.7 gives a comparison of the cumulative blending, packing and change-over task
extents for each ATP in the detailed and aggregate solutions. It can be seen that the order in
which the tasks are performed differs between the two in many cases. This indicates that
there is a degree of degeneracy in the problem regarding the sequence in which the SKUs are
made over the time horizon and is to be expected since it is only the end-of-horizon storage
levels that are included in the objective function. Despite this, it can be seen that the cumula-
tive continuous extents for thentire horizon (given in the last column of table 7.7) are in
good agreement.

The difference in the cumulative discrete extents the total number of batches of

each task carried out) is due to the fact that there are no fixed costs associated with any of the
tasks for this problem. Consequently, there is no penalty for having several partially utilised
task occurrences rather than fewer fully utilised ones. Consider, for example, the blending
tasks which do not form a bottle-neck in this problem. In table 7.7, the cumulative continuous
extent of theBlend V2task for the entire horizon is 22.0 tonnes for both the detailed and
aggregate solutions. The capacity of the blender is 25.0 tonnes and the cumulative discrete
extents for the detailed and aggregate solutions are 5 and 13 respectively. This indicates a
large degree of under-utilisation of the 25.0 tonne capacity of the blender, which is unlikely to
occur in practice. Such differences in discrete extents, therefore, can be attributed to a degen-
eracy effect which could be removed by assigning a fixed penalty cost to task occurrences.

Another difference betwen the detailed and aggregate solutions indicated by table 7.7
relates to the change-over tasks. For change-overs invabaoking Line Aany differences
can be explained by the fact that this line is not fully utilised in either solution. In other
words, it has more than enough time to meet all the demands for the SKUs of pagk type
Any idle time that it has can therefore be used to undergo non-essential change-overs without
decreasing the objective valugacking Line Bon the other hands heavily utilised in both
solutions — in fact, several demands for SKUs of pack B/pee not met. The extra change-
over tasks for this line in the detailed solution are therefore likely to be due to its sub-
optimality.

Finally, mention should be made of the silo and manpower resources. The detailed
solution to this problem suggests that both of them are initially available in quantities that are
sufficient not to cause them to limit the occurrences of the tasks for which they are required.
All three silos are simultaneously utilised on just three occasions over the time horizon. For
the manpower resource, there is always at least one operator surplus to requirements through-
out the time horizon.
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Task Soln.|| ATP{t=1-24) | ATP2(t =25-48) | ATP3(t =49-72) Total
Blend V1 Det. 80.0 (8) 242.0 (10) 60.0 @] 382.0 (22)
Agg. 306.6 (13) 74.1 3) 40.3 ?3) 421.0 (19)
Blend V2 Det. 0.0 0) 22.0 (5) 0.0 0) 220 (9)
Agg. 0.0 0) 22.0 (13) 0.0 (0) 220 (13)
Blend V3 Det. 95.0 (5) 0.0 0) 33.0 (6) 128.0 (1)
Agg. 245 1) 70.0 3) 735 3) 168.0 (1)
Blend V4 Det. 110.0 (@) 60.0 (5) 41.0 (5) 211.0 (17)
Agg. 46.0 2 75.0 4 90.0 4) 211.0 (1p)
Blend V4 Det. 50.0 4) 32.0 2 82.0 ) 164.0 (1B)
Agg. 72.0 3) 9.0 1) 72.0 4) 153.0 (8)
Pack V1_A1_IT | Det. 55.0 (13) 61.0 (11) 0.0 0) 116.0 (24)
Agg. 116.0 (13) 0.0 0) 0.0 0) 116.0 (1B)
Pack V1_Al_GR Det. 0.0 0) 9.0 3) 0.0 0) 9.0 (3
Agg. 8.7 1) 0.0 (0) 0.3 1) 9.0 (2
Pack V1_B2_FR| Det. 0.0 0) 0.0 0) 0.0 0) 0.0 (O
Agg. 0.0 0) 0.0 0) 30.0 4) 300 (4
Pack V1_A2_AU| Det. 0.0 0) 0.0 0) 40.0 4) 400 @
Agg. 26.0 )] 13.0 1) 0.0 0) 39.0 (3
Pack V1_B3_FR| Det. 0.0 0) 7.0 1) 0.0 0) 7.0 (1
Agg. 7.0 1) 0.0 0) 0.0 0) 70 (1
Pack V1_B3_IT | Det. 0.0 0) 120.0 12) 80.0 8) 200.0 (20)
Agg. 110.0 (11) 80.0 (8) 10.0 1) 200.0 (20)
Pack V1_B3_AU| Det. 0.0 0) 0.0 0) 10.0 1) 10.0 (1)
Agg. 10.0 1) 10.0 1) 0.0 0) 200 (2)
Pack V1_A2_IT | Det. 0.0 0) 22.0 4 0.0 0) 220 @4
Agg. 0.0 0) 22.0 (12) 0.0 0) 220 (1)
Pack V3_A1l_GR Det. 0.0 0) 0.0 0) 8.0 1) 8.0 (1
Agg. 4.5 1) 0.0 0) 35 1) 8.0 (2
Pack V3_B2_FR| Det. 0.0 0) 0.0 0) 0.0 0) 0.0 (O
Agg. 0.0 0) 0.0 0) 45.0 (6) 450 (6)
Pack V3_A2_AU| Det. 0.0 0) 0.0 0) 25.0 ) 250 (2)
Agg. 0.0 0) 0.0 0) 25.0 2 250 (2
Pack V3_B3_FR| Det. 65.0 @) 30.0 3) 0.0 0) 95.0 (10)
Agg. 10.0 1) 80.0 (8) 0.0 0) 90.0 (9
Pack V4_A2_AU| Det. 0.0 0) 0.0 0) 31.0 3) 31.0 (3
Agg. 26.0 3) 5.0 1) 0.0 0) 31.0 (4
Pack V4_B3_AU| Det. 110.0 (11) 60.0 (6) 10.0 1) 180.0 (18)
Agg. 20.0 2 70.0 (7) 90.0 9) 180.0 (1B)
Pack V5_A1_IT | Det. 0.0 0) 12.0 ) 77.0 9) 89.0 (1)
Agg. 0.0 0) 9.0 1) 72.0 (8) 81.0 (9
Pack V5_B1_GR Det. 0.0 0) 0.0 0) 5.0 1) 50 (1
Agg. 0.0 0) 0.0 0) 0.0 0) 0.0 (O
Pack V5_B3_FR| Det. 50.0 (5) 20.0 2 0.0 0) 70.0 (M)
Agg. 72.0 (8) 0.0 0) 0.0 0) 720 (8
Change B3_B2 | Det. - 0) - 0) - 1) - 1)
Agg. - © - ©) - (©0) - @
Change B3_B1 | Det. - 0) - 0) - (1) - 1)
Agg. - © - ©) - ©) - ©
Change B2_B3 | Det. - 0) - 0) - 1) - 1)
Agg. - © - ©) - ©) - ©
Change B1_B3 | Det. - 0) - (0) - Q) - (2)
Agg. - ) - ©) - ©) - ()]
Change A2_A1 | Det. - 1) - 0) - (1) - 2
Agg. - @ - @ - 2 - 4)
Change A1_A2 | Det. - ©) - (1) - (1) - )
Agg. - © - &) - 1) - 3

Table 7.7: Continuous and discrete (in brackets) task extents for detailed and aggregate solu-

tions.
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7.5 Overview of Results for Full Multisite Case Study

A feasible detailed solution for the case study problem described in section 7.1 is derived by
first solving an aggregate formulation and then using this solution to decompose the problem
into three detailed sub-problems as described in section 7.3. As for the comparative example,
an RTN formulation with a time discretisation interval of 2 hours is used in order to include
all the important packing line change-overs. Again, this means that the continuous processing
tasks (blending and packing) are effectively treated as batch tasks with a maximum batch-size
equal to twice their hourly production rate and intermediates can be stored only for durations
that are multiples of 2 hours.

7.5.1 Stage |: Aggregate Solution for Multisite System

Based on the detailed RTN formulation, we derive an aggregate formulation with a single
ATP spanning the entire 140 hour planning horizon. The aggregate solution for the multisite
system determines the deliveries from the plants to the warehouses and the equipment utilisa-
tion at each plant. Table 7.8 gives the total tonnage of the deliveries from the plants to each
warehouse in this solution. The total number of different product types comprising each
delivery is also given. These results are also represented in graphical form in figures 7.5 and
7.6.

Warehouse

UK

Italy

0 200 400 600 800 1000 1200
Tonnes of delivered products

- From Spanish plant |:| From UK plant - From Italian plant

Figure 7.5: Deliveries to the warehouses in the producing countries as determined by the
aggregate solution.
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Warehouse Demand Deliveries from plants Unfulfilled demand
Tonnage  No. Products  Spain UK Italy

UK 1199.0 22 60.0 1118.0 21.0 0.0
Spain 1011.0 10 980.0 31.0 0J0 0.0
Italy 692.0 8 104.8 113.0 4742 0.0
France 246.0 12 215.0 31.0 0 0.0
Sweden 155.0 6 38.0 108.6 0 8.4
Ireland 123.0 13 0.0 120.5 0.0 25
Netherlands 89.0 8 42.0 34.1 0/0 12.9
Greece 70.0 10 0.0 0.0 64,0 6.0
Denmark 54.0 4 49.0 5.0 0.0 0.0
Finland 42.0 4 0.0 26.0 0.0 16.0
Portugal 38.0 4 38.0 0.0 0.0 0.0
Belgium 36.0 3 18.6 14.0 34 0.0
Switzerland 32.0 3 32.0 0.0 0.0 0.0
Norway 24.0 4 0.0 24.0 0.¢ 0.0
Austria 12.0 3 9.0 0.0 3.0 0.0
Totals 3823.0 114 1586.4 1625.2 565.6 45.8

Table 7.8: Deliveries from plants to warehouses in the aggregate solution.

The computational statistics for the solution of the aggregate formulation are given in
table 7.9. This solution is optimal to within a margin of 5% and the objective value is in arbi-

trary profit units.

It can be seen that, for the aggregate solution, almost the entire demand from the ware-
houses is met (98.8% on a tonnage basis). The manufacturing facilities are near the largest
markets: the warehouses in the producing countries of Spain, the UK and Italy account for
75.9% of the overall demand. The demand in most other countries is much smaller by com-
parison — these are the growth markets which the company is keen to target. Transportation
costs make up a significant fraction of the total and this is reflected by the fact that most (but
not all) of the demands in Spain, the UK and Italy are met by the corresponding local plant.
Where this is not the case is due to the fact that it can often be cheaper to concentrate produc-
tion of certain types of lower volume SKUs at a single plant, rather than try to produce every-

thing as near as possible to where it is consumed.
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Figure 7.6: Deliveries to the warehouses in the non-producing countries as determined by the
aggregate solution.

Best integer feasible objective obtained: 2,483
Fully relaxed objective function: 2,713
Number of integer variables: 1,586
CPU seconds (SUN SPARC 10): 5,5[70
Number of nodes examined: 40,1p5

Table 7.9: Computational statistics for the aggregate solution.

The unfulfilled demands are mainly products that can be made only on two particular
lines at the UK plant which is the most heavily utilised one due to its low raw material and
labour costs. In the aggregate solution, neither of these lines (which we shBllacallQ)
are fully utilised, which indicates that the limited intermediate storage (five 30 tonne silos for
the 14 variants made at the plant) may well be the bottle-neck resource during some parts of
the planning horizon. Another reason for demand not being met is due to company policy
regarding the countries which each plant can serve. For example, some of the unfulfilled
Finnish demand could have been met from the Spanish plant but this was ruled out as a possi-
bility from the start.
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7.5.2 Stage Il: Detailed Production Schedules for Individual Plants

The second stage of the solution approach aims to establish a detailed operating schedule for
each plant using the production targets defined by the aggregate solution. Table 7.10 gives the
computational statistics for the three sub-problems in which detailed solutions are found for
each of the three plants. It should be stressed that the solutions to the detailed sub-problems
are first integer feasible solutions obtained by the solver. In each case, attempts to find better
solutions were terminated after many more hours of CPU time. Although these solutions can-
not be guaranteed to be optimal, the fact that a large proportion of the aggregate targets are
met gives reason to believe that the degree of sub-optimality is not great.

COMPUTATIONAL STATISTICS Spanish plant UK plant Italian pIaJnt
Best integer feasible objective obtained: 886 725 361
Fully relaxed objective function: 1,182 1,115 413
Number of integer variables: 4,690 6,440 2,940
CPU seconds (SUN SPARC 10): 6,719 9,538 380
Number of nodes examined: 2,216 3,188 505

Table 7.10: Computational statistics for the detailed solutions to the sub-problems.

Figure 7.7 shows the actual production that can be achieved by each plant in response
to the aggregate production targets for each of the 110 products that were produced in the
aggregate solution.

The Spanish and Italian plants respectively meet 97.1% and 99.2% of their aggregate
targets on total tonnage basis. The fact that the UK plant is more heavily utilised in the aggre-
gate solution means that its targets are slightly more over optimistic but it still meets 90.8%
of these target demands in the detailed schedule.

It can be seen that the demands that are not met at the UK plant tend to be the lower
volume demands. The reason for this is that all the deliveries were given the same value per
tonne in the objective function for this problem. It is therefore more beneficial to meet 100%
of the larger orders which tend to be for nearby countries (UK, Republic of Irefepend
which, therefore, have cheaper delivery costs. Any production shortfall occurs in the orders
for more distant countrie®g.those in Scandinavia); these also tend to be the lower volume
orders. In practice, it is likely to be highly undesirable to fail to produce certain low volume
products altogether. One possible remedy would be to constrain the detailed solution to
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. D . D =8tonnes

Production at Spanish plant Production at UK plant Production at Italian plant Production shortfall
Figure 7.7: Histogram showing achievable production at each plant.

produce a certain fraction (say 80%) of each target product.

It is worth mentioning that the weekly demands used for this case study were consider-
ably higher than average. In practice, any depletions in warehouse safety stocks due to deliv-
ery shortfalls in this week could be eliminated in future weeks when demands are likely to be
lower.

For the UK plant, figure 7.8 gives the number of silos being used to store material at
any time as determined by the detailed solution. The utilisation of packingHizes Q
referred to earlier is also shown. Limited intermediate storage for the variants is an important
bottle-neck in this plant — the silo utilisation profile hits the maximum level of five on sev-
eral occasions over the planning horizon. This accounts for the fact thal® laresQ do not
always run at their maximum rate and also need a large number of change-ove@.faime
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example, only packs three different pack-sizes and can therefore be in one of three packing
states at any one time. However, it undergoes a total of six change-overs with two of the three
packing states being revisited over the time horizon. Complications of this sort are to be
expected when there are only two blenders and five silos available to make and store all the
variants that are to feed the packing lines.

Utilisation of

packing lines
PandQ e — —

packing change-over

Silo
utilisation

Time (hours)

Figure 7.8: Utilisation of some equipment in the detailed solution for the UK plant.

7.6 Concluding Remarks

This chapter has demonstrated how the aggregate RTN formulation can be applied to a large
industrial case study involving several multipurpose plants and warehouses. The system
needs to be considered in its entirety for a schedule that takes account of all important inter-
actions to be found. In addition, the plants require detailed production models. This gives rise
to a problem that is probably an order of magnitude larger than the capability of current com-
puting resources. Despite this, practically useful results are obtained using a solution strategy
based on the aggregate RTN formulation.

The Europe-wide system is modelled in detail using the RTN framework which allows
operational complexities (packing line change-overs, limited intermediate stidge be
adequately represented in the problem. This allows a realistic objective function to be devel-
oped that represents the detailed costs of all parts of the production distribution network.

In the two-stage solution approach, the aggregate solution was used to set production
targets for each plant. This allowed the problem to be decomposed into three smaller sub-
problems, each involving a single plant for which detailed schedules were derived with the
objective of meeting as many of the targets as possible. The comparative example
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demonstrated that the aggregate formulation gives a good approximation to the true produc-
tion capacity of the flexible plants involved in this case study. This, combined with the fact
that a large proportion of the aggregate targets are actually met in the full multisite problem,
suggests that a reasonable solution has indeed been found.

The fact that the demands were regarded as being soft allowed a fairly simple solution
strategy to be successful in this case. Other problems, such as those involving hard con-
straints, may require more sophisticated approaches such as those discussed in section 6.5 of
the last chapter.

Finally, it should be pointed out that, even given the reduction in problem size
achieved, the aggregate problem and the detailed sub-problems were on the limit of the MILP
software and computer hardware used. This gives an indication of the size of the original
problem.
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Conclusions

This thesis has presented aggregate Resource-Task Network formulations for large-scale pro-
cess scheduling problems with particular attention being paid to multisite systems. The key
contributions of this work are summarised below. We then discuss some potential directions
for future research.

8.1 Contribution of this Thesis

It is of particular significance that the aggregate formulations presented in this thesis are
based on a very general process scheduling representation, namely that of Resource-Task
Networks (RTNs). This allows a large number of the complicating features associated with
multipurpose plant operation to be taken into account in a unified manner. These include
sequence-dependent equipment change-overs, task utility requirements and limited intermedi-
ate storage. Until recently, process scheduling formulations have tended to ignore these very
important features, or else they have contained complicated sets of constraints which have
been tailored to specific problem types.

The RTN framework also allows wider supply chain activites to be considered in as
much detail as required. For problems involving warehouses, flexible and dedicated storage
areas can be modelled, as well as the fixed and variable costs associated with their operation.
Distribution can also be modelled on the scale of individual vehicle loads. Important details,
such as mixed loads with material incompatibilities, can also easily be modelled within the
general RTN framework. Finally, on a higher level, perhaps where distribution has been con-
tracted out to a third party, several transportation options involving different lead-times, unit
costs and allowable quantities can be modelled to allow the optimal choice to be made.

Overall then, this thesis has proposed aggregate formulations of very wide applicability
by basing them on the RTN concept.

The second contribution of this work is that it employs a rigorous methodology for
deriving the aggregate process scheduling formulation from the detailed one. This contrasts
with the small body of earlier work in this area that has used what are essentially reasonable
guesses and intuitive reasoning to decide the form of the aggregate formulation. This means
that the optimal solution of the aggregate formulations described in this thesis can be used
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with confidence, providing rigorous upper bounds (in the case of maximisation) on the opti-
mal values of the corresponding detailed formulations.

Finally, in contrast with other work in process scheduling, and also in the much wider
field of general aggregation techniques, the aggregate formulations presented in this thesis
can be made arbitrarily accurate in relation to the detailed formulation from which they are
derived. This allows the trade-off between accuracy and problem size to be exploited fully.
This property arises from the fact that parametrisation of the weighting functions is used to
give aggregated constraints and variables of varying orders. While physical meaning can be
attached to the zeroth and first order order aggregate variables, the higher order variables and
constraints appear to have no obvious physical interpretation butithiegrease the accu-
racy of the formulation. In the past, aggregate formulations have tended to aggregate groups
of variables or constraints once only. The more abstract mathematical work has been con-
cerned with finding optimal weightings.(. Zipkin, 1980a), whereas much work in produc-
tion planning has used simple summations of groups of variables into larger estgies (
Bitran and Hax, 1977). So the formulations of this thesis have both intuitive lower order vari-
ables to enable useful results on real problems to be obt@musbstract higher order vari-
ables which improve the accuracy of the approximation.

It is hoped that, as in the industrial case study presented in chapter 7, aggregate formu-
lations will give a close approximation to the true production capacity of systems involving
multipurpose process plants. This is useful in itself as a decision support tool for production
planning in large-scale systems. The aggregate solution can be also be used to set production
targets and decompose the problem into a set of smaller sub-problems which can be solved in
detail. Finding more sophisticated techniques for generating detailed schedules from the
aggregate solution is one important area for further research which is discussed below.

8.2 Some Potential Directions for Further Work

The fundamental work presented in this thesis points to several interesting and important
areas for future research. Three such areas are outlined below. The first relates to the use of
the aggregate RTN formulation to generate good (or even optimal) solutions to the detailed
RTN formulation. The second is concerned with the introduction of uncertainty into process
scheduling problems. The third is the application of the aggregation techniques developed in
this thesis to other types of discrete-time MILP formulations.
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8.2.1 Finding detailed schedules for large-scale problems

Choice of
weighting functions

Quantification
of similarity

USE OF AGGREGATE
RTN FORMULATION FOR
GENERATION OF GOOD
DETAILED SCHEDULES

Robust
iterative algorithm

Figure 8.1: Directions for further fundamental research on aggregate RTN formulations.

As illustrated in figure 8.1, the question:
How do we use the aggregate formulation to generate
optimal solutions to the original detailed problem?

leads to three inter-related areas for further research. These can summarised by the questions:

. What is the most accurate form of aggregation (weighting functions, ATP letmth
to use?

. How do we best quantify this accuracy?
. Can we develop a robust iterative algorithm to generate good, feasible schedules?

The answer to the last question above is dependent on the quality of the approximation
represented by the aggregate formulation. This, in turn, is likely to depend on the type of
weighting functions used in the aggregation. In this thesis, simple polynomial basis functions
were used. It may be possible, however, to use results from the theory of approximation of
functions where alternative sets of basis functions (such as the Chebyshev polynomials) can
be proved to give better accuracy than others, in general.

The choice of weighting functions also governs the nature of the aggregate variables
that arise in the aggregate formulation. For the aggregation used in this thesis, we use zeroth
order aggregation representing a simple summation. This generates variables with an obvious
physical interpretatior.g.the total number of times a particular task starts. In addition, the
time horizon was also split up into a number of distinct ATPs. Both these features are impor-
tant in finding a robust algorithm for generating feasible detailed schedules. They allow the
detailed problem to be decomposed into a number of smaller sub-problems, each
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characterised by a set of meaningful quantities.

The search for ‘better’ weighting functions leads to another area for further research
concerning the establishment of good measures for the accuracy of the aggregate formulation
with respect to the detailed formulation. In this thesis, we have primarily relied on compar-
isons of the optimal objective functions of the two formulations. This approach appears to be
reasonable, but it is a rather crude quantification ofléfygee of similaritypetween the opti-
mal aggregate and detailed solutions. For example, the solutions to two aggregate formula-
tions employing different ATP lengths may have identical optimal objective values, but that
with the shorter ATP length may well be ‘more similar’ to the detailed solution in terms of
when certain tasks are executed in the time horizon. As well as comparing optimal objective
values, therefore, more sophisticated measures could be investigated (perhaps involving vec-
tor norms of the differences between the variables) which may be more pertinent in the quest
for more accurate aggregations.

The general solution strategy for generating detailed schedules is another topic worthy
of more study. Two possibilities (a decomposition and a rolling horizon approach) were
briefly discussed in section 6.5.

8.2.2 Allowing for Uncertainty

The general process scheduling problem addressed in this thesis has been deterministic in
nature. It has taken no account of uncertainty in such important parameters as the timing and
magnitude of demands, raw material prices, equipment reliabilityln practice, especially

for longer range planning problems, such uncertainties are likely to have a very significant
effect. Two ways of dealing with uncertainty are discussed below, along with the contribution
that aggregate formulations could make.

A well known way of dealing with uncertainty in mathematical programming formula-
tions is to represent it by a set of likely scenarios and then attempt to find a robust schedule
that will perform well, which ever of these possible outcomes should arise (see, for instance,
Mulvey et al, 1995). A potential problem with this approach is the large number of scenarios
that might be required in order to adequately represent the ‘uncertainty space’. However, in

the context of the aggregate scheduling formulations presented in this thesis, it is interesting

to note that the aggregate demand paramétg?sﬁﬁtl ) etc. may provide an alternative and

much more compact way of representing variability in the distribution of demands over each
ATP. This is analogous to the characterisation of complex probability distributions by
moments of various orders. It means that we have a useful method of representing the
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potentially very large number of detailed demand scenarios that are required to represent
future uncertainty by a smaller, more manageable number of aggregate demand scenarios.

Another way of taking into account uncertainty is to schedule in detail only for a short
period of time into the future but with reference to estimates of longer-term eventualities
which can be updated as new information arrives. One possible implementation of this
scheme could involve a method similar to the rolling horizon approach outlined in section
6.5.2. For example, one could have a fixed long-term planning horizon of one month but
only schedule in detail for the first week of this period. In other words, detailed constraints
govern the first (or present) week, with aggregate constraints for the 3 future weeks. Each
week, both monthly and weekly horizons are ‘rolled on’ and existing demand patterns could

be revised as new orders are obtained or new market information arrives.

8.2.3 Wider Applications of the Aggregation Approach

For the detailed representation of large-scale process scheduling problems, the RTN formula-
tion has several important advantages which were discussed in chapter 3. The general aggre-
gation method, however, can be applied to any discrete-time MILP formulation containing
inequality/equality constraints. Using this method on other detailed scheduling formulations
(including those, perhaps, that have been specificly tailored to the particular problem they are
addressing) is therefore another possible area for further research.



