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Abstract. The term “multiobjectivization' refers to the casting ofiagle-objec-
tive optimization problem as a multiobjective one, a transfation that can be
achieved by the addition of supplementary objectives ohleydecomposition of
the original objective function. In this paper, we analyzevhmultiobjectiviza-
tion by decompositiochanges the tness landscape of a given problem and af-
fects search. We nd that decomposition has only one possifféct: to introduce
plateaus of incomparable solutions. Consequently, mj&ive hillclimbers us-
ing no archive “see' a smaller (or at most equal) number adlloptima on a
transformed problem compared to hillclimbers on the ordjiproblem. When
archived multiobjective hillclimbers are considered teffect may partly be re-
versed. Running time analyses conducted on four examptaifurs demonstrate
the (positive and negative) in uence that both the multamivization itself, and
the use vs. non-use of an archive, can have on the perfornargimple hill-
climbers. In each case an exponential/polynomial dividevsaled.

1 Introduction

The term “multiobjectivization' was introduced in [10] tefer to the reformulation
of originally single-objective problems as multiobje@ignes. Two approaches to this
reformulation can be taken, namely the decomposition obtiggnal objective, or the
addition of new objectives. In both of these cases, it is alireqnent that each of the
original optima becomes a Pareto optimum under the new s#ijettives [10].

In [10] and in related work, both theoretical and practicgl{, 12, 14] it has been
demonstrated that such reformulations of problems cannmescases lead to acceler-
ated search performance (comparing broadly equivalegtesiobjective and multiob-
jective algorithms). Brockhoff et al. recently presentezhgral theoretical results for
adding objectives to a problem, showing that it may have léder detrimental ef-
fects on the runtime for a given problem [1]. They show (iptiat the addition of ob-
jectives to an originally single-objective problem hasyomto effects on solution order-
ings: (a) solution pairs that are equal (Cindifferent’) lviegard to the single-objective
formulation may become comparable (i.e., one dominatesther), or alternatively,
(b) solution pairs that are comparable with regard to thglsiobjective formulation
may become incomparable (i.e., neither dominates the ptRemning time analy-
ses (ibid.) comparing a (1+1)-EA and the Global SEMO (Gldbiahple Evolution-
ary Multi-objective Optimizer) algorithm indicated thatr§e performance differences
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(a polynomial speedup and an exponential slowdown) can Berebd for a single-
objective short path function (derived fro8PC, [6]) when objectives are added.

Here, we are interested in multiobjectivization througlea@®aposition of a single-
objective function, which has not been addressed in [1le#fte introduction of some
basic notation and algorithms in Section 2, Section 3 goe®a@how that the num-
ber of possible effects of a decomposition is in fact reduz@dpared to the scenario
discussed in [1], and that this allows for additional infezes regarding the changes
to the tness landscape. It also discusses why these thealreesults only directly
apply to algorithms that do not employ an archive. Sectiorf the paper introduces
four example problems: the rst two illustrate that, desyitte theoretical differences to
the scenario considered in [1], multiobjectivization thgt decomposition can equally
render a problem easier or harder. The last two are examplpsoblems where the
introduction of an archive makes the problem signi canthsier or more dif cult. Fi-
nally, Section 5 concludes.

2 Notation and algorithms

Formally, an unconstrained single-objective (scalarjrojation problem is described
by the set of feasible solutions and an objective functioh : X ! R. Without loss of
generality, we assume minimization ©f so that the optimal solutions to the problem
are those that satisfy

argminy, x f (x): (1)

Multiobjectivization by decomposition reformulates thelplem through the decompo-
sition of the original objective into two or more componerihis is achieved through
e de nition of k objectivesf; : X ! R,i 2 1:k, with the constraint thaft (x) =
:‘:1 fi(x); 8x. This transforms the scalar optimization problem into ateeopti-
mization problem with every solution 2 X mapping to &-tuple of objective values

isfy

argminy, x f (X): (2)
In vector optimization problems such as (2), a partial ardgof the solutions can be
obtained using the concept of Pareto dominance. Solutiesaid to dominate solution
y,denoted a§ (x) f(y),iff 8 2 Lik:fi(x) fi(y)"9j 2 Luk:fj(x) <f;(y):
The solutionsx andy are said to be indifferent, denoted fagx) = f (y), iff 8i 2
1k : fi(x) = fi(y). Iff x andy are not indifferent and neither dominates the other,
they are said to be incomparable or mutually non-dominatedoted a$ (x) f (y).
Under the Pareto framework, the solution to a vector optatidn problem is the set
of solutionsS X, which are not dominated by any other solutions in the search
spaceS = fs2 X j 682 2 X :f(x) f(s)g. The set of optimal solutions for (1)
form a subset of the set of Pareto optimal solutions for fdation (2). Problem (2) can
therefore be employed as an alternative formulation to allisons to (1).

Hillclimbers The optimizers considered in this paper are very basic siobiective
and multiobjective hillclimbers, de ned thus:
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SOHC: Initialize a current solution at random. While not dofhmutate the current
solution and accept the mutant iff it i@t worsethan the curreng .

MOHC: Initialize a current solution at random. While not dofismutate the cur-
rent solution and accept the mutant iff itnet dominatedby the curreng .

MOHC+A: Initialize a current solution at random and copy it into thendomi-
nated solutions archive. While not doirautate the current solution and accept the
mutant iff it is not dominated by anything in the archivéthe mutant is accepted,
copy it to the archive. Remove from the archive any solutibasare dominategl.

The mutation operator used in all three algorithm&=s bit ip mutation, wheren is
problem size. The single-objective hillclimber (SOHC) egts moves to equal cost so-
lutions (cf. [6, 2, 8]). Equivalently, the basic multiobjae hillclimber (MOHC) rejects
the mutant solution only if its objective vector is domirditey the parent solution; it
accepts moves to incomparable solutions. For the archivialgiobjective hillclimber
(MOHC+A), a mutant solution is accepted only if it is not doraied by either the
current solution or a solution in the nondominated solwiarchive (similarly to (1+1)-
PAES [11]). As discussed in [9] (pages 102—-105), this waysiigian archive yields

a negative ef ciency preservingtrategy [5], i.e., it prevents degradation of solutions.
We say there iglegradationif the current solution is replaced at some later iteration
by one that it dominates. Such degradation prevents coemeggand can lead to end-
less cycling between solutions that are not mutually incaraple. N.B., the type of
archiving used in the GSEMO algorithm [1] is different besathe archive is used as
a population from which to select solutions; we do not coasttlis type of archiving
here.

3 Changes to the tness landscape

This section studies the changes in the tness landscap@ witving from a scalar
optimization problem to the multiobjective problem obtirthrough a decomposition
of the tness function as de ned in Equation 2.

De nition 1 (Neighborhood)We de ne a neighborhood function as a function:
X I X™ with the two propertiesx 2 (x), andx 2 (y) $ y 2 (x). Solu-
tionsx andy are said to be neighbors ¥ 2 (y) (and, equivalentlyy 2 (x)). The
neighborhood size is.

De nition 2 (Connected sets) set of solutions is said to be connected, &s;t 2
S 2S:p=sp=t 8 _!p 2 (p).

De nition 3 (Local optima)A set of connected solutiofss said to be locally optimal
under objectivd and neighborhood function, iff 8s 2 S : 8t 2 (s) : f(s) <
f(t)_(t2 S~ f(s)= f(t). Equivalently, a set of connected solutid®dss said
to be locally optimal under the set of objectiiesand neighborhood function, iff
852S:8t2 (s):f(s) f@)_(t2S~(f(s)="1(t)_*F(s) f(t)).Every
such sef6 is de ned as one local optimum.
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De nition 4 (PlateausA set of connected solutiofsis said to form a plateau under
objectivef and neighborhood function, iff 8 2 S: 8 2 S:9p 2 S: p1 =
shp = t’\8!:11(pi+1 2 (p)"™f(pi+1) = f(p))- Equivalently, a set of connected
solutionssS is said to form a plateau under objectifeand neighborhood function,
iff8s2S:82S:9p2S:pr=s"p = t"8!:11(pi+1 2 (p)™ (f (pi+1)
f(p)_f(pi+1) = f (p)))- A plateau is maximally sized i88 2 f X n Sg such that
s[ Sisaplateau.

Theorem 1 (Gradient cannot be introduced).If f (x) = f (y) thenf (x) f (y) _
f(x)=f(y).

Proof. Assume thaf (x) = f(y) andf (x) f (y). Then, by de nition of domi-
nance, for each componentfoffi(x)  f;(y) and there exists a compondntwhere
fi(x) <fj(y).Asf(x) = f1(x)+ fo(x)+ :::+ f(x), this contradicts the assumption
thatf (x) = f (y). Thus, iff (x) = f (y), thenx does not dominatg. By a symmetric
argumenty does not dominate either. Therefore, by de nition of the dominance rela-
tions, eitheix andy are indifferent (the same in all components) or incomparablu

Theorem 2 (Gradient cannot be reversed)If f (x) f (y) thenf (x) <f (y).

Proof. Assume thaf (x) f (y). Then, by de nition of dominance, the objective
value ofx will be smaller than that of underf , which, by de nition, is the sum of the
components of . u

The implication of Theorem 1 and 2 is that decomposition afaas cost function has
a single consequence for solution orderings: to introduagpus.

We next prove that multiobjectivization by decompositiGatrbases or leaves un-
changed the number of local optima in a landscape. We rsivthat our de nition of
local optimum ensures that local optima are disjoint setss i suf cient to ensure that
their number is well-de ned. This holds in both the singlejective and the multiob-
jective spaces. We then show that for each optimum in theiotjgictive space there is
at least one in the single-objective space. Taken togetttlethe fact that local optima
are disjoint, this is suf cient to prove the theorem.

Lemma 1. The local optima are uniquely de ned and are disjoint setstfbin the
single-objective and the multiobjective space).

Proof. The de nitions of the local optima above ensure that eachisrsemaximally
sized set and all immediate neighbors of the set are worse.ldeal optima cannot
contain the same solution because this would necessitte teing in the same opti-
mum; hence the sets are disjoint and uniquely de ned. u

Lemma 2. A locally optimal set in the multiobjective landscape camseat least one
locally optimal set in the single-objective landscape.

Proof. Let S be a set of connected solutions that is locally optimal ufidérhen, we
knowthat8s2 S:8t2 (s):f(s) f({)_(t2sS~r(f(s)="F@)_f(s) f(t)).
If t is not part ofS, it follows thats dominates and, by Theorem 1 and 2, the gradient
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betweers andt remains under the single-objective formulati®s:2 S : 8t 2 (s):
f(s)<f (t) _t2 S.ThesetSis then splitinto the following set§ = min s2sf (S)
andT = SnS .Bydenition,we knowthat8s2 S :8t2 T :f(s) <f (t). It
followsthat8s2 S :8t2 (s):f(s)<f (t)_(t2 S ~(f(s)= f(t)).ThesesS
may consist of one or more sets of connected solutions, eashioh corresponds to
one local optimum (additional optima on different tnesséés are also possible).u

Theorem 3. The number of local optima undéris smaller or equal to the number of
local optima undef .

Proof. The result follows directly from the two previous lemmata. u

How does this affect search®n increase in the number and size of plateaus may con-
tribute to making a problem more dif cult, as, on such plateaoptimization methods
have to succumb to random walk behavior. On the other harehaction in the num-
ber of local optima may mitigate the dif culty of search. Bogffects are intimately
linked, as the removal of local optima is only possible tlglothe creation of a plateau:
it requires the creation of at least one path of incomparsdilgétions that crosses the t-
ness barrier around the original local optimum. Whetherab[@m gets easier or more
dif cult as a result of the decomposition will thus dependtbe number and size of the
plateaus that are created and the parts of the tness lapdsbay replace. In Section
4.1. and 4.2., we introduce two examples of decompositioatsdause an exponential
increase or decrease in the runtime required by a multigiegebillclimber compared
to the runtime required by a single-objective hillclimber the corresponding single-
objective problem.

What about archiveshe introduction of an archive (of the type used in MOHC+A)
has the effect of restricting movement along plateaus aftimgarable solutions, depen-
dent upon what solutions are in the archive. On one handntieians that, from the
point of view of the algorithm, some of the local optima rerad\by the decomposition
may again be perceived. On the other hand, degrading mosgsearented, which may
have a bene cial effect on search. In Section 4.3. and 4.4.introduce functions that
are examples of problems where the introduction of an aechiakes a multiobjective
function (alternately) harder or easier.

4 Four example functions

In this section, we consider functiohs: f0; 1g" ! R? (with restrictions om for some
problems), each being a decomposition of a different singjective functiorf . In our
discussion of these functions, we consider local optimaeasedi by the neighborhood
function (x) = fyjH(x;y) pLY, whereH (x;y) is the Hamming distance of two
bit strings de ned add (x;y) = {‘:1 iXi  Vij. We provide proof sketchésegarding
the derivation of theoretical bounds on the runtime reqlig the different algorithms
to reach the global optimum and give empirical results onrtheber of evaluations
taken (means and standard errors over 20 runs; their appatei tting with analytical
curves agreeing with the theoretical bounds on time conifglexalso shown).

! Proof details can be obtained from the rst author.
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4.1 Decomposition can make a problem harder

We de ne the functiorslope) = ( f1(x);f2(x))T over the set of binary strings 2

f0;1g":

f1(x) = ixj1

fa(x)=2n

2jXj1;

wherejxj1 gives the number of ones in binary stringThe effect of multiobjectiviza-
tion in this example is the generation of a plateau of exptiaksize. A plot of the

function and empirical results are given in Figure 1.
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Fig. 1. Functionslope(x). Left: Function forn = 20. Right: Empirical results.

We consider the runtime required by SOHC and MOHC to reactgtbbkal op-
timum of f1(x) + f2(x) atjxj: = n. SOHC reaches this optimum by hillclimbing
(descending) the monotonic slope towards it. The expectetine for the problem is
equivalent to that of MAXONES, which is (nlogn) [6]. For MOHC every solution
is incomparable with respect to every other. Therefore etkgected waiting time for
MOHC is equivalent to that of the (1+1)-EA on the needle-hagstack function, and
is given as (2") [3]. MOHC+A performs identically to MOHC, as degradation of
solutions cannot occur for this problem.

4.2 Decomposition can make a problem easier

The function we use here is inspired by the short path funatie ned in [6], which
was used as a basis for some other functions in [1].

We de ne the functionshortpath(x) = (f1(x);f2(x))T over the set of binary
stringsx 2 f 0; 1g":

8 . .
< 2jXj1 if x2f1'0" i 2 1ingMjxjr n 1
fi= O if x2f1'0" ;i 2 L:ng™jxjp = n
" 2n+ jxj; otherwise
_ njxjp ifx2f10" ;i 2 1:ng

fo=

2n + jxj; otherwise
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Fig. 2. Functionshortpath( x). Left: Part of the function forX 2 f10" ;i 2 1:ng) for
n = 20. Right: Empirical results.

The effect of multiobjectivization is the introduction optateau that is a short path and
the removal of the local optimum atj; = 0. A plot of this crucial part of the function
and empirical results are given in Figure 2.

We consider the runtime required by SOHC and MOHC to reaclgtbleal opti-
mum off 1(x) + f2(x) atjxj; = n. MOHC behaves equivalently to the (1+1)-EA on
functionSPC, [6] and its expected runtime is therefore bounded{yn®). MOHC+A
performs identically to MOHC, as degradation of solutioagmot occur for this prob-
lem? Regarding the expected runtime of SOHC, a lower bounl éf) can be shown
similarly to the analysis of the (1+1)-EA d&&PC, in [6].

4.3 An archive can make a problem harder

We de ne the functionbarrier(x) = (f1(x);f2(x))" over the set of binary strings
x 2 f 0;1g" forn mod 10 = O:

f1(x) = n j Xji ifixjz 09n 2
WYW7 1:n j xjp +2  otherwise;

n j xj ifjXj oon 1
fz(X) — ] X1 JX]1

1:An j xj1 +1 otherwise:

The effect of the use of an archive is to make parts of a platemcessible. A plot of
the function and empirical results are given in Figure 3.

We consider the runtime required by MOHC and MOHC+A to redsh global
optimum off 1(x) + f2(x) atjxj: = n. Functionbarrier(x) has a plateau of incom-
parable solutions @:9n 2 j Xxj;  0:9n. With probability exponentially close to
1, the hillclimbers are initialized with a solution witkj; < 0:9n 2 (this follows by
Chernoff's bounds, see [4, 6]), and will need to cross théegla to reachxj; = n.

2 The possibility of degradation can be readily introduced i function of the same structure
through the adjustment of relative tness levels betwedntgms that lie within and outside
ofx 2f1'0" ';i 2 1:ng, so that MOHC can fall off the short path. In that case, MOHC+A
will outperform MOHC.
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Fig. 3. Functionbarrier( x). Left: Function forn = 20. Right: Empirical results.

MOHC will reach the plateau in expected time(n logn). It will then perform a ran-

dom walk on the plateau until it succeeds in adding at leasetmore ones to the bit
string. A lower bound on the probability of this success carobtained as the proba-
bilia of performing three drift moves to the right directly sequence, which is given
as ~ g2 k(n_1y(n D The waiting time for this event i®(1). Once the plateau
has been crossed, any mutation that increpgesvill be accepted, and the probability

of such a mutation is at least “'nA . If only such mutations were possible, the

expected waiting time for reaching the global optimum wdodd (n logn). However,
mutations reducingxj; to0:9n 2 j xj1  0:9n 1 can also be accepted: these
require at leask = jxj; 0:9n + 1 simultaneous bit ips and have probability at most
(0] % . At positionjxj1, a lower bound on the probability of an increasxj to hap-

pen before a decreasejixj; is then given apy = % Multiplying over all
: 0:1n k+1
0:1n

09n+1 jxji n lyields ", 2, pk, which converges. Therefore, the possible
returns to the plateau only increase the expected waiting by a constant factor, and
the overall expected runtime of MOHC @ (n logn).

MOHC+A will reach the plateau in expected timgnlogn). The archive then
prevents the access of all the solutionsv@it®n j xj3 n 1. In orderto reach the
global optimum ajxj; = n, it will need to set all remainin@:1n + 1 or 0:1n + 2 bits
with value zero to one simultaneously. The probability oftsa mutation is bounded
above byo((2)©:2n*D ). The lower bound on the overall runtime of the MOHC+A is
therefore given as ("),

4.4 An archive can make a problem easier

We de ne the functionstepsx) = (f1(x);f2(x))T over the set of binary strings of
even sizex 2 f 0; 1g" forn mod 2 = 0.

F1(x) = 0:5n  0:5)xj1 ifjxjz mod2=0
"YW= 05n  05)xj; +1 otherwise;
0:5n  0:5)xj1 ifjxjy mod2=0

200 =" 451 0:5xj1 2 otherwise
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The effect of the use of an archive is to prevent degradatihis plateau of neighbor-
ing non-dominated solutions. A plot of the function and erical results are given in
Figure 4.
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Fig. 4. Left: Functionsteps(x) for n = 20. Right: Empirical results.

We consider the runtime required by MOHC and MOHC+A to reduh global
optimum off 1(x) + f2(x) atjxj:s = n. In order to reactixj: = n, MOHC+A needs
to increase the number of ones and drift through the platdetseparate it from the
global optimum. Alternatively, it can overcome each sudtgdu by two simultaneous
mutations and, at positiojxj1, the probability of increasing the number of ones by
two is therefore bounded below b ,XI* (1)2("-1)" 2. Summing over all values
pf jxj1 then yields an upper bound 0f(n?) on the expected runtime of MOHC+A (as

xjz=0 fxjz converges).

In contrast to this, MOHC may drift back j&j; = 0 from any point in the search
space (using single bit ip mutations). In order to show empotial runtime we make
use of the drift theorem introduced by Oliveto and Witt [1Bgt 4 (i) denote the
random increase in the number of zeros when mutating a litgswith jxj; = i.
We now need to identify an intervgh; b of asymptotic size 0@ | xji n for

which it can be shown that (IB(4 (i) = |) 1%' "fori > a and | 1
and (2)E(4 (i)) > ; fora <i < b, where ,r and are constants. As shown
in [13], Condition 1 holds for the (1+1)-EA independently ioind of acceptance,
which also carries over to our analysis. Fer= %n andb = n, it can be shown
thatE (4 (i)) > ze !; fora < i< b, which ful lls Condition 2. It follows that the

probability of nding the global optimum ir2°" steps is at mo2 ("),

5 Conclusion

This paper has considered the transformation of scalamigdtion problems into mul-
tiobjective ones. Where the multiobjective problem is aid through a decomposi-
tion of the original objective function, this can cause omhe type of change to solution
orderings: pairs of solutions that initially had differesttalar objective values can be-
come incomparable. Running time analyses and empiricaltssfor both archiving and
non-archiving algorithms show that, dependent on the fanct problem can become
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easier or harder. This can be understood in terms of thedntrtion and removal of
plateaus and local optima.
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