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Abstract— This paper concerns multiobjective optimization in
scenarios where each solution evaluation is financially and/or
temporally expensive. We make use of nine relatively low-
dimensional, non-pathological, real-valued functions, such as
arise in many applications, and assess the performance of two
algorithms after just 100 and 250 (or 260) function evaluations.
The results show that NSGA-II, a popular MOEA, performs well
compared to random search, even within the restricted number of
evaluations used. A significantly better performance (particularly
in the worst case) is, however, achieved on our test set by an al-
gorithm proposed herein — ParEGO — which is an extension of
the single-objective efficient global optimization (EGO) algorithm
of Jones et al. ParEGO uses a design-of-experiments inspired
initialization procedure and learns a Gaussian processes model
of the search landscape, which is updated after every function
evaluation. Overall, ParEGO exhibits a promising performance
for multiobjective optimization problems where evaluations are
expensive or otherwise restricted in number.
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I. INTRODUCTION

As scientists and engineers become increasingly aware of
the potential benefits of applying heuristic search methods
in their disciplines, a new and greater variety of real-world
optimization problems is gradually coming to light. Many of
the problems fall right into the ‘backyard’ of evolutionary
computation (EC) methods — especially those for which
conventional techniques are not easily adapted, including non-
convex, mixed integer, non-linear, constrained and/or noisy
cost functions; for all these problems we may happily look
forward to a wealth of EC success stories. But some other
problems now appearing seem to pose a particular challenge to
evolutionary computation and other heuristic search methods
because they combine the requirement of optimizing multiple,
incommensurable objectives with the feature of being pro-
hibitively expensive to evaluate. It is on these latter problems
that we focus in this paper.

More precisely, our motivation comes from a number of
optimization scenarios arising in the experimental sciences.
These have a more-or-less common list of features that we
can take to loosely specify a class of problems, as follows:

1) the problem has multiple, possibly incommensurable,
objectives,
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2) the time taken to perform one evaluation is of the order
of minutes or hours,

3) only one evaluation can be performed at one time (no

parallelism is possible),

the total number of evaluations to be performed is

limited by financial, time or resource constraints,

5) no realistic simulator or other method of approximating
the full evaluation is readily available,

6) noise is low (repeated evaluations yield very similar
results),

7) the overall gains in quality (or reductions in cost) that
can be achieved are high,

8) the search landscape is locally smooth but multimodal,

9) the dimensionality of the search space is low-to-medium.

4)

Although problems exhibiting (many of) these features
include some familiar ones from engineering design optimiza-
tion (e.g. [29]), there are also less well-known combinatorial
biochemistry and materials science applications [14], [24],
[58], as well as instrument configuration problems [54], [55],
in this class.

An example of the latter which motivates the work herein
is [45]. It reports on a series of experiments directed at
improving the viability of metabolomics', by optimizing the
configuration of a GC-TOF mass spectrometer (GC-MS).
Three objectives in the optimization were considered: (i)
maximizing the signal-to-noise ratio in the chromatogram; (ii)
maximizing the number of ‘true’ peaks in the chromatogram,
and (iii) minimizing the processing time — the time for the
instrument to analyse one sample. Features 2—4 in the list given
above arise in this particular problem because the evaluations
are actually ‘wet experiments’? that must be performed on a
physical machine (which is itself very costly and hence only
one is available), and may also require costly consumables
and/or the use of highly-skilled operators. Feature 5 applies
here because it is practically infeasible to simulate accurately
the output of such a complicated instrument over a range
of chemical inputs. Thus, considering 2-5, it is clear that
the EA or other optimization method must search the space
in a smaller number of evaluations than in many other EA
applications.

Fortunately, features 6-9 reduce the difficulty of the task

'Metabolomics [2] relies on efficiently identifying the hundreds or thou-
sands of different compounds within a biological sample to enable metabolic
processes to be accurately monitored.

2The term used in biology for laboratory as opposed to computer-based
(‘dry’) experiments.



somewhat. Low noise means that individual experiments need
not be repeated, and there were only eight real-valued settings
of the GC-MS (i.e. search space dimensions). Moreover, it
is known from human experts that getting the configuration
‘right’ yields significant improvement in the chromatograms;
since this is usually achieved from hand-tuning by experts
the search space must be, at least locally, smooth. Therefore,
reasonably large basins of attraction probably exist. However,
it is also known that some limited epistasis does exist [54].

In the experiments reported in [45], a multiobjective evolu-
tionary algorithm (MOEA), PESA-II [12], was used to perform
the optimization [45] and some 180 GC-MS configurations
were assayed in all (taking several days and consuming ex-
pensive instrument-time). At the end, a particular configuration
that offered the best compromise solution was chosen from
the Pareto front obtained. This yielded a threefold increase in
the number of peaks observed, coupled with a small increase
in the potential throughput (i.e., future samples could be
processed more quickly), over the hand-tuned configuration
usually employed. The choice of employing an MOEA was
motivated primarily by the feature 1 above, and the wish
to explore the tradeoffs of the three objectives, enabling the
input of expert knowledge in the final choice of GC-MS
configuration. The ability to do this from a single optimiza-
tion run, with little or no knowledge of the cost landscape,
makes an MOEA approach a logical choice. Moreover, results
reported in [45] show that GC-MS configurations from later
experiments were statistically significantly better than earlier
configurations (computed using a Fisher’s permutation test),
suggesting that the MOEA used was better than a random
search would have been.

Nonetheless, the scientific justification for the use of
MOEAs in this particular optimization context is not as solid
as we would like because, although MOEAs have been applied
in a wealth of different contexts and have exhibited competi-
tive performance against several other optimization techniques,
their performance when the number of function evaluations is
severely limited is largely untested in the literature (though
see [36] for some experiments underpinning the use of PESA-
IT for the GC-MS optimization). A central aim of this paper is
thus to undertake testing of an MOEA in contexts similar to
the GC-MS configuration problem, over a realistically small
number of function evaluations. To this end, we choose to
employ NSGA-II, a well-respected, modern example of an
MOEA?, and test it, using a small population size, over just
100 and 260 function evaluations.

In many engineering applications that share similar features
to our scenario above, standard evolutionary algorithms are
eschewed because of their low efficiency with respect to
function evaluations. A wealth of other global optimization
methods (see next section) use more principled methods of
exploring the search space under these restricted conditions,
most notably those methods based on modeling the landscape
on-line during the search. However, to our knowledge, the
performance of these methods has never been compared with

3The IEEE TEC paper describing NSGA-II for multi-objective optimization
was judged as the ‘Fast-breaking Paper in Engineering’ by Web of Science
(ESI) in February 2004.
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an MOEA in a straightforward Pareto optimization context.
Thus, a second aim of this paper is to extend such an algorithm
to do multiobjective optimization, and to compare it with the
NSGA-II. We choose for this, a frequently cited algorithm
from the global optimization literature, specifically designed
for expensive functions of low dimension — the efficient
global optimization (EGO) algorithm [35]. The version that
we propose for Pareto optimization is given the designation
‘ParEGO’ from here on.

To undertake the performance assessment of ParEGO and
NSGA-II, we do not use expensive functions here, but employ
a suite of test functions enabling us to collect performance data
over multiple algorithm runs. The selection of problems in the
suite includes functions exhibiting a diverse range of problem
difficulties, yet is restricted to problems that we think model
scientific/engineering contexts like the GC-MS optimization
problem. For this reason, the problems are relatively low-
dimensional (having up to 8 real-valued dimensions), are not
pathologically rugged, and have either two or three objectives.
In measuring performance, we give some rough judgments on
the worst-case performance in addition to applying normal sta-
tistical tests to estimate the location of the distribution. Worst-
case performance is of particular relevance in scenarios where
only one shot at the experiments/optimization is usually possi-
ble, although it is difficult to estimate empirically. The choice
of test functions and the methods for measuring performance
used here should provide a basis for future comparison of
other algorithms for expensive, low dimensional multiobjective
problems. To facilitate this, problems, assessment methods and
results are available for download at [37].

Organization

The rest of the paper is organized as follows. In Section 2,
a review of relevant literature in engineering optimization
methods, landscape approximation, and MOEAs, is given. An
outline of EGO, a powerful global optimization method for
expensive functions, is provided in Section 3, together with re-
sults demonstrating our implementation of the approach. Sec-
tion 4 extends EGO to the multiobjective algorithm, ParEGO,
which we propose here. Section 5 describes the choice of test
functions, and Section 6 details our methods for performance
assessment and comparison. Section 7 sets out the method of
comparison, giving all parameter settings, Section 8 presents
the results, and Section 9 provides a summary and conclusion.

II. RELATED WORK

The rise of evolutionary algorithms for multiobjective op-
timization in recent years is now well documented, with
thorough reviews of the history and current state of the art
available in [6], [9], [16]. Much of the success that the field
is enjoying relies on the flexibility with which MOEAs can
deal with various optimization contexts and features, such
as: high dimensionality; integer, real and mixed parameters;
lack of knowledge about ranges of fitness functions; non-
differentiability of the cost landscape; constraints, and so on.
The initial high computational overhead of some early methods
has also been overcome by a gradual progression with the
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introduction of more efficient algorithms such as NPGA [30]
and PAES [40], which first attempted to use reduce the cost
of niching, through to the Micro-GA [7], the popular NSGA-
II [17], and, more recently, particle-swarm optimization algo-
rithms [8]. More efficient data-structures that can be used to
speed up the niching, selection and archiving processes that
these MOEAs rely upon are also now available [32].

In engineering, MOEAs have found many applications [15],
from airplane wing optimization [29], [44] and spacecraft tra-
jectory planning [13] to the design of irrigation networks [5];
several of these obviously entail expensive simulation or exper-
imental steps. Nonetheless, and perhaps due to the focus made
on improvements to the computational overhead of MOEAs
per evaluation, their effectiveness in applications where very
few function evaluations can be afforded has only recently
been investigated in a few isolated papers. For example, two
MOEAs that sample the search space by making explicit use
of all previously visited points, and explicitly avoid, oversam-
pling of fit regions, were proposed in [31]. And in [25] the
case of dynamic multiobjective optimization, where the fitness
function changes over time, requiring a rapid re-optimization
to track it, was tackled using a hybrid approach combining
deterministic local search routines that are efficient in function
evaluations, with a (1+1)-ES. These kinds of methods appear
to be promising, outperforming more conventional MOEAs
on the test problems used, when the number of function
evaluations is the limiting factor. Nonetheless, it would seem
that further savings of precious function evaluations could
be made by learning the cost landscape from all previously
visited points, and by using this to estimate the ‘best’ place
to sample next (either to improve the model the most or to
obtain a better solution, or both).

Learning a cost landscape from a set of solution/cost pairs
is variously called surrogate, approximate or meta- modeling
in the literature. The idea of selecting the next solution to
sample in order to maximize the improvement in the model
is known as active learning [10] in the machine intelligence
literature. These approaches have received little attention (and
only very recently) in evolutionary multiobjective optimization
but meta-modeling has a relatively rich history in optimization
of a single objective. In design engineering, meta-modeling is
usually known as the response surface method [1], [42], and
involves fitting a low order polynomial via some form of least
squares regression. A closely related approach, deriving from
geology, is Kriging, whereby Gaussian process models are
parameterised by maximum likelihood estimation. A particular
example of this is known as the Design and Analysis of
Computer Experiments (DACE) model [52], which forms the
basis of the EGO algorithm, described in the next section.
Optimization methods using response surfaces and/or Kriging
meta-models have been successfully used in aeronautical de-
sign/engineering applications where only tens or hundreds of
function evaluations are possible [57]. In the case of EGO,
four low-dimensional multimodal test functions have been
optimised to within 1% of optimal in the order of 100 function
evaluations [35].

In the evolutionary algorithm community, response surface
and Kriging methods have also been used within EAs, to

model either the global landscape [4], [21], [29], [41], [50]
or a local region of it [51], in order to reduce the number
of expensive function evaluations that need to be carried
out during optimization. In addition, similar goals have been
obtained using artificial neural networks (either MLPs or RBF
networks). Detailed reviews of all these meta-model based
EAs can now be found in recent review papers [48], [34],
[33], along with new approaches that try to manage the meta-
models optimally with respect to the conflicting concerns of
optimization and the design of experiments (i.e. improving the
model) [47], [48]. Finally, a related but somewhat different
approach was proposed recently in [11], in which optimiza-
tion of an expensive function is tackled by modeling fitness
transitions using a finite state machine and, offline, running
a number of different evolutionary algorithms on the model,
in order to choose the most efficient one. This approach may
be attractive when one has many optimization tasks to do on
the same or very similar landscapes but a certain investment
is needed to build up a sufficiently good model.

Returning to the case of multiple objective functions, we
see that a few recent papers have begun to investigate the use
of meta-models in MOEAs. Most of these have considered
the use of neural networks. The study in [43] demonstrates
the use of a neural network approximation combined with the
NSGA-II algorithm; the neural net having k outputs, one for
each objective function. In this approach, generations using the
real evaluation function are alternated with generations using a
multi-layer perceptron model of the function derived from the
samples collected from the earlier generations. Some speedup
is observed over using the original exact fitness function alone,
but the study is limited to a single, curve-fitting problem.
More recently, [27] and [28] propose and compare two more
methods employing neural networks. The first method follows
Nain and Deb’s approach, though with a different MOEA
being used. The second method is a significant departure
from most other meta-modeling schemes, however: an inverse
neural network is used to map back from a desired point in
the objective space (beyond the current Pareto front) to an
estimate of the decision parameters that would achieve it. Test
function results presented in [28] for the latter look particularly
promising, though fairly long runs (of 20000 evaluations) are
considered and it is not clear that on much shorter runs the
method would offer significant gains. Finally, a different type
of neural network, a self-organizing map, has been employed
in [3] to replace standard variation operators with adaptive
ones. However, so far, tests have not explicitly compared the
performance of this approach with other methods.

Most recently, three papers [20], [22], [23] have appeared
that use a Kriging approach based on the DACE model [52]
within an MOEA. This approach is the most similar to the one
developed independently by the author and described herein.

III. THE EGO ALGORITHM

The EGO algorithm for global optimization of expensive
black-box functions was first introduced and described in [35].
It makes use of ‘Kriging’ to model the search landscape
from solutions visited during the search. More specifically,



12 T T T
uncertainty in model at circled point

shown as probability

density

standard
error

Fig. 1.
above) can be treated as if the value there were a realization of a normal
random variable with mean and standard deviation given by the DACE model
and its standard error [ Adapted from [35] ]

The uncertainty about the function’s value at a point (such as x=8

it exploits a version of the design and analysis of computer
experiments (DACE) model of [52], based on Gaussian pro-
cesses. We do not give a mathematical description of EGO or
DACE here, but simply provide some motivation for its choice
in this study, and a brief description of the main procedures
involved. The reader is referred to [35] for a fuller explanation.

The DACE model used in Jones [35], like any other method
of supervised learning, is subject to certain no-free-lunch
theorems [59], similar to those for optimization, that means its
general application cannot be recommended on any theoretical
basis. Nonetheless, on functions where we expect a degree
of local smoothness, where noise is low, and the number of
dimensions is not excessive, the DACE model seems to be
a good choice for building the kind of approximation that is
needed by a search algorithm restricted to a low number of
function evaluations. In particular:

« The model always interpolates the points (independently
of the chosen parameters of the model)

o The model has a small, fixed number of parameters: 2d+2
of them, where d is the dimension of the function to be
optimized

o The likelihood of the model given the data has a simple
closed form expression from which it is possible to
compute the maximum likelihood model — giving the
approach a sound statistical interpretation

e The error in the expected cost of a solution also has a sim-
ple, closed form expression. Thus, the model estimates its
own uncertainty.

The last point above is of particular relevance. Knowledge
of the error in the response surface is a useful property
when searching a cost landscape, and EGO makes use of this
property explicitly, as we explain below.

The EGO algorithm begins by first generating a number
of solutions in a latin hypercube (i.e., a space-filling design),
and by then finding the maximum likelihood DACE model that
best explains these solutions (making use of some suitable op-
timization algorithm). To generate a new solution to evaluate,
EGO searches for the solution that maximises what Jones et
al [35] call “the expected improvement”— the part of the curve
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of the standard error in the model that lies below the best cost
sampled so far (see Figure 1). This effectively means that EGO
weighs up both the predicted value of solutions, and the error
in this prediction, in order to find the one that has the greatest
potential to improve the minimum cost. EGO does NOT just
choose the solution that the model predicts would minimize
the cost. Rather, it automatically balances exploitation and
exploration: where a solution has low predicted cost and low
error, it may not be as desirable as a solution whose predicted
cost is higher but whose associated error of prediction is
also higher. Importantly, the EGO algorithm uses a closed
form expression for the expected improvement and it is thus
possible to search the decision space globally for the solution
that maximises this. Once a new solution has been chosen
and evaluated (using the true, expensive cost function), the
DACE model is updated with this new information, and the
next solution is chosen using this updated model.

Computing the maximum likelihood model at each step of
EGO requires several hundred or thousand matrix inversions
on a square matrix of dimension equal to the number of
solutions so far sampled. As such, it is rather expensive
in terms of computation per evaluation, and this overhead
increases with time. However, if EGO is efficient with respect
to the number of function evaluations needed to reach a given
cost, the computational cost can be considered irrelevant in
many optimization contexts.

Before we go on to explain how we extend EGO to
the multiobjective optimization case, we first give details of
our own implementation of the basic algorithm, and some
illustrative test results.

A. Implementation of EGO

EGO was implemented in C using the open source matpack
library* for coding the matrix operations. The initial solutions
are generated using a latin hypercube routine, following a
description in Numerical Recipes [49]. The number of initial
solutions is set to 11d — 1, where d is the dimension of the
function to be optimized, as suggested in [35].

In order to optimise the likelihood function, the Nelder and
Mead downhill simplex routine from Numerical Recipes [49]
has been used. This is restarted twenty times in order to give a
more robust search of the model space. In order to find the best
solution to visit next, a genetic algorithm is embedded within
EGO, to search the decision parameter space globally. We have
not used branch and bound to find the best solution to visit,
as suggested by Jones et al., simply because of the difficulty
of implementing it, particularly for the more complicated case
of constrained optimization, which we would like to tackle in
future.

Because the computational overhead increases with each
function evaluation, we have found it necessary to cap the size
of the correlation matrix (on which the model is based) to have
a maximum dimension of 80 3. This means that beyond the

4www.matpack.de

SA different library for matrix operations (from
http://cpplapack.sourceforge.net/doc/html/ ), based on ATLAS, is being
investigated with the hope that it will reduce this problem.
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80th function evaluation, 80 solutions are selected at random
without replacement from the list of all previously visited
solutions — and the DACE model for that iteration is based on
these. Potentially, this reduces the accuracy and reliability of
EGO (potentially causing it to revisit points). However, beyond
matrix sizes of about 80-100, EGO was taking several minutes
per evaluation (and this begins to increase dramatically). For
testing, this is prohibitive, although in practice a function
evaluation can easily take much longer than this. In ParEGO,
we also cap the size of the model but use a slightly more
advanced selection procedure, as described in Section IV.

B. Testing the implementation of EGO

Testing of our implementation of EGO was carried out on
multimodal (epistatic) functions, up to a dimension of about
10, taken from [41]. On each function, we ran EGO (51 times)
for just 20d evaluations (where d is the dimension of the
function). In order to get some idea of the quality of these
results, we compare with a random search algorithm (Tables 1
and 2), and with the published results of Liang et al [41],
who implement an evolutionary algorithm also with landscape
approximation (Table 3). The former results are generally more
useful: these allow one to estimate the quality of solutions
reached by EGO in terms of the number of solutions in the
search space that have that cost or a lower one. The results
show that EGO is up to 250 times faster than random search
(on four of the functions), more than 50 times faster on a
further four, and, at worst, about the same as random search
on one highly multimodal function.

The results presented in Table 3 are useful only in that they
suggest EGO 1is performing very well on some functions (far
better than the EA of Liang et al); but in general it is hard to
make comparisons because Liang et al’s algorithm is run for
1 to 3 orders of magnitude longer (in terms of evaluations)
than we run EGO for.

IV. EXTENDING EGO TO THE MULTIOBJECTIVE CASE:
PAREGO

The EGO algorithm could be extended for use with multiob-
jective optimization problems in a number of different ways.
The simplest approach, which we investigate here, converts
the k different cost values of a solution into a single cost
via a parameterised scalarizing weight vector. By choosing
a different (parameterisation of the) weight vector at each
iteration of the search, an approximation to the whole Pareto
front can be built up gradually.

ParEGO begins by normalizing the k cost functions with
respect to the known (or estimated) limits of the cost space,
so that each cost function lies in the range [0,1]. Then, at
each iteration of the algorithm, a weight vector A is drawn
uniformly at random from the set of evenly distributed vectors
defined by:

A= {A: M2y ) | 50 = 1A

M)
Vi, Aj=1/s,1€ {o,...,s}},

with [A| = (s',’;le), so that the choice of s determines how
many vectors there are in total. The scalar cost of a solution

is then computed using the augmented Tchebycheff function:

k
Ia@) = max(X . f(@) +p Y N-file) @
j=1

where p is a small positive value which we set to 0.05. It would
be possible to use other scalarizing functions — the augmented
Tchebycheff function has been chosen here because the non-
linear part of the function means that points on non-convex
regions of the Pareto front can be minimizers of this function,
and thus non-supported solutions can be obtained, while the
linear part of the function ensures that solutions that are
weakly dominated by Pareto optimal solutions are rewarded
less than Pareto optimal ones. Using (2) the scalar costs of
all previously visited solutions is computed and, using all
or a selection of these, a DACE model of the landscape
is constructed by maximum likelihood. The solution that
maximises the expected improvement with respect to this
DACE model is determined. This becomes the next point, and
is evaluated on the real, expensive cost function, completing
one iteration of ParEGO.

Pseudocode for the entire ParEGO algorithm is given in
Algorithm 1. As in our implementation of EGO, the Nelder
and Mead downhill simplex algorithm is used (with 20 restarts)
to maximize the likelihood of the DACE model (line 25 of
Algorithm 1). The evolutionary algorithm used within ParEGO
to search for the solution which maximises the expected
improvement (line 28) is implemented as follows.

« Population size: 20 solutions

« Population update: steady state (one offspring produced
per generation, from either a crossover or cloning event,
followed by a mutation)

« Generations/evaluations: 10,000 evaluations

« Reproductive selection: binary tournament without re-
placement

« Crossover: simulated binary crossover [18] with proba-
bility 0.2, producing one offspring

« Mutation: parameter value shifted by
+1/100.p.(parameter range), where g is  drawn
uniformly at random from (0.0001,1), and p,,, the
per-gene mutation probability, is 1/d.

« Replacement: offspring replaces (first) parent if it is
better, else it is discarded

o Initialization: 5 solutions are mutants® of the 5 best
solutions evaluated on the real fitness function under
the prevailing A vector; the remaining 15 solutions are
generated in a latin hypercube in parameter space

In practice, on a very expensive cost function, all solutions
evaluated should be used to update the DACE model, at every
iteration. However, in our experiments (because of the need
to do 21 runs on a large number of functions to collect
performance data), we used a simple, heuristic method of
choosing a subset of the solutions evaluated to update the

6The mutation is carried out as described above except that mutants are
checked to ensure they are different from their parents.
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TABLE I
RESULTS OF RUNNING OUR IMPLEMENTATION OF EGO ON OUR 13 TEST FUNCTIONS (6 ARE SHOWN ABOVE — THE REMAINING 7 ARE IN TABLE 2).
COLUMN 1 GIVES THE NAME OF THE FUNCTION, WHILE COLUMNS 2 AND 3 GIVE, RESPECTIVELY, ITS DIMENSION d AND ITS NUMBER OF LOCAL

OPTIMA. COLUMN 4 SHOWS THE MEDIAN BEST EVALUATION REACHED FROM 51 RUNS OF EGO, WHERE THE NUMBER OF FUNCTION EVALUATIONS

USED IN EACH RUN, IS JUST 20d, WHERE d IS THE DIMENSION OF THE FUNCTION. COLUMNS 5 AND 6 SHOW THE MEDIAN EVALUATION REACHED BY 51

RUNS OF RANDOM SEARCH FOR THE NUMBER OF FUNCTION EVALUATIONS INDICATED. THE MEDIAN VALUE WHICH IS CLOSEST TO EGO’S IS SHOWN IN

BOLD FONT. COLUMNS 7 AND 8 SUMMARISE THE RESULTS OF MANN-WHITNEY RANK-SUM TESTS BETWEEN EGO AND THE RANDOM SEARCH

ALGORITHM. THE “EGO WINS” COLUMN GIVES THE NUMBER OF ITERATIONS THAT A RANDOM SEARCH CAN BE RUN (IN TERMS OF A MULTIPLE OF
EGO’S NUMBER OF ITERATIONS), AND STILL BE STATISTICALLY BEATEN BY EGO (WITH HIGHEST ASSOCIATED CONFIDENCE LEVEL). THE FINAL

COLUMN INDICATES THE SAME THING, BUT WHERE NO DIFFERENCE BETWEEN THE ALGORITHMS’ PERFORMANCE CAN BE FOUND (AND THE lowest
CONFIDENCE LEVEL AT WHICH THE TEST would HAVE FOUND A DIFFERENCE HAD THERE BEEN ONE). ON FIVE TEST FUNCTIONS, EGO 1S 250 TIMES
FASTER THAN RANDOM SEARCH, ON FOUR OTHERS IT IS BETWEEN 50 AND 250 TIMES FASTER. AN INTERPRETATION OF THE RESULTS IS THAT, E.G. ON
f17, EGO FINDS A FUNCTION VALUE THAT IS SHARED OR BETTERED BY LESS THAN APPROXIMATELY 1/50000d = 0.001% OF THE ENTIRE SEARCH
SPACE, IN JUST 40 FUNCTION EVALUATIONS. EGO GENERALLY PERFORMS WORST ON THE FUNCTIONS WITH VERY MANY LOCAL OPTIMA, THOUGH IT

DOES WELL ON BOTH THE GENERALISED GRIEWANK AND SCHWEFEL FUNTIONS (HERE WITH 6 AND 10 DIMENSIONS, RESPECTIVELY, RATHER THAN

THE USUAL 30 — SEE TABLE 2)

Function d #opt || EGO (20d evals) | Random search  (#evals) EGO wins No diff
f1a 2 25 10.7634 54.696730 (20d) 2X (99%) 5X (90%)
17.379662 (40d)
10.785819 (100d)
2.054400 (1000d)
1.022432 (5000d)
fis 4 00 0.0313316 0.068178 (20d) 2X (99%) 5X (90%)
0.046495 (40d)
0.025082 (100d)
0.004304 (1000d)
0.002271 (50004)
fi6 2 6 -1.03149 -0.003015 (20d) 250X (99%) -
-0.247832 (40d)
-0.680195 (100d)
-1.005488 (1000d)
-1.024494 (5000d)
fi7 2 3 0.400733 2717814 (20d) 100X (99%) 250X (90%)
1.824595 (40d)
1.522864 (100d)
1.411058 (1000d)
1.401838 (5000d)
fis 2 4 4.56758 36.718825 (20d) 5X (95%) 50X (99%)
22.858280 (40d)
6.779331 (100d)
3.341144 (1000d)
3.112699 (50004)
fio 3 4 -3.86258 -3.556176 (20d) 250X (99%) -
-3.730429 (40d)
-3.763582 (100d)
-3.835820 (1000d)
-3.856405 (5000d)

model, as follows: At each iteration: (i) if the iteration number
iter is less than 25, all 11d—1+iter solutions evaluated so far,
are used to update the model; and (ii) if iter > 25 a subset of
11d — 1+ 25 solutions is used, where the first half of them are
the best j solutions under the prevailing scalarizing vector A
and the other half are selected at random without replacement.
Further details of the parameter settings used in ParEGO are
given in Table 5.

V. TEST FUNCTION SUITE
A. Notes on the selection of functions

A number of good attempts at designing test function
suites and/or general schemes for test function generation have

been proposed in the multiobjective optimization literature,
of which those described in [19], [46], [56] are some of the
best. The DTLZ functions in [19] are very popular, partly
because they are scalable in the number of objectives and
parameters, and partly because each function is accompanied
by a description explaining exactly what difficulty it poses to
an MOEA, and also allowing this to be easily tuned. However,
while it is tempting to employ this suite wholesale, there is (at
least) one drawback to it, which leads us to include functions
from [56] and [46] as well.

The drawback in Deb et al’s suite is that most of the
functions work on a scheme where only k — 1 parameters
control the position parallel to the Pareto front in the objective
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TABLE II
THE RESULTS ON THE REMAINING SIX TEST FUNCTIONS. SEE TABLE 1 CAPTION. THE NUMBER OF LOCAL OPTIMA IN THE GRIEWANK FUNCTION IS NOT
KNOWN — THOUGH FOR A 30-DIMENSIONAL VERSION OF THE SAME FUNCTION IT IS ~ 1054,

Function d #opt || EGO (20d evals) | Random search  (#evals) EGO wins No diff
f20 6 4 -3.30147 -2.016387 (20d) 250X (99%) -
-2.372988 (40d)

-2.607558 (100d)
-3.011547 (1000d)
-3.093685 (5000d)
fa 4 5 -2.43167 -0.536953 (20d) 50X (95%) 100X (90%)
-0.656933 (40d)

-0.908331 (100d)
-2.296372 (1000d)
-3.356989 (5000d)

foo 4 7 -2.51587 -0.762930 (20d) 50X (95%) 100X (90%)
-1.029108 (40d)
-1.468311 (100d)

-2.264707 (1000d)
-3.589095 (5000d)

fas3 4 10 -2.69769 -0.966357 (20d) 50X (90%) 100X (90%)
-1.106497 (40d)
-1.463071 (100d)

-2.613725 (10004d)
-3.741701 (5000d)

fa 2 00 0.345967 0.319360 (20d) - 1X (90%)
0.203386 (40d)
0.179859 (100d)

0.038538 (1000d)
0.014670 (5000d)
Griewank 6 ? 1.0205 41.558208 (20d) 250X (99%) -
30.257815 (40d)

24.441566 (100d)
11.717705 (1000d)
6.968934 (5000d)
Schwefel 10 > 10° -4186.97 -3745.924 (20d) 250X (99%) -
-3812.0805 (40d)

-3900.232 (100d)
-4025.030 (1000d)
-4079.477 (5000d)

TABLE III
COMPARISON OF EGO WITH PUBLISHED RESULTS OF RUNNING EANA [41] ON THE 11 LOWER-DIMENSIONAL FUNCTIONS. FOR EGO, WE RAN FOR
EXACTLY 20d FUNCTION EVALUATIONS (COLUMN 2) AND QUOTE THE MEAN AND BEST COST FOUND FROM 51 RUNS (COLUMNS 3 AND 4,
RESPECTIVELY). FOR EANA, THE ALGORITHM WAS STOPPED WHEN IT REACHED EITHER THE GLOBAL OPTIMUM (UP TO THE PRECISION OF THE
COMPUTER) OR SOME UNSPECIFIED EVALUATION LIMIT [41]. THUS, THE MEAN NUMBER OF EVALUATIONS IS REPORTED (COLUMN 5) AND THE MEAN
COST OF THE SOLUTION OVER THE 50 RUNS PERFORMED (LAST COLUMN). COMPARISON IS DIFFICULT BUT ON SOME FUNCTIONS, EGO OCCASIONALLY
REACHES COMPARABLE FITNESS LEVELS ONE OR TWO ORDERS OF MAGNITUDE FASTER THAN THE MEAN NUMBER OF FUNCTION EVALUATIONS QUOTED
FOR EANA. (EANA IS AN EVOLUTION STRATEGY, ALSO BASED ON BUILDING LANDSCAPE APPROXIMATIONS)

Function EGO EANA

#evals mean best mean #evals mean
f14 40 20.7267 0.998029 1685 7.36
fis 80 0.0309024 0.00157531 31645 0.000307
fi6 40 -1.03019 -1.031628 863 -1.031628
fir 40 0.438083 0.3979 945 0.3979
fis 40 12.8115 3.00007 822 3
fio 60 -3.8624 -3.86278 1297 -3.86
f20 120 -3.2562 -3.32135 8357 -3.3128
fo1 80 -2.72465 -6.60786 2958 -9.6512
fo2 80 -2.70663 -7.66332 2880 -9.1430
fa3 80 -3.32506 -10.276 3118 -9.5767
foa 40 0.330584  0.0393655 1181 0.0297




Algorithm 1 ParEGO pseudocode
1: procedure PAREGO(f, d, k, s)
2: xpop[] + LATINHYPERCUBE(d)
procedure defined in line 15 */

/* Initialize using

3: for each i in 1 to 11d — 1 do

4: zpop[i] + EVALUATE(zpop[i], f) /* (line 36) */

5: end for

6: while not finished do

7: A < NEWLAMBDA(k, s) /% (line 19) */

8: model < DACE(zpopl ], zpop[], A) /* (line 22) */

9: znew < EVOLALG(model, zpop[]) /* (line 28)
*/

10: zpop|] « zpop[| U {znew}

11 znew <+ EVALUATE(znew, f)

12: zpop[] < zpop[] U {znew}

13: end while

14: end procedure

15: procedure LATINHYPERCUBE(d)

16: divide each dimension of search space into 11d — 1
‘rows’ of equal width
17: return 11d — 1 vectors x such that no two share the

same ‘row’ in any dimension
18: end procedure

19: procedure NEWLAMBDA(k, s)

return a k-dimensional scalarizing weight vector cho-
sen uniformly at random from amongst all those
defined by equation 1

21: end procedure

22: procedure DACE(zpop[], zpop[], A)

23: compute the scalar fitness fx of every cost vector in
zpop[ ], using equation 2)

24: choose a subset of the population based on the com-
puted scalar fitness values

25: maximize the likelihood of the DACE model for the
chosen population subset

26: return the parameters of the maximum likelihood
DACE model

27: end procedure

28: procedure EVOLALG(model, xpopl])

29: initialise a temporary population of solution vectors,
some as mutants of zpop[] and others purely
randomly

30: while set number of evaluations not exceeded do

31 evaluate the expected improvement of solutions

using the model

32: select, recombine and mutate to form new popula-

tion

33: end while

34: return best evolved solution

35: end procedure

36: procedure EVALUATE(z, f)

37: call the expensive evaluation function f with the
solution vector x
38: return true cost vector z of solution x

39: end procedure
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space, with all the remaining parameters controlling distance fo
the front (i.e., the problems are separable). From this, a natural
bias is given to recombination-based EAs because, once a few
points on the true Pareto front are found, recombination tends
to propagate and preserve the parameters which are common to
them (which is all of them, bar the first k—1), while searching
over the other parameters, leading to a very fast spreading
out over the entire front. Unfortunately, many real-world
multiobjective optimization problems are not structured like
this; rather, each different optimal tradeoff solution requires
changing all or many of the decision parameters.

In [46], similar observations in respect of the DTLZ func-
tions have been made, and furthermore, it was also observed
that the Pareto fronts of many other test functions consist of
piecewise linear curves and/or single points in the parameter
space. The paper goes on to propose a scheme for generating
functions that, like [19], allows some different problem diffi-
culties to be incorporated and tuned, combined with a greater
control of the curves/surfaces in parameter space comprising
the Pareto front. Two example functions using this general
scheme are given, and it is these that we employ in our suite.

The functions we employ from [56] are not part of an
overall tunable scheme but have been popular in the literature.
VLMOP2 has a concave Pareto front while VLMOP3’s Pareto
front is both nonlinear and asymmetric.

Overall, the final selection of nine test functions includes
functions from two to eight decision parameters; functions
with a very low density of solutions at the Pareto front;
functions with locally optimal Pareto fronts; functions where
the Pareto set follows a complicated curve in the parameter
space; functions where the Pareto front is disconnected in
objective space; and functions where the density of points
parallel to the Pareto front is non-uniformly distributed. There
is thus a good deal of variety in the difficulties that they
pose. We have nonetheless been restrictive in some particular
aspects: all functions are unconstrained and while difficult, are
not overly high-dimensional (in parameter space), and have
a reasonable, rather than pathological degree of ruggedness.
And, we have kept to functions of two and three objectives
only. These restrictions accord with our description (in Sec-
tion 1) of certain kinds of expensive engineering/scientific
problem, where we hope to obtain good results in a very small
number of function evaluations.

In the following we describe each of our test functions in
turn.

KNO1
This test function is the only one not borrowed from the
existing literature. There are just two parameters and two
objectives in the problem:
Minimize f; = 20 — 7 cos(¢),
Minimize fo = 20 — rsin(¢),
r=9—[3sin(5/2(x; + 22)?) + 3sin(4(z; + z2))+
5sin(2(z1 + z2) + 2))],
¢ =7/12(x1 — x> + 3),
z1,22 € [0,3].
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The distance from the Pareto front, controlled by r, is a
function of the sum of the two decision parameters, while
the location transverse to the Pareto front is controlled by the
difference between the two parameters. Thus, each point on
the Pareto front is unique in both parameters: the Pareto set
is made up of all pairs of parameters that sum to 4.4116. The
true Pareto front has a greater extent than, and lies just beyond,
a locally optimal Pareto front with a much larger basin of
attraction. Altogether, there are fifteen locally optimal fronts
in this function.

OKAI

The OKAT1 test function [46] is defined as:

Minimize f; = i,

Minimize f» = V271 — y/|z! | + 2|z} — 3cos(z}) — 3|3,
xy = cos(m/12)x1 — sin(w/12)z2,
xh = sin(m/12)x1 + cos(m/12)x,
x1 € [6sin(m/12), 6 sin(m/12) + 27 cos(m/12)],
xo € [—2mwsin(w/12), 6 cos(m/12)].

m

The Pareto optima (in the parameter space) lie on the curve,
xzh =3cos(z})+3 (2} €[0,2n]). In addition the density of
solutions falls away near to the Pareto front.

OKA2
The OKAZ2 test function [46] is defined as:
Minimize f; = zy,
Minimize fo =1 — 4—71r2(:c1 + )% + |2g — 5cos($1)|%+
|zg — 5sin(x1)|%
x1 € [-m, 7], 2,x3 € [-5,5].

The Pareto optima lie on a spiral-shaped curve in the 3-
dimensional parameter space. In addition the density of so-
lutions falls away steeply near to the Pareto front.

VLMOP?2

Veldhuizen and Lamont’s MOP2 function [56] is scalable
in the number of decision variables. We use just two:

Minimize fi =1 —exp [ —

> (wi—1/vn) ],

{i=1,...,n}
Minimize fo =1+exp [ — Z (z; —1//n)? |,
{i=1,...,n}

x1,T2 € [—2,2],n =2.

The Pareto front is concave and the Pareto optima lie on the

diagonal passing from —1/4/n,—1/y/n to 1/4/n,1/y/n in

parameter space.

VLMOP3

Veldhuizen and Lamont’s MOP3 [56] is a three-objective
function of two decision variables:

Minimize f; = 0.5(z + y2) + sin(z? + y?),

— 2y +4)? —y+1)?
Minimize f, = (o =2y +4) (w-y+1) + 15,
8 27
1
Minimi =————-11 —z? —y?
inimize f3 oSy exp(—z° — y°),
z,y € [-3,3].

This test function has a disconnected Pareto optimal set, and
the Pareto front is a curve ‘following a convoluted path through
objective space’.

DTLZIa

We have selected four of the test functions described in [19],
and have made alterations to them in order to keep the number
of decision variables small, and/or to reduce the ruggedness
to ‘reasonable’ levels. We append an “a” to the name of these
functions to show that we have changed them slightly.

The first function from [19], DTLZI1, is used with two
objectives and six decision variables here. This gives the
following function, DTLZ1a:

1
Minimize f; = 53:1(1 +9),

1
Minimize f, = 5(1 —z1)(1+g),

g=100 |5+ > (a;—0.5)% — cos(2m(z; — 0.5)) | ,

i€{2,...,6}
z; €10,1],5 € {1,...,n},n=6.

The ruggedness of the function is controlled by the g function.
In the original DTLZ1, 207 is used in the cosine term, giving a
total of 11% —1 local Pareto optimal fronts. This is excessively
rugged for our purposes, hence we use 27 instead. The Pareto
optimal set consists of all solutions where all but the first
decision variables are equal to 0.5, and the first decision
variable may take any value in [0, 1].

DTLZ2a and DTLZ4a

The next two test problems have three objective functions
defined on eight decision variables. DTLZ2a and DTLZ4a are
given by:

Minimize f; = (1 4 g) cos(z{'7/2) cos(x57/2),
Minimize fo = (1 4 g) cos(z{n/2) sin(z§m/2),
(1 + g)sin(zf7/2),

Minimize f3

g= Y, (& —05)7
ie€{3,...,8}
z; €10,1],5€ {1,...,n},n =8,

if function is DTLZ2a
if function is DTLZ4a.

—_ 17
] 100,



The Pareto front is one eighth of a sphere of radius 1, centred
on 0,0,0. The Pareto optimal set consists of all solutions
where all but the first decision variables are equal to 0.5,
and the first decision variable may take any value in [0, 1].
The effect of setting o = 100 is to severely bias the density
distribution of solutions toward the f3 — f; and fs — fi planes.

DTLZ7a

This problem has four disconnected regions in the Pareto
front (in objective space):

Minimize f; = 21,

Minimize fy = z2,
Minimize f3 = (1 + g)h,
g=1+9/6 >
ie{3,...,8}
h=3- Z [1J_:_ig(1 +sin(3wf;))| ,

i€{1,2}
z; € [0,1],4 € {1,...,n},n = 8.

VI. SELECTED PERFORMANCE ANALYSIS TECHNIQUES

The output of a multiobjective optimizer for a single run is
an approximation set: the set of all nondominated points found
during the run. Assessing the performance of optimizers thus
relies upon some means of measuring or comparing the quality
of one or more approximation sets. Many such performance
indicators’ exist in the literature but it has been shown in
some recent works [38], [39], [61] that several of these are
not consistent with the partial ordering of approximation sets
that follows logically from the basic principles of Pareto
optimization. For example, in the worst case, two sets of
nondominated points, A and B may be compared, where every
point in B is dominated by at least one point in A, and yet
B yields a better evaluation under the chosen indicator [39].
This is particularly the case for indicators that try to assess one
isolated aspect, such as the diversity, extent or proximity to
the Pareto front, of a nondominated set. Fortunately, indicators
that simultaneously take into account all of these aspects of
what it means to be a good nondominated set do exist, and
moreover they are compatible and/or complete with respect to
the true partial ordering of nondominated sets. Two such ‘well-
behaved indicators’, which we choose to use in our experi-
ments, are the hypervolume indicator and the binary epsilon
indicator, described below. For a more detailed discussion of
assessment methods, the reader is referred to [61], where a
full classification of indicators is given.

In addition to choosing appropriate performance indicators,
one must also decide how to collate and interpret the results
from multiple runs, and how to present results graphically,
if at all. Since, in our optimization scenario, it is likely that
there would be just one (or, perhaps, two) shots at performing
the optimization, the average-case and worst-case performance

TWe prefer the term ‘indicator’, following [61], because the terms ‘measure’
and ‘metric’ have reserved meanings in mathematics that not all indicators
conform to.
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Fig. 2. Five attainment surfaces are shown, representing the output of five
runs of an optimizer. The two diagonal lines intersect the five surfaces at
various points; in both cases, the circle indicates the intersection that weakly
dominates at least 5 — 3 4+ 1 = 3 surfaces and is also weakly dominated by
at least 3 surfaces. Therefore, these two points both lie on the third summary
attainment surface

are paramount. Hence, for each, test function the following
information is given:

o the mean/median results of individual runs (as well as
standard deviation/interquartile ranges)

« the statistical significance of differences in the distribu-
tions

« for the 2-objective functions only, plots of the median,
and worst attainment surfaces achieved

« for the 3-objective functions only, plots of the worst
attainment surfaces achieved only (since 3d plots showing
other surfaces are visually confusing).

We give all details in the following sections and also make
our assessment methods source code available for public use
at [37].

A. Hypervolume indicator (a.k.a the S measure) [60]

This indicator assesses the size (hypervolume or Lebesgue
integral) of the region dominated by a sample set of points,
thus larger values generally indicate better nondominated sets.
The region itself must be bounded from above in some way,
and for this some point b is chosen, which must itself be
dominated by every point in the sample set.

The hypervolume indicator S is well-behaved in the sense
that given two sets, A and B, and using the same bounding
point, if S(A) > S(B) then it cannot be the case that B is
better than A (where better is used in the sense defined in [61]).
However, it must be noted that this result does not imply
that A is better than B, either. Nonetheless, in the absence
of preferences, and with a reasonable choice of bounding
point, the S measure gives results that concur with intuition
— proximity to the true PEF, extent and evenness of solutions
all tend to be rewarded.

In order to choose a bounding point for application of the
S measure, we use the following method. First, the collection
of nondominated point sets from all runs of all algorithms are
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Fig. 3. Five sets of nondominated points and the best, median and

worst attainment surfaces that they define. The interpretation of the median
attainment surface is that, for every point on it (independently), a point
(weakly) dominating this was obtained in at least 50% of the nondominated
sets. Similarly, the worst attainment surface indicates the goals achieved in
100% of the sets. The best attainment surface indicates the goals achieved
by the aggregation of all sets. In this study, the best attainment surface is
irrelevant and is not included in plotted results

aggregated into a single superset. Then, the ideal and the anti-
ideal point of this superset is found. The bounding point is
then the anti-ideal point shifted by § times the range, in each
objective:

b = (bl,b2,---;bk);

b; = max; + é(maz; — min;),

with
je {17"'7k}7

where max; and min; are the maximum and minimum value,
respectively, on the jth objective, found within the superset.
We use § = 0.01 here.

For the analysis of multiple runs, we compute the S
measure of each individual run, and report the mean and the
standard deviation of these. Since the distribution of ParEGO
and NSGA-II’s results are not necessarily normal, we use
the Mann-Whitney rank-sum test to indicate if there is a
statistically significant difference in the position of the two
distributions.

B. Additive binary epsilon indicator

There are two ways in which the hypervolume indicator,
used on its own, can be misleading. First, there is no way,
from looking at S values in isolation, of inferring whether one
set is actually better than another in a strict sense. Secondly,
the choice of bounding point is rather arbitrary, and this can
affect the ordering of some pairs of sets.

A method that avoids these particular difficulties is the
additive binary epsilon indicator [61]. This takes a pair of
nondominated sets A and B and returns a pair of numbers,

(IA;IB)
Ipn=I4,(AB)= ige{\fzz €B3F eAd: <%
€
I =1I,(B,A) = inge{v% € A3 €B:2' < 27}
4SS

where 2! <. 22 iff Vj in {1,...,k} : 2} < €+ 22
assuming minimization. (Note, 2! <., 2% is read as 2!
epsilon-dominates 22). A pair of numbers (I4 < 0,1 > 0)
indicates that A is strictly better than B [61]. A pair of
numbers (I4 > 0,Ig > 0) indicates that neither set is strictly
better than the other — they are incomparable [61]. However,
if I4 is less than Ipg, then in a weaker sense, it is better
because the minimum e value needed so that approximation
set A e-dominates B is smaller than the e value needed for
B to e-dominate A. In the results we present, unnormalized
objective values have been used in the computation of T4 and
Ip.

To summarise the results of multiple runs, we compute the
binary epsilon indicator for each pair of runs in turn and then
report on the median and interquartile range values of I4
and Ip. We prefer the median and IQR to the mean and SD
because if the median for either algorithm is less than zero,
then this has a precise interpretation — that it was strictly
better than the other algorithm on at least 50% of runs. We
again use the Mann-Whitney rank sum test to decide if the
distribution of I4 values is different from the distribution of
Ip values.

C. Median and worst attainment surface plots

An attainment surface is the surface uniquely determined by
a set of nondominated points that divides the objective space
into the region dominated by the set and the region that is
not dominated by it [26]. Given n runs of an algorithm, it
would be nice to summarise the n results attainment surfaces
obtained, using only one or two summary surfaces. Such
summary attainment surfaces can be defined by imagining a
diagonal line in the direction of increasing objective values
cutting through the n results attainment surfaces (see Figure 2).
The intersection on this line that weakly dominates at least
n —p+ 1 of the surfaces and is weakly dominated by at least
p of them, defines one point on the ‘pth summary attainment
surface’. This surface is the union of all the goals that have
been attained in at least p runs (independently).

Obviously, from the definition of the pth summary attain-
ment surface, it is possible to define a median (summary)
surface (for an odd number of approximation sets) and a best
and worst (summary) surface. For illustration, we plot five
approximation sets and their sample median, best and worst
attainment surfaces in Figure 3. Notice that the interpretation
of the median surface is that, for every point on it, a point
(weakly) dominating this was obtained in more than half of
the algorithm runs. Similarly, the worst attainment surface has
the interpretation that in every algorithm run the entire surface
was (weakly) dominated. Thus, plots of these surfaces provide
more information than a mere scatter plot of the aggregation
of (nondominated) points found from several runs.

For the two-objective problems in this paper, we give
the median and worst attainment surface of ParEGO and of



TABLE IV
NSGA-II PARAMETER SETTINGS, WHERE d IS THE NUMBER OF DECISION
PARAMETER DIMENSIONS

Parameter setting
Population size 20
Maximum generations 13 [100]
Crossover probability 0.9
Real-value mutation probability 1/d
Real-value SBX parameter 10
Real-value mutation parameter 50

TABLE V
PAREGO PARAMETER SETTINGS, WHERE d IS THE NUMBER OF DECISION
PARAMETER DIMENSIONS

Parameter setting
Initial pop. in latin hypercube 11d-1
Total maximum evaluations 250

11 (k=2),15 k=3
augmented Tchebycheff

Number of scalarizing vectors
Scalarizing function

Internal GA evals per iteration 200000
Crossover probability 0.2
Real-value mutation probability 1/d
Real-value SBX parameter 10
Real-value mutation parameter 50

NSGA-II on the same plot, with ParEGO’s surfaces shown in
solid and NSGA-II surfaces shown in dashed lines. For the
three-objective problems, we show just the worst attainment
surface of the two algorithms, each on separate plots but with
the same axes. The worst attainment surface gives a very
rough indication of the worst-case performance of the two
algorithms, although it has no statistical significance.

To actually compute the points plotted, we use an algorithm
based on the one described in [53], and available from [37].

VII. EXPERIMENTAL DETAILS

To evaluate NSGA-II and ParEGO on the test suite, each
algorithm is run 21 times, and all solutions visited are stored.
The nondominated sets achieved after a particular number
of function evaluations can then be determined and used to
estimate performance.

Performance was also compared with a random search run
21 times for up to 10000 function evaluations on all problems.

A. NSGA-II parameter settings

The implementation of NSGA-II that we use is the one
available for download from Deb’s KANGAL webpage. We
use default settings (Table IV), as supplied, with one excep-
tion. The population size is reduced to 20 in order to maximise
the performance over the short run experiments. This size was
determined from some runs in which sizes from 10 to 50 were
tried. With a population size of 20, 13 generations gives 260
evaluations in all. This is comparable to the 250 evaluations
given to ParEGO. The performance of the two algorithms is
also compared at 100 evaluations.
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B. ParEGO parameter settings

The main choices in the parameter settings of ParEGO
concern the number of scalarizing vectors to use (specified
via the parameter s in Equation 1), and in the parameters of
the internal EA. For the former we chose a number which
would allow several ‘passes’ over each scalarizing vector. For
the evolutionary algorithm within ParEGO, a small number of
preliminary experiments were carried out to determine settings
that led to robust optimization of the expected improvement
of the DACE model. The full set of parameter settings used
in all runs of ParEGO are given in Table V.

VIII. RESULTS

Compared to a random search of the space, NSGA-II
does well on most problems, even though only 100 or 260
function evaluations are used. An impression of this can be
had from the plots (Figures 4 and 5) showing the median and
worst attainment surfaces for NSGA-II, compared with 1000
random solutions, plotted in objective space, on four of the
test functions. Plots of the attainment surfaces for the random
search algorithm, not shown here, suggest that NSGA-II is
better than random search over 260 function evaluations on
all the test problems.

Tables VI and VII give the results of applying the S measure
to the 21 runs of ParEGO and NSGA-II after, respectively,
100 and 250 (260 for NSGA-II) function evaluations. From
these results it is clear that ParEGO consistently dominates a
larger region of the objective space (modulo the chosen bound
point) at 250 evaluations. Not only is the mean higher, but the
standard deviation is consistently lower, sometimes by several
orders of magnitude, suggesting a much more reliable, and
better worst-case, performance. The Mann-Whitney test shows
that the differences between the two populations are significant
at the 99% confidence level, on all functions.

At 100 function evaluations, the outcome is much the same,
except for the functions DTLZ4a and DTLZ7a, where NSGA-
IT obtains a higher mean value (and is significantly better
on DTLZ7a). A possible explanation for the relatively poorer
performance of ParEGO on these two functions is that it has
actually only ‘chosen’ 13 of the solutions evaluated — the first
87 solutions being the latin hypercube — since these functions
both have 8 decision variables. If one were interested in a
strong performance after 100 evaluations on these functions,
a sparser latin hypercube may be worth considering.

Tables VIII and IX give the equivalent results for the
additive binary epsilon indicator. The results are largely in
agreement with those of the S measure, despite the fact that
the method of measurement is quite different. Once again it
is evident that ParEGO has less variation, and that after 250
(260 for NSGA-II) evaluations it is not significantly behind on
any problem. Furthermore, on one problem, OKA2, its median
indicator score is negative, indicating that its nondominated
sets are better in a strict sense than NSGA-II’s on more than
50% of runs. On two or three other problems its median
indicator value is also very close to zero, and we can confirm
that on these problems its nondominated sets are strictly better
than NSGA-II's on several of the runs.
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KNO1: ParEGO versus NSGA-II

f2
S
T
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21 NSGA-II: 100 evals -
Pareto front

0 2 4 6 8 10 12

OKA1: ParEGO versus NSGA-II

ParEGO: 250 evals'
NSGA-II: 260 evals --
Pareto front -

Fig. 4. Attainment surface plot with 1000 random search points also shown, on the KNO1 function after 100 function evaluations (left), and on the OKA1

function after 250/260 function evaluations (right)

OKA2: ParEGO versus NSGA-II
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NSGA-II: 260 evals
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VLMOP2: ParEGO versus NSGA-II
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Fig. 5. Attainment surface plot with 1000 random points also shown, on OKA?2 after 250/260 function evaluations (left), and on VLMOP?2 after 100 function

evaluations (right)
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Fig. 6.

minimize 3

NSGA-II

Worst attainment surfaces after 250/260 function evaluations for ParEGO (left) and NSGA-II (right) on the DTLZ2a function
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Fig. 7. Worst attainment surfaces after 250/260 function evaluations for ParEGO (left) and NSGA-II (right) on the DTLZ4a function
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Fig. 9. Worst attainment surfaces after 250/260 function evaluations for ParEGO (left) and NSGA-II (right) on the VLMOP3 function
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TABLE VI
VALUES OF THE 8 MEASURE AFTER 100/100 EVALUATIONS OF PAREGO/NSGA-II. LARGER VALUES INDICATE BETTER PERFORMANCE. THE
DISTRIBUTIONS OF THE & VALUES ARE TESTED USING THE MANN-WHITNEY RANK SUM TEST. THE z VALUES AND SIGNIFICANCE LEVEL ARE

INDICATED. PAREGO IS SIGNIFICANTLY BETTER THAN NSGA-II UNLESS STATED

Function = ParEGO mean (SD) NSGA-II mean (SD) z-value significance

KNO1 94.5363 (7.28313) 87.7112 (8.28212) -2.427529 > 99%

OKAI1 16.9725 (0.355216) 14.138 (1.25082) -5.546841 > 99%

OKA2 22.2165 (0.887676) 15.5118 (1.42961) -5.546841 > 99%

VLMOP2 0.320038 (0.00563326) 0.263637 (0.0387093) -5.446218 > 99%

VLMOP3 46.3881 (0.157458) 34.8668 (12.5845) -5.320439 > 99%

DTLZ1a 189262 (209.001) 186855 (1943.03) -5.270128 > 99%

DTLZ2a  4.40784 (0.0906379) 4.06872 (0.172994) -4.943103 > 99%

DTLZ4a  0.673329 (0.263526) 0.824647 (0.408542)  -0.943340 - no winner

DTLZ7a 12.9895 (0.655795) 16.8967 (1.00974) -5.546841 > 99% NSGA-II wins

TABLE VII
VALUES OF THE § MEASURE AFTER 250/260 EVALUATIONS OF PAREGO/NSGA-II. LARGER VALUES INDICATE BETTER PERFORMANCE. THE

DISTRIBUTIONS OF THE & VALUES ARE TESTED USING THE MANN-WHITNEY RANK SUM TEST. THE z VALUES AND SIGNIFICANCE LEVEL ARE
INDICATED. PAREGO IS BETTER IN ALL CASES

Function = ParEGO mean (SD) NSGA-II mean (SD) z-value significance
KNO1 108.478 (5.83982) 103.2 (7.92597) -2.276594 > 99%
OKAl 18.0834 (0.372983) 15.982 (0.681422) -5.546841 > 99%
OKA2 24.0278 (0.467227) 19.1279 (1.44751) -5.546841 > 99%
VLMOP2 0.312768 (0.00398254) 0.30501 (0.0119822) -2.528152 > 99%
VLMOP3 89.9313 (0.113778) 83.0951 (18.8421) -2.578463 > 99%
DTLZla  64869.6 (6.98978) 64682.7 (154.84) -3.710472 > 99%
DTLZ2a  4.46196 (0.0276682) 4.07554 (0.145971)  -5.546841 > 99%
DTLZ4a  2.14206 (0.478063) 1.42626 (0.809588)  -3.106734 > 99%
DTLZ7a  15.8421 (0.431151) 13.653 (0.930073) -5.395906 > 99%

TABLE VIII
MEDIAN AND INTERQUARTILE RANGE VALUES OF THE BINARY EPSILON INDICATOR AFTER 100/100 EVALUATIONS OF PAREGO/NSGA-II. LOWER

VALUES INDICATE BETTER PERFORMANCE. THE DISTRIBUTIONS OF THE I VALUES ARE TESTED USING THE MANN-WHITNEY RANK SUM TEST. THE z

VALUES AND SIGNIFICANCE LEVEL ARE INDICATED. PAREGO IS SIGNIFICANTLY BETTER THAN NSGA-II UNLESS STATED

median values IQR values

Function (IparEgo, INSGA—II) (Ipm-Ego, INSGA—II) z-value signiﬁcance
KNO1 (1.5261, 2.2245) (1.2633, 1.3428) -2.1508 > 98%
OKAl (0.3581, 0.9120) (0.2395, 0.3714) -5.4965 > 99%
OKA2 (-0.0123, 1.3692) (0.0540, 0.4530) -5.5468 > 99%
VLMOP2 (0.0313, 0.1029) (0.0283, 0.2180) -5.0186 > 99%
VLMOP3 (0.0781, 0.6956) (0.2167, 1.0073) -4.3645 > 99%
DTLZ1a  (0.3168, 17.7269) (0.8050, 17.2216) -5.5846 > 99%
DTLZ2a  (0.00780, 0.0613) (0.0151, 0.0969) -3.458914 > 99%
DTLZ4a  (0.2276, 0.4153) (0.4253,0.7326) -1.3207 > 90%
DTLZ7a  (0.7813, 0.0963) (0.6198, 0.9580) -3.0564 > 99% NSGA-II wins

The plots of the median and worst attainment surfaces
(Figures 4-9) tend to confirm the outcome of the measures,
above. In particular, the worst attainment surface for NSGA-II
is much worse than for ParEGO on several of the problems.

Finally, Figure 10 shows the decision space solutions, and
corresponding points in objective space, visited by NSGA-II
and ParEGO on the first run on function OKA1. This plot
illustrates a considerable difference in the ways that ParEGO
and NSGA-II sample the decision space, which has also been

observed in other decision space plots: NSGA-II is much
more aggressive at honing in on good points, exploiting them
much more than ParEGO. However, despite ParEGO’s greater
exploration, it still manages to exploit the good solutions it
has found very effectively, and so returns both very good and
‘very average’ points in the objective space. The different
behaviour of the two algorithms can be easily understood
as NSGA-II has no means of stopping its exploitation (i.e.
its repeated sampling) of a fit point, other than its niching
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TABLE IX

MEDIAN AND INTERQUARTILE RANGE VALUES OF THE BINARY EPSILON INDICATOR AFTER 250/260 EVALUATIONS OF PAREGO/NSGA-II. LOWER
VALUES INDICATE BETTER PERFORMANCE. THE DISTRIBUTIONS OF THE I VALUES ARE TESTED USING THE MANN-WHITNEY RANK SUM TEST. THE 2z
VALUES AND SIGNIFICANCE LEVEL ARE INDICATED. PAREGO IS SIGNIFICANTLY BETTER THAN NSGA-II UNLESS STATED

median values

IQR values

Function (IPaTEG07 INSGA—II) (IParEGO; INSGA—II) z-value Signiﬁcance
KNO1 (1.2906, 1.7204) (0.8487, 1.4558) -2.3520 > 99%
OKAl (0.2674, 0.7440) (0.1268, 0.1605) -5.4211 > 99%
OKA2 (-0.0001, 1.3058) (0.0373, 0.3484) -5.5468 > 99%
VLMOP2 (0.0467, 0.0491) (0.0205, 0.0784) -1.043963 — no winner
VLMOP3 (0.1801, 0.0866) (0.1256, 0.2509) -0.6666 — no winner
DTLZla  (0.0817, 4.7435) (0.1699 ,8.5125) -5.5468 > 99%
DTLZ2a  (0.2425, 0.2141) (0.1161, 0.3432) 212452 — no winner
DTLZ4a  (0.2674, 0.8682) (0.3878, 0.2488) -4.4400 > 99%
DTLZ7a  (0.0152, 3.025) (0.0516, 2.2221) -5.5468 > 99%

OKA1 - single run of ParEGO and NSGA-II (decision space)

* " ParEGO -+
NSGA-Il =

x2
n
T

x1

Fig. 10.

OKAT1 - single run of ParEGO and NSGA-II (objective space)

ParEGO "+
45 + + + NSGA-Il =
- Pareto front

f2

Solutions in parameter space (left) with the Pareto set shown as a dark line. The corresponding points in objective space (right) for the first run

of ParEGO and of NSGA-II after 250/260 function evaluations on the OKAI1 test function. Notice how ParEGO explores the parameter space much more

evenly and yet still finds more good points

policy, whereas ParEGO does not visit points that have little or
no expectation of being improved (according to its landscape
model), no matter how fit they currently are with respect to
other solutions.

IX. SUMMARY AND CONCLUSION

In many optimization scenarios, the number of fitness
evaluations that can be performed is severely limited by cost
constraints. In this study, the performance of two multiob-
jective optimization algorithms, ParEGO and NSGA-II, was
measured on much shorter runs than used in most previous
MOEA studies. A suite of nine difficult, but low-dimensional,
multiobjective test functions of limited ruggedness were used
to evaluate the algorithms, and on these, it was confirmed that
both ParEGO and NSGA-II outperformed a random search,
even over a very small number of function evaluations.

ParEGO generally outperformed NSGA-II on the tested
functions, at both 100 and 250 function evaluations, especially
when the worst-case performance was measured. This suggests
that ParEGO may offer a more effective search on problems
like the instrument set-up optimization problem, described

herein, where only one function evaluation can be performed
at a time. We are currently evaluating it on this problem as
well as some other closely-related ‘wet experiment’ problems.

Although ParEGO’s performance was good on the tested
functions, there are at least two potential drawbacks of the
current version:

1) Normalization of the cost space relies on knowledge of
the cost limits,

2) The use of uniformly random scalarizing vectors does
not necessarily result in the best distribution of nondom-
inated points. Some parts of the Pareto front may be far
easier to find than others, so that this may lead to a poor
approximation.

In future work, it is our intention to investigate a method
based on adapting the scalarizing vectors, as a function of
the points visited in the objective space, in order to obtain a
better improvement to the current nondominated front at each
iteration.

The addition of mechanisms to deal with integer and mixed-
integer problems, as well as constraints is also under way.
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