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Abstract

In recent years, a gradual increase in the sophistication of multiobjective evolutionary algo-
rithms (MOEAs) for Pareto optimization has been seen, accompanied by an ever-growing list
of applications. Despite this trend, however, the proposition that methods based on local
search may be a good alternative approach — with the advantages of ease-of-use and lower
computational overhead — has not been thoroughly tested. In this thesis we develop a novel,
local-search algorithm for Pareto optimization, called PAES, enabling us to test and compare

MOEAs against this philosophically different search method.

To help perform this testing, we develop new statistical performance metrics for evaluating
collections of approximations to the Pareto set, based on a critical review of currently avail-
able methods. Using these metrics, we find that PAES performs well in comparison with
popular, modern MOEAs, on a variety of test function and real-world telecommunications
problems. These results suggest that local-search-based methods for Pareto optimization do

merit further investigation.

Some of the elements of PAES are also more generally applicable for use in the design of
other algorithms. In particular, the archiving strategy used by PAES, which incorporates
rules to bound the number of solutions stored, and to ensure that they are distributed widely
and evenly in objective space, may be used in any multiobjective search algorithm for storing
solutions. We demonstrate the generality of the basic PAES procedures by outlining several

more sophisticated variants, including multi-start and tabu search algorithms.

We also combine local-search and population-based evolutionary methods together, forming a
new memetic algorithm, M-PAES, for Pareto optimization. M-PAES is tested using a number
of problems from the literature, and is found to exhibit promising performance compared to
other methods. Finally, we use M-PAES to provide a set of benchmark results for some

difficult new instances of the multi-criteria minimum spanning tree (mc-MST) problem.
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ha ter

ntroduction

er 1ie

We are all familiar with the activity of searching for something good or ‘right’ from amongst
a set of alternatives. To see this, consider trying to do any of the following (more or less)

familiar tasks:

find a good place to have breakfast in an unfamiliar city

choose an apartment to live in

produce a timetable for all the examinations in a university

plan the best route for a car journey

make the best choice of play in a game of gin rummy.

Problems like these are ubiquitous not only in our everyday lives, but frequently arise in
such diverse disciplines as engineering, architecture, finance, operations research, logistics,
and medicine. In tackling these search problems, it is clear that while finding a ‘solution’ may
not be difficult, finding a good one can be a formidable task. The difficulty of the task may
be due to limitations on the time or resources available for considering the alternatives, the
conflicting nature of our requirements, or the sheer abundance of alternatives from which to

choose.

In approaching any search problem, one hurdle is simply defining the meaning of ‘good’ in the

context of the problem, and many search problems require us to find solutions that satisfy or



optimize multiple objectives simultaneously. For example, finding a good timetable for uni-
versity examinations involves the consideration of numerous constraints and the minimization
of several ‘costs’. These costs might include things such as the number of students taking
consecutive exams, the number of students taking more than two exams per day, the total
duration of the examinations period, the total number of rooms used, the total number of
staff needed for invigilation, the overtime that must be paid to staff for working extra hours ,
and so on. To balance these different objectives, according each the right level of importance,

and choosing the optimum or best compromise may be a difficult decision-making task.

Finding a solution ‘in time’ or ‘in budget’ may also be important. In some search problems,
we can actually try out alternatives, whereas in others we can simulate trying them, perhaps
by estimating their quality in some way, in our mind’s eye. For example, finding an apartment
will probably involve visiting some and then imagining living there (and imagining paying the
rent), whereas selecting a good breakfast establishment will probably involve actually eating
there (and actually paying for the food). In either case, there is a sense in which considering
each alternative costs something, so that part of the difficulty in finding suitable solutions
arises from restrictions on the time, effort or resources that can be spent in searching. This
situation, which is almost universal in nontrivial search tasks, leads to a tradeoff of quality

of solutions versus effort or time in searching.

Because restrictions in time or effort can be such an important factor in determining if we are
successful in our searches, we tend to conduct them differently depending on our estimates
of how important it is to get answers quickly or economically, and how much we can afford
to compromise on our goal. But how do we modulate our searches to account for these
restrictions Broadly speaking, when we have plenty of time and resources, we tend to explore
more alternatives, and search in an open-minded manner. We don’t prejudice the search by
looking only in ‘areas’ where we think good solutions are likely to be found. On the other
hand, when time or resources are more restricted, we are correspondingly more restricted in
our thinking and in our choices. Because we can only afford to look at a few alternatives
we try to choose each one more carefully, often by exploiting the knowledge we have already
gathered in our search. For example, when looking for an apartment, one might look only
in a restricted geographical area once some good ones have been found there, reasoning that

looking elsewhere is not as likely to be fruitful.

Clearly then, there is a balance to be struck between exploration and exploitation, given a
particular search problem, and given restrictions of time or effort. In some problems it will

be very hard to exploit the knowledge gathered during the search to help ‘construct’ new

! This is of course ironic since academics do not get paid o ertime.



alternatives. For example, if I am searching for the best play in a game of rummy, there may
be little sense in which one play is like another, making it difficult to exploit information
gathered from considering or imagining the alternative plays. I may as well try, in my mind’s
eye, the different alternatives at random . On the other hand, having found a reasonable
route for a car journey, finding another one that might be better is more likely to result
from changing the reasonable route slightly, than from trying a route which uses roads that
we have no information about. Thus the most appropriate method of searching alternatives
depends both on the type of problem at hand, and the restriction of time or resources. That
is, both e cacy and e ciency may be important, and choosing a method which strikes the

right balance will depend critically on the problem.

This thesis is concerned with general-purpose optimization algorithms (GPOAs), which are
general methods for solving search problems, like the problems introduced above. Although
general-purpose optimization algorithms exist today in many, many different forms (a re-
flection of their different origins in various fields of study) they all search for solutions in
essentially the same way. That is, they try out different alternatives, evaluate their worth
(perhaps by estimation) and then repeat this procedure using what has been learnt to guide
them. What differentiates the numerous algorithms, then, is the way that they utilize the
information from the solutions they have explored in the past, and that they have in some

sense “remembered”, in order to find or construct better solutions in the future.

Although there is much variety in these methods, it is helpful to classify GPOAs into two
broad classes: single point local-search methods — where a single solution is improved incre-
mentally by making small changes to it and population-based methods — where a population
of solutions are ‘evolved’ in parallel, and improvement results from repeatedly making varia-
tions of those solutions in the population that are more highly ‘fit’, and discarding those that
are less fit. Hillclimbing, simulated annealing, and tabu search are well-known methods based
on single-point local search, while most evolutionary algorithms (EAs) exemplify population-
based methods. This thesis will be concerned with the use of these different approaches when

applied to multiobjective search problems.

To some e tent this is a matter of nding the right way to describe or the alternati e plays in
my mind so that they can be classi ed in a useful way but this is a nontri ial problem in itself e ual to the
search problem.



As discussed above, the relative ‘performance’ of different methods of search (and thus differ-
ent GPOAs) depends critically upon the search problem under consideration, and the balance

between the requirements of efficacy versus efficiency.

For this reason, evolutionary algorithm practitioners have been obliged, historically, to put
the performance of EAs to the test, by making comparisons with other search algorithms,
particularly those based on single-point local search, such as hillclimbers, and simulated
annealing. This is sometimes called ‘baselining’ and it is necessary because one should not
take the performance of an EA or any other algorithm for granted. Moreover, numerous test
problems and much of EA theory have been developed with the express purpose of analyzing

and explaining algorithm performance differences on various problem types.

This practice of comparing and analyzing the performance of different optimization algo-
rithms, seen in much EA literature, is important and useful for a number of reasons. First, it
builds up a body of knowledge concerning which algorithms are best suited to which problems.
Second, it may help predict — for future unseen problems — which algorithms may perform
best, although this goal depends also upon the success or failure of attempts to usefully
classify problems via measurable features. And third, the practice sometimes contributes to
the understanding of the particular problem on which comparisons are being made, and can
facilitate the development of improved approaches either approaches particularly suited to
that problem, or improved algorithms that are more generally applicable. Frequently these

new approaches are hybrids of local-search heuristics and population-based methods.

In this thesis, we make contributions that should help to further the practice of comparing
and analyzing algorithm performance differences. To this end, we propose new local-search
algorithms that offer an alternative to EAs, make improvements to methods of measuring
and comparing search performance, and develop some test problems. However, in making
these contributions, our focus is restricted to a specific domain, called Pareto optimization,

described next.

Pareto optimization relates to the ‘solving’ of multiob ective search problems, and at the
present time, KAs are a very popular approach to it. More specifically, Pareto optimization
is a method of tackling multiobjective problems without the need for weighting the importance

of different objectives or normalizing them in any way, or in fact knowing anything about



what solutions are ‘out there’ to be found. In Pareto optimization the goal is to find the
set of all ‘best tradeoff’ solutions, the Pareto optimal set. This set has a mathematically
well-defined meaning and is independent of the relative importance of the various problem

objectives.

When GPOAs — approximate methods — are used, the goal of Pareto optimization is to
approximate the Pareto optimal set as closely as possible. That is, the aim is not to find a
single, very good solution, as in single-objective optimization, but rather to find a whole set
of solutions which offer different compromises. Now, in some sense a population-based EA
seems purpose-built for Pareto optimization because its population is a natural structure with
which to approximate the Pareto set, and hence little is needed to adapt the method. For
this reason, some researchers have claimed that population-based EAs are naturally suited
to the Pareto optimization task, with perhaps some implication that other methods may
be generally inferior. However, whether or not EAs are easy to apply to this task, general
principles in search and optimization suggest that on many problems simpler methods based
on single point local-search should provide more effective and efficient search performance
the need to search for different tradeoff solutions and store them can be addressed by other
additional mechanisms. Furthermore, local-search methods may be simpler to use and may
involve less computational overhead per function evaluation than their evolutionary algorithm

counterparts.

Local-search methods can be adapted to the Pareto optimization task in various ways, some
of which have already been investigated by other researchers. The main requirement is a
change to the acceptance function so that partially ordered solutions can be processed. In
addition, a store of solutions must be kept so that a set of nondominated alternatives can
be returned. Several articles in the operational research (OR) literature have proposed local
searchers for multiobjective optimization, including SA [CJ98, Han97a, Ser94] and tabu search
(TS) [GMF97, Han97b] algorithms. These methods use parameterized scalarizing functions
to obtain a single evaluation of a solution’s quality from its true vector (multiobjective) cost,
thus allowing a standard acceptance function to be used without change. To obtain a whole
Pareto front from a single run, these methods must vary the parameters of the scalarizing
functions, so that search occurs in different ‘directions’ in the objective function space. This
variation of the search direction is generally random, and does not respond to the location
(in objective space) of solutions previously found, although some more intelligent methods
have also been proposed [CJ98]. Normally, at least one reference point in objective space is
required for these scalarizing methods to work, and objectives may have to be scaled and
normalized for best performance to be achieved, otherwise the scalarizing functions can favour

search in some objectives more than others. Furthermore, poor performance on non-convex



Pareto fronts can occur if weighted-sum aggregation is used as the scalarizing function, as is

the case in many of the proposed algorithms.

The work in this thesis presents a different approach to local-search Pareto optimization. The
key contribution is a novel search algorithm, called the Pareto archived evolution strategy
(PAES ). In its most basic form, called (1 1)-PAES, it represents the Pareto optimization
analogue of a single-objective hillclimber. Like a hillclimber, (1 1)-PAES uses single point
local search, i.e., a (1 1) selection strategy. However, it uses an acceptance function based
on Pareto dominance, avoiding the use of scalarizing functions and the need for estimating
reference points in objective space. Because it must return a diverse set of nondominated
solutions, PAES also uses an ‘archiving’ strategy for storing and maintaining nondominated
solutions as it runs. A number of alternative archiving strategies are considered, and their
convergence properties are evaluated. A strategy employing an adaptive region-based crowd-
ing mechanism is shown to converge to a well-distributed set of objective vectors under certain
conditions. An efficient implementation of the method is devised and its time complexity is
analyzed. The analysis of these archiving strategies contributes generally to the question of
how solutions should be stored and maintained in all Pareto optimization algorithms. The
basic procedures developed for use in (1 1)-PAES also facilitate the design of other, more so-
phisticated local-search Pareto optimizers. In this thesis, these procedures are used to specify
multi-start, population-based, simulated annealing and tabu search variants of PAES, which

all use similar archiving and acceptance rules to the basic (1 1)-PAES algorithm.

Armed with PAES, the performance of multiobjective EAs (MOEAs) can be compared against
a ‘hillclimber’ for the first time. However, to do this, effective metrics for assessing perfor-
mance must be used. Due to the nature of Pareto optimization, the output of a single run of
an optimizer is a set of solutions (an approximation set), with each solution having a vector
of objective values. Thus, even the output of a single run of a multiobjective optimizer is a
multidimensional attribute that is difficult to assess. To address this issue, we review sev-
eral popular assessment metrics from the literature, analyzing them in terms of a number of
distinct properties. Our analysis shows that some methods used in the literature are not com-
patible with relations derived solely from the principles of Pareto optimization [HJ98]. Others
are clearly more satisfactory, and these are used as a basis for devising new approaches that
can be used to analyze and compare the performance of algorithms over multiple runs. These

proposed methods are used to assess the performance of (1 1)-PAES and other algorithms

ronounced pays .



in this thesis.

A number of empirical investigations using our proposed metrics reveal that the performance
of (1 1)-PAES is competitive with several popular MOEAs from the literature, on a range
of well-known test functions, as well as some newer ones. On the more simple functions,
(1 1)-PAES can actually outperform some modern MOEAs, given an equal number of func-
tion evaluations. Furthermore, timings indicate that (1 1)-PAES is faster than some other
MOEAs, and because it requires only a small number of non-critical parameter choices, it is
also easier to use. These attributes indicate that PAES may be a useful ‘baseline’ algorithm
against which more sophisticated techniques could be compared. On the other hand, some
evidence shows that the (1 1)-PAES algorithm does not perform as effectively as the strength
Pareto EA (SPEA) [TZB99] when optimizing some multimodal and deceptive problems, in-
dicating that population-based MOEAs may well exhibit more robust behaviour on functions

of this type.

The PAES algorithm is also used as a starting point to develop a new hybrid MOEA, that
combines local and population based search. When practical optimization problems are
tackled, general-purpose algorithms may fail to deliver adequate performance. Davis reminds
us to: “hybridize where possible” [Dav9lal, if we want to improve the results achieved by
a standard genetic algorithm (GA). This reflects the fact that although good performance
can be often achieved by using the most appropriate general-purpose optimization algorithm,
much greater gains can often be made by combining it with specific heuristics or operators
that incorporate ‘domain knowledge’. On many difficult, well-studied problems, the best
results come from such hybrid approaches where very specific heuristics are combined with

well-proven overall strategies.

However, despite the message of Davis, it is generally easier to hybridize problem-specific
heuristics with a local-search based method than it is with a genetic algorithm, employing
recombination. This is because many heuristics use a form of local improvement, but few
use any sort of recombination. Nonetheless, it is true that recombination can be a valuable
additional operator to use. In these cases, hybrid genetic algorithms — or memetic algo-
rithms (MAs) — have proved an effective approach. In MAs, there is a local-search phase
which is often hybridized with some other heuristic technique for the specific problem, and a
recombinative phase that can quickly combine parts of promising solutions together, to form

better ones.



The PAES local-search procedure provides, for the first time, the opportunity to construct
memetic algorithms for multiobjective optimization, based purely on Pareto selection. We
propose a framework for doing this, and specify an instance of the framework, a memetic
algorithm called M-PAES, based on the PAES algorithm. M-PAES uses single-point local
search phases as a mechanism for improving solutions in a population that is undergoing

selection and recombination.

M-PAES is compared with (1 1)-PAES, SPEA [ZT99], and a memetic algorithm that uses
scalarizing selection, called RD-MOGLS [Jas99]. We find the performance of M-PAES to
be promising on a set of 2, 3, and 4-objective knapsack problems, used previously by Zit-
zler [ZT99]. On a number of problems based on load-balancing in distributed databases,
however, M-PAES does not find better solutions than (1 1)-PAES, indicating, once again

the power of simple strategies, on some problems.

In a more extensive study, heuristics are developed specifically for an N -hard application,
the multi-criterion minimum spanning tree (mc-MST) problem. These heuristics are applied
in (1 1)-PAES and M-PAES and their performance is compared against a more standard
MOEA. The mc-MST instances used for testing these algorithms are produced using a new
parameterized benchmark problem generator designed by us to make challenging instances.
These exhibit a range of features including non-convex Pareto fronts, constraints and decep-
tion. Results show that M-PAES is able to build significantly lighter spanning trees than the
MOEA, and PAES, in general, across a set of fifteen instances.

In summary, the contributions of this thesis are:

- A functionally simple, computationally inexpensive, local-search algorithm for Pareto
multiobjective optimization, called (1 1)-PAES, which is competitive, on a variety of
problems, with many previously proposed evolutionary algorithms of greater computa-
tional complexity. This algorithm is useful as a baseline algorithm for benchmarking
new approaches, as a local-search procedure for use in a hybrid evolutionary algorithm,

and, in its own right, as an efficient search tool for some problems.
- Several variants of (1 1)-PAES, including simulated annealing and tabu search versions.

- Proofs relating to the convergence properties of a number of solution archiving strategies
for use in multiobjective search algorithms.



- A framework for a memetic algorithm for Pareto multiobjective optimization, and an
instance of the framework, called M-PAES, based on the PAES local search procedure.

- Advances in methods for the statistical comparison of multiobjective optimizers.

- Empirical studies comparing various local-search, hybrid, and population-based ap-

proaches on a range of test functions and real-world applications.

- New problem generators for constructing difficult instances of the multi-criterion min-
imum spanning tree problem, and benchmark results for a suite of these problem in-

stances.

utline of t e t esis

This thesis is divided into eight chapters, beginning with this introduction. Two literature
review chapters follow, with the second one including some original contributions relating to
multiobjective performance metrics. Chapters 4, 5, 6, and 7 contain the remainder of the
original material. Chapter 4 deals with PAES, 5 with empirical testing of PAES, 6 with the
development and testing of M-PAES, and 7 with the mc-MST problem. Chapter 8 concludes.
In the following, we outline the content of each of these chapters in greater detail.

The review of current literature relevant to this thesis starts in Chapter 2, which considers
general-purpose optimization methods. It begins with a discussion of the nature of general
problem-solving ‘heuristics’, introducing some of the main themes of the chapter. We indicate
how, with some problems, enumeration is the best we can hope to do, whereas for some others,
approximate methods — heuristics — can find a good solution much more rapidly. This broad
overview of search is followed by an introduction to the theory of N -completeness and its
relation to the computational complexity of optimization problems. This theory is behind
the need for approximate methods of search and motivates the drive for better general-
purpose methods. The latter are considered in the next section, with a description of each of
the most influential and popular optimization methods for general-purpose problem-solving.
Hillclimbing, simulated annealing, tabu search, genetic algorithms, evolutionary programming
and evolution strategies are all considered. We highlight the origins and differences of these
methods, paying some attention to their individual strengths and weaknesses. Following this,
we attempt to catalog some of the problem features that are currently (partially) understood
in optimization, and we relate them to optimization difficulty. We also consider the No
Free Lunch (NFL) theorem and what it says about matching algorithms to problems. In

the closing sections of the chapter, we review literature describing empirical performance



studies, paying particular attention to EAs and local-search comparisons. From this, we find
a great deal of evidence that hillclimbers and simulated annealing outperform standard EAs

on various problems. Hybrid approaches are also very successful, we find.

Chapter 3 deals with multiobjective optimization. It begins with a formal definition of the
general multiobjective problem, and Pareto optimization is then defined as a special case of
it. Further concepts and notation needed in later chapters are also given. We then review
some of the main themes in approximate methods for Pareto optimization, including different
selection schemes, elitism, and methods for obtaining diverse solutions in the Pareto front.
Both evolutionary and previous single-point local-search methods are considered. The chapter
finishes with a critical appraisal of methods for measuring the performance of multiobjective
optimizers, and analyzes them according to several dimensions. Following this, a number of

new performance assessment metrics are proposed for use in this thesis.

Chapter 4 is the first of four chapters focused entirely on original contributions. It outlines
the development of PAES: a new Pareto optimizer based on single-point local search. The
chapter begins by reviewing the motivation for developing such an algorithm and follows this
with an ‘ideal’ specification. The development of the algorithm is then described in stages,
detailing the key design choices made. Each of the elements of the final (1 1)-PAES algorithm
is explained. The acceptance function and archiving strategy receive close attention. Proofs
relating to convergence of the archive of solutions, under different strategies are provided,
and the time complexity of the overall algorithm is also considered. Finally, several variants
of PAES are specified, including population-based, multi-start, annealing, and tabu-search

variants.

Chapter 5 reports on the experimental testing of PAES and its comparison with other modern
MOEAs. Two separate studies are considered. In the first one, (1 1)-PAES and some
population-based variants are compared with NPGA and NSGA, on four simple test functions
from the literature, and two new ones. In thisstudy, (1 1)-PAES is found to provide excellent
performance. The final solution quality it achieves is roughly equivalent to NSGA with
elitism, over the set of problems, but (1 1)-PAES is far faster and is also easier to use. In
the second study, (1 1)-PAES is compared with SPEA on a set of six test functions used by
Zitzler et al. [ZDT00]. The functions test the algorithms for their ability to cope with different
problem features that might cause difficulty to MOEAs. (1 1)-PAES performs relatively well
on four of the problems but is not competitive with SPEA on the deceptive trap function 5.
On the multimodal problem, 4, PAES achieves good performance only after the mutation
rate is increased. Overall, (1 1)-PAES is found to perform more than adequately as a baseline

technique for Pareto optimization, particularly when its low computational overhead is taken



into account.

Chapter 6 relates the development and testing of a memetic algorithm for Pareto optimization,
based on the local-search procedures developed for PAES. To begin with a general framework
for a memetic algorithm is designed. An instance of the framework, called M-PAES, is then
specified, using the PAES local searcher as a subroutine within an elitist, population-based
EA. M-PAES is then tested on two combinatorial optimization problems. In the first one, a
set of multiobjective knapsack instances with 2, 3 and 4 objectives from [ZDT00] are used.
M-PAES is able to obtain better results than a tuned version of SPEA, using the same
operators and constraint handling methods in both algorithms. However, M-PAES is rather
sensitive to parameters on this problem, we find. The second problem we consider relates
to managing the load-balancing in a distributed database. M-PAES does not perform better
than (1 1)-PAES on this problem, using the same operators, although it is slightly better
than SPEA. This is consistent with some earlier results on this problem that show that it is

not very amenable to optimization via recombination.

In Chapter 7, the methods developed in the thesis are used to obtain a set of benchmark
results for a number of instances of the multi-criterion minimum spanning tree (mc-MST)
problem. The chapter begins with a review of EA literature related to spanning tree prob-
lems, including approaches to the degree-constrained MST ( -MST) and the mc-MST. Two
sets of experiments are then performed. The first set focuses on representation issues. In
an elitist, population-based MOEA called AESSEA we compare the performance of a Priifer
number encoding with a direct encoding, specialized operators, and the use of a heuristic
initialization procedure. The results on a set of random weight problems, demonstrate sig-
nificant superiority of the direct encoding. As a baseline, we compare these results with an
iterated constructive approach, and also enumerate the search space on some of the smaller
instances. We find the constructive approach to be much faster than the EA and able to gen-
erate equivalent results that closely approximate the true Pareto front. We conclude from this
that on these easy problems an EA may not be necessary. In the second set of experiments
we devise a suite of more difficult benchmark problems that have an additional constraint
on the maximum degree of the vertices in the spanning tree. The benchmark instances also
contain problems with correlated edge weight vectors, which affect the shape of the Pareto
front. Some instances are also deceptive to constructive approaches. On this suite of prob-
lems, (1 1)-PAES, AESSEA and M-PAES are all tested. The latter is found to provide the
most robust performance, with no parameter changes required across the set of instances,
and outperforms both AESSEA and PAES on most instances. The results presented on these

problems provide benchmarks for future methods.



The thesis is concluded in Chapter 8. A summary is given and the main contributions of the
thesis are assessed in some depth. The findings of work published by other researchers using
our algorithms are also considered. Next, the limitations of the thesis are identified, suggest-
ing where more experiments are needed and where some methods need further development.
Finally, a section on further work describes two key directions of interesting further study
related to the research in the thesis. Some of this work has already begun and early results

are promising.
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Appro imate Methods of Search

er ie

In this thesis we are concerned with methods for solving certain types of optimization prob-
lems. In general, an optimization problem requires us to maximize or minimize some mea-

surable function of one or more variables:

() (2.1)

subject to where is a decision vector and its components are
called decision variables. Decision vectors are also often referred to as solutions or candidate
solutions. The search space which is the set of solutions one is going to search over may be
some subset or superset of . The function is known as the ob ective function. If the goal
of the search is maximization then is sometimes called a fitness function or utility function
and the value assigned to a solution is then its fitness or wtility. Conversely, if the goal is
to minimize then may be called the cost function or in the case of constraint satisfaction,

the penalty function.

Obviously, optimization problems exist in huge variety, and exhibit many different features.
Later in this chapter we consider some of the dimensions in which problems can vary, and
review how these problem features might affect the search for solutions. Before this deeper
review, we briefly examine three examples of optimization problems to introduce some of the

main approaches for performing search.



Let us first take the simple problem of trying to “crack” a safe or combination lock. Let us
imagine that the lock has different barrels and  different numbers on each barrel, and
one must find the single combination of numbers that opens the lock. As is normal with any
effective combination lock, one receives no information about whether any of the barrels is in
the correct position unless simultaneously all of them are, in which case the lock opens. In
all other cases the lock simply stays locked. So, we could write the objective function for

this problem as:
1if
() (2.2)

0 otherwise

where  is the correct combination, and we try to maximize the utility

Clearly, there are different combinations of the lock. One way to crack the lock is simply
to exhaustively try every single combination but if is large this will take a long time. Using
this method, one might be lucky and find the required combination in a few attempts but,
in general, the probability of having found the required combination in  trials is

One would expect, on average, to take 2 trials to find the combination, if one tries each
combination in some ordered manner without repeating any combinations, e.g. by starting at
the combination 0000...0 and ‘counting’ from there. This kind of approach is called exhaustive

search) or an enumeration of the search space.

The problem could also be tackled using a less organized approach. One could try combina-
tions in a random manner, without checking to see if one has already tried the combination
before. This approach will take even longer than exhaustive search, in general. The probabil-
ity of having found the required combination after trialsis1 —— | assuming that all
of the combinations are tried with equal probability. The advantage of this technique (called
random search) is merely that one does not have to think about how to organize the trials in
an order. For some types of problem it is not trivial to organize the trials to avoid repetition,
so that random search may be more efficient than an exhaustive search, in the sense that the
former may do away with a lot of computation involved in calculating the next solution to
try, leading to a faster search overall. Furthermore, for many problems, it is easier to write a
computer program for doing random search than for doing exhaustive search, and so in this

sense, they may also be more efficient.



The combination lock problem is clearly ‘intractable’ for reasonably large instances. In other
words, a lock with say 100 barrels, each of 16 numbers, is well beyond the search capability
of any possible computer, past, present or future (see page 3 of [Whi94]). Let us consider a
problem that is similar in form but that is far easier to solve. In the television game-show
‘Wipeout’ [BBC], a player is given a list of items from which she must identify those that
are members of a given class. For example, the player might be given the names of twenty
different songs, and then asked which six of them were first sung by Frank Sinatra. The
player selects exactly six songs from the list and is given feedback (a score) relating the
number of songs she has correctly identified. After this she is allowed to repeatedly change
her selection but, importantly, feedback is only available when exactly six songs are selected.

In the game-show the player must identify all the songs within 30 seconds.

Even if the player does not have any clue as to the Frank Sinatra songs from amongst the
distractors, there is a simple strategy that leads to the correct answer in fewer trials than
random guessing. The strategy takes advantage of the information given by the ‘current
score’ to improve the selection further. The strategy is to make an initial guess at a selection,
and then at each subsequent attempt, to swap exactly one item within the selected group

with one not in the selected group, according to the following rules:

1. if the score increases or stays the same after the current swap, then on the next trial

do a random swap again

2. if the score decreases after the current swap, then on the next step, reverse the swap

just done.

This procedure is repeated until the winning selection of items is found. Let us examine why
this is a good strategy for this game. If there are items from which  must be selected
then the number of possible solutions is ——, of which only one is correct.
Therefore, by enumeration or exhaustive search, the probability of having found the answer
after  trials would be . By random search, this probability is reduced (for 1)
to 1 ——— . But, using the above swapping strategy, after any pair of trials (after the
initial one) the probability of having decreased the number of correct items is 0. So there will
be a monotonic increase in the number of correct items, if an even number of trials only are
considered. At each trial, the probability of increasing the number of correct items is given
by

C O ) (23)



where is the number of items that are already correct. This probability is generally
far greater than the probability quoted earlier of guessing all of the items randomly, i.e.
1 ———. So, at every trial there is a relatively high probability of increasing the number
of correct items and no chance of irrevocably decreasing them. Since only a small number of
increases are needed to reach the goal state of having selected all the correct items, then this

strategy will quickly solve the problem.

The strategy just described is an example of local search. In local search, small changes to
a solution are tried at each step, and changes that lead to poorer solutions are generally
rejected, or accepted (allowed to stand) only with a very low probability, whereas solutions
that represent an improvement are maintained and built upon. The particular local-search
strategy outlined above is often called hillclimbing [MHF94].

Hillclimbing works in the case of Wipeout for several reasons. First, the player receives
feedback from the game every time exactly  items are selected. Second, the feedback leads
the player in the right direction, at all times, towards the correct solution. That is, a solution
with 1 items correct (which scores 1) is actually very close to the correct answer, in
terms of the probability of obtaining the right answer by swapping one item. The feedback
reflects the proximity of the player to finding the correct answer. This is in contrast to the

combination lock problem where the feedback given was only whether the lock opened or not.

Now, in the game of Wipeout an even better strategy than the one described is available to
a player with good memory. The strategy is the same as the one described before except
that every time the number of correct items increases, the player should remember the item
just added that led to this increase, and in future guesses refrain from ever removing this
item. This strategy will lead to the correct solution orders of magnitude faster because as the
number of correct items increases, the player actually has fewer possibilities of allowed swaps.
This local-search strategy is related to one called tabu search [GL97] that will be described
in greater detail later. It is also somewhat related to dynamic programming [Bel55] methods.
The reason this strategy works in the Wipeout game is that correct items are always correct
independently of which other items are selected. In other words, correct items are correct in
all contexts. This makes this problem separable. (We may also say that the problem exhibits
no epistasis.) Unfortunately, most problems in real-world optimization are not separable.

However, most problems are separable to a degree, or there is limited epistasis.



Let us now consider an imaginary game-show called Super-Wipeout which makes the classi-
fication task a little more difficult for the player. In Super-Wipeout items are given, and
from these exactly  must be selected, as in Wipeout. However, the players are told that
each of the items belong to one or more of different classes. For example, each item is
a song once sung by Frank Sinatra, by Bing Crosby, or by Harry Connick Jnr, or it may
have been sung by more than one of them. The aim of the game is to identify all the items
belonging to the largest class. In other words if there were 20 songs altogether and 10 were
sung by Sinatra, 8 by Crosby and 7 by Connick Jnr, and the player must always select 12
items, then any set of songs containing all 10 of Sinatra’s wins the prize. What information
is the player initially given The player is not told what the classes are, or how many items
are in the largest class, i.e. she does not know the target value of the number of correct items
she must obtain, or from what class these items will be drawn. What feedback is she given
as she makes guesses The number of selected items  that are members of each of the

classes is calculated. The player is then only told the largest of these  values. For example,
if she has selected 12 songs, and 5 were sung by Crosby, 5 by Sinatra, and 2 by Connick Jr

then she would receive the feedback score, 5.

Now, this problem can also be tackled by using a local-search strategy but there are now
certain difficulties which make the problem harder than Wipeout. First, the problem is not
completely separable. An item whose addition increases the score within a particular set of
items is not necessarily part of the final solution. So, the problem cannot be solved — as
for Wipeout — by holding more and more of the items constant, while searching through a
smaller and smaller set. The problem is said to be epistatic, as the contribution of each item

is not independent of context.

Second, there are now “local optima” in the problem. This means that it is possible that
one can have a selection of items from which it is not possible to increase one’s score by any
number of single non-detrimental swaps, and yet is not the winning solution. So, if the local
search hillclimbing strategy described previously is tried, one can reach a solution from which
it is not possible to make any swaps that will improve your score. For example, if all eight
Bing Crosby songs were selected then the score given would be, 8. In this situation, in order
to get to a higher score, 9 Frank Sinatra songs would have to be selected. This would not be

possible by any combination of single swaps without reducing the score at some stage .

Despite the problem of local optima and the problem of epistasis, it is still preferable to use

! ssuming that inatra’s ten songs do not include all eight of rosby’s.



a local-search strategy than random guessing of the solution. But in order to find the answer
to this problem, one must use a more complicated local-search strategy than hillclimbing to

have a good chance of solving it quickly. Possible strategies include:

1. to restart the local search if it is suspected that a local optimum has been reached
2. to allow swaps to solutions of a slightly worse score

3. to try each of a number of different swaps from a particular solution , remembering
the score of each of these trial solutions. Then, to set  to the solution from among the
set of trials with the best score, irrespective of whether it is worse than the previous

score of

4. to gradually increasing the number of swaps that can be tried at the same time to allow

jumping across the lower scores.

Each of these gives rise to a well-known local-search technique. 1. is multi-start hillclimb-
ing [YI96], 2. is called thresholding, more sophisticated form of which are exemplified by
simulated annealing [KmV83], 3. is another form of tabu search, and 4. is called variable
neighbourhood search [RSO1]. All of these strategies prevent being stuck forever in a local

optimum.

There is another quite different approach to searching for the solution in Super-Wipeout that
is not really available to a player, unless they possessed a super memory. Nonetheless, we
shall consider this strategy because it introduces some of the concepts described later in this
chapter. In this strategy the player tries to keep in mind several solutions at once. Let’s
imagine that she can do this perfectly for solutions. She starts off by making completely
random and unrelated trial solutions, and remembers the score of each of them. Once again
she progresses by making small changes to these initial solutions, but she always works in
‘rounds’ of  trials, instead of one trial at a time. In her next round of trials she tries to
improve the original set of solutions, by making single swaps from them, but she allocates
slightly more of her trials to the solutions that already have a higher score. She does this
using a die and some calculations that result in her making random but slightly biased choices
as to which of the previous solutions to work from. This means that some of the original
solutions are not used at all, whereas some might be used two or more times, depending on
their relative scores. Throughout the game, she only ever keeps in mind the last round of

solutions that she tried and their scores, and continues to allocate trials more to solutions
that score higher (using her die). Gradually the solutions will score higher, and eventually

she might reach the winning solution.



The approach described above is a population-based strategy similar to evolutionary program-
ming [FB69] and the set of  solutions that she keeps in mind is called the population. It
would work effectively in Super-Wipeout for two reasons. First, it circumvents the problems
with epistasis, to some extent. This is because although some of the  solutions might have
high numbers of the Bing Crosby and Harry Connick Jnr. songs in them, others will probably
have high numbers of the Frank Sinatra songs. Thus, although some of the evolving solutions
will be distracted or deceived into collecting the wrong class of song, some other solutions will
not be deceived. As long as only slightly more trials are allocated to high-scoring solutions,
then the deceptively good solutions will not take over the population of evolving solutions.
Later, the Sinatra solutions can take over. Second, the problem of becoming stuck in local
optima — which is related to the epistasis problem — is alleviated. The strategy cannot
become completely stuck because there is always a chance that solutions that become worse
are maintained in the population long enough for them to get better again. So, even if all the
solutions in the population contain 8 Bing Crosby songs, it is possible that one of them by
a series of swaps that initially reduce its score, eventually becomes 9 Sinatras, and scores 9,
overcoming the local optimum and allowing the optimum of 10 Sinatras to be subsequently

reached.

Clearly, the population-based approach would be inefficient for the original Wipeout game
because the tabu search dynamic programming procedure outlined previously would work
much more quickly. But for Super-Wipeout, the evolutionary programming approach would

be more effective.

Let us consider the population-based approach further. One might have noticed that good
solutions to Super-Wipeout are those that contain large numbers of items from the same
class. Poor solutions are those that contain a more even mixture of items from all the classes.
Consider two solutions, and both with a moderate score, each containing some items from
the same class, . Some of the items from are in both and , and some are in just one
of them. If parts of and could be mixed up together in a single solution then the number
of items in could become large, resulting in a high score for this solution. In a sense, the
parts of and that are items in the class are ‘building blocks’ that can be put together
to make a good solution. Unfortunately, the player does not know which parts of and are
from the same class (for if she did she would surely make a solution with all of these items
in it). Instead, she could try combining them ‘blindly’. To do this she could first place all
the items that occur in both and in the new one, , and then finish making by adding
in random items from or wuntil has exactly items in it. This strategy ensures that no
item in  occurs twice, and ensures that common features of the two ‘parent’ solutions are

preserved in the ‘offspring’ solution.
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But how can she hope to combine the good parts of and together effectively using this
random ‘recombination’ of items The answer is that she cannot hope to combine them
together effectively by luck alone, but by using her strategy of repeatedly working from the
solutions in the population that have the better scores and recombining these, she biases
the mixing up of the solutions in her favour. Sets of items that occur together in a solution
— the building blocks — that most frequently lead to good solutions tend to stay in the
population (because they are in good solutions that are generally kept), whereas sets of items
that appear together more often in poor solutions become less frequent in the population. So,
as her search progresses, the player is more likely to combine together good building blocks

that work together to form good solutions.

This last search strategy is an example of another population-based approach called a genetic
algorithm [Hol75]. It differs from the classic form of evolutionary programming in its use of

recombination of solutions, but is otherwise similar.

Pro le sandco le it

In the previous section we saw three different kinds of problem, and a number of different
search strategies for tackling them. The first problem was so hard, the only strategy for finding
the optimal solution was to search every feasible solution, or to guess solutions randomly
and hope to find the answer. The second problem could be solved very quickly by taking
advantage of the fact that each element in the optimal solution could be found separately in
a small number of trials, and these elements could be simply combined to give the optimal
solution. The last problem lay some way in between the first two in its difficulty. This
problem could not be separated like the second problem, into easy sub-problems, but several
strategies could be used that, we argued, would get us to the solution faster than searching

randomly or exhaustively searching every solution.

But, given a new problem, how can we tell whether it is difficult or easy And what exactly
is meant by difficult or easy These questions are dealt with in a field of mathematics called
algorithmic complexity. Algorithmic complexity classifies problems as easy or hard based on
the computational complexity of the simplest algorithm that can guarantee solving them. In
turn, the computational complexity of an algorithm is merely the number of steps it needs

to solve the problem, expressed as a function of the size of an instance of the problem.

Problems can be roughly classified into those that are tractable and those that are intractable.

Intractable problems include those that are formally undecidable [Min67], such as solving
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Diophantine equations, for which there exists a proof that no constructive procedure (or
algorithm) exists for solving all instances. But intractable problems also include problems
which are formally decidable but which nonetheless cannot be solved because the amount
of computation time needed to solve them — or their computational complezity — is pro-
hibitively large even for “reasonably”-sized instances. More formally, this can be expressed
by stating that an intractable problem is one for which there is no known algorithm that
operates in a number of steps that is a polynomial function of the input length of the prob-
lem (problem size), and which solves all instances of the problem. Conversely, a tractable
problem, or a problem in the class , is any problem for which all instances can be solved
using an algorithm that takes a number of steps that is some polynomial of the problem size.
For short, we can say that the tractable problems can be solved in polynomial time. The

intractable problems cannot be solved in polynomial time.

The decidable but intractable problems can be further classified into those for which it is at
least possible to chec a solution in a number of steps that is some polynomial function of the
problem size. These problems, together with the tractable problems, form a class that can
be solved using a theoretical (imaginary) machine called a nondeterministic Turing machine
(NDTM), in a polynomial number of steps. A nondeterministic Turing machine can pursue
an unbounded number of ‘guesses’ at the solution to a problem, but its time complexity (or
number of steps to reach a solution) is calculated as the minimum time required to check that
a guess is a solution to the problem. The class of problems that can be solved by a NDTM

in polynomial time is called the N class. Obviously, the class N contains the class |, i.e.,

N . It remains a very important question of mathematics whether, in fact, N
or whether its contrary N can be proved.
Although to date no-one has managed to prove that N , there is certainly a large

body of problems which are considered intractable (i.e. no known polynomial time algorithm
exists for solving them), and that are members of the class N . In fact, many of these
problems are wvery usual, everyday problems that we would like to solve, including many
problems related to partitioning sets of numbers, network design, storage and retrieval of
data, games and puzzles, logic, scheduling, program optimization, and many others [GJ79].
The most difficult members of the class N are called N -complete problems. A defining
property of the N -complete class is that all problems in N can be ‘transformed’ into
any N -complete problem, using a polynomial-time algorithm. Here, “transformed” implies
that solving the N -complete problem would result in the solution of the original problem.
This property means that if a polynomial-time algorithm is found for any problem of the
N -complete class, all problems in N can be solved in polynomial time. However, until

such a monumental event occurs, proving that a problem is N -complete shows that there
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is no known polynomial-time method for solving it, and that probably time should not be

wasted looking for such an algorithm.

Note, however, that optimization problems are not generally in the class N , and therefore
cannot be proved N -complete. This is because it is generally not possible to check whether
one has an optimal solution to an optimization problem (equivalent to a solution to a general
problem) in a number of steps that is a polynomial function of problem input size. In many
cases, the only way to check whether one has an optimal solution is to compare it with all
the other feasible solutions in . If the size of this set is exponential in the input size of the

problem then clearly this cannot be done in polynomial time.

Fortunately, any optimization problem can be restated as a closely related problem, called
a decision problem. A decision problem has only two possible solutions, either the answer
“yes” or the answer “no”. If the yes answer is verifiable in polynomial time by a deterministic
Turing machine then the problem is in the class N . Transforming an optimization problem
into a decision problem can (usually) be done by choosing a bound  and simply asking if
there exists a solution that has a cost of at most . Now, if the decision problem equivalent
of an optimization problem can be shown to be N -complete then the original optimization
problem must be at least as hard. This is the case since if it were not true, then the easier
optimization problem could be solved first, and then given any bound one could check in
polynomial time whether the answer was “no” or “yes”, by simply comparing to the known
optimum, and solving the decision problem, thereby contradicting our original assumption
that the optimization problem was easier. Thus, in general, optimization problems, although
not in N themselves, can also be “provably hard” — at least as hard as the N -complete
problems. These optimization problems (together with other problems at least as hard as

the N -complete class) form a class of problems called the N -hard problems.

It should be clear from the discussion above that N -hard optimization problems cannot be
solved in polynomial time using any known algorithm, where ‘solved’ is used in the strict
sense of ‘solved to optimality’. Thus, many large instances of these problems will take a
prohibitively large amount of time to solve, and as the size increases will become truly
intractable. For these problems, where large instances do arise in the real-world, we must
approach the problem accepting that solving it is not possible for all instances, and instead
endeavour to find feasible solutions that are only good approximations to the optimal solution,
but in a number of steps that is bounded by a polynomial of problem size. An algorithm that
is used to find such approximate solutions is called an approrimate method, and often relies

on some heuristic, which helps to find “good” solutions from the set of feasible solutions.

ssuming a minimi ation problem.
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earc algorit s

A heuristic is a rule of thumb used to help solve problems where no exact procedure for doing
so exists [Pea84]. Best first search is an example of a heuristic used in searching decision

trees and other tree-like data structures [Pea84].

A heuristic approach usually involves employing some piece of knowledge about the structure
of the specific problem being undertaken, to devise a strategy for solving it. As an example,
let us consider a knapsack problem [MT90]. In this type of problem, one must select, from
a number of items, which ones to place into a container (a knapsack). Each item has a
size or weight and a value or profit , associated with it. The knapsack has a capacity
that limits the total weight of items that can be placed in it. The aim of the problem is to
select the set of items that maximizes the profit without exceeding the knapsack’s capacity.
A good heuristic strategy for this problem is to sort the items to be placed in the knapsack
according to their profit to weight ratio (PWR), placing them in the knapsack in this order,
beginning with the item with the highest PWR, until the knapsack cannot accept the next
item. To complete the strategy, continue adding items in order from the sorted list, missing
out any items that cannot fit into the knapsack, until the remaining capacity of the knapsack
is less than the weight of the lightest item. It is clear that this heuristic is very specific to the
knapsack problem, and although it cannot guarantee optimal solutions it does work very well.
It is often true that when one has knowledge of a problem, then a very good heuristic can be
devised. However, sometimes one doesn’t have any strong insight into how a problem might
be solved, or strategies could be devised but they may be overly-complicated to implement. In
these cases, it is sometimes best to use a more general heuristic, often called a metaheuristic.
Metaheuristics are sometimes also called blac -boz optimization algorithms [WM97] or simply,

general-purpose optimization algorithms.

So, a metaheuristic approach is a strategy that can be generally applied to solving problems.
In optimization problems, where we try to minimize (or maximize) an objective function of a
decision vector over some decision space, it is often the case that small changes in the decision
vector will lead to small changes in the objective function value. In other words, there is often
‘smoothness’ in the search landscape. This smoothness can be exploited because a corollary of
it is that good decision vectors will tend to be near other good decision vectors, and bad ones
near other bad ones. Therefore, a good strategy — or metaheuristic — might be to ‘walk’
through the search landscape by taking small steps (small changes in the decision vector)

always in the ‘direction’ that reduces the cost. Although this strategy can fail for different
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reasons, it will often be a better approach than simply trying random decision vectors, one
after the other, if the landscape is smooth. This very general metaheuristic strategy is called

neighbourhood search or local search.

The neighbourhood of a solution is defined in [AL97] as follows:

t Let ( ) be an instance of a combinatorial optimization problem.  neigh-
bourhood function is a mapping  : 2 hich defines for each solution a set
() of solutions that are in some sense close to . The set () is the neighbourhood
of solution  and each () is a neighbour of . e shall assume that () for all
. Roughly spea ing a local-search algorithm starts o  ith an initial solution and then

continually tries to find better solutions by searching neighbourhoods.

One of the simplest local-search algorithm is random mutation hillclimbing (RMHC), as
described in [MHF94]. In RMHC, an initial solution is first generated and evaluated, and
this becomes the current solution. Then, at each iteration, a copy of the current solution is
made, and a random mutation is applied to the copy, producing a new candidate solution.
(The random mutation is a small change akin to the neighbourhood function defined above.)
The candidate solution is then evaluated. If it is not worse than the current solution then
it becomes the current solution. If it is worse then it is discarded. The algorithm may be
stopped when a specified number of evaluations have been carried out, or when there has
been no improvement in the evaluation of the current solution over a specified number of

iterations.

Random mutation hillclimbing exemplifies the advantages of a general metaheuristic strategy.
It is applicable to any (single-objective) optimization problem whatever the problem need
not be a differentiable function of real parameters. It does not require any knowledge of the
problem structure to work either only the objective function is needed, in order to evaluate

each solution that is generated.

If the RMHC algorithm is allowed to run indefinitely then the value of the current solution will

converge to a solution that is locally optimal, that is, there is no solution in the neighbourhood

neighbourhood function must be de ned but this can be designed in some straightforward manner.
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of the current solution with a better evaluation. The locally optimal solution that is reached
depends upon the neighbourhood function that is being used, the random initial solution,
and the random mutations applied at each step. The solution reached may not be globally
optimal. That is, there may be solutions in the search space, but not in the neighbourhood
of the current solution, that have a better evaluation than the current solution. It is not
possible to reach these solutions because in order to do so, the RMHC algorithm would have
to allow the current solution to be replaced by a solution with a poorer evaluation, so that
a different neighbourhood could be explored. We saw this situation in the example Super-
Wipeout game considered earlier. This exemplifies the disadvantage of a basic local-search
strategy like hillclimbing: it generally converges to a local optimum rather than a global

optimum.

One way to partially alleviate the problem of convergence to a local optimum is to use multi-
start hillclimbing [YI196]. Whereas the stopping criterion in RMHC may be defined in terms
of the number of iterations in which no improvement in the evaluation of the current solution
is found, in multi-start RMHC, the same criterion is used to define a re-start of the algorithm
from a new, random initial solution. If the algorithm is allowed to re-start indefinitely
according to this criterion, then it will find a global optimum with probability 1, on all
optimization problems [AL97]. This is clear since it will eventually search all neighbourhoods
in the search space. However, the length of time needed to do this will, in general, exceed

that needed for a deterministic enumeration of the whole search space.

Simulated annealing (SA) is one of the most highly regarded, well-understood, and widely
applied local-search algorithms. It is quite similar to RMHC described above but, essentially,
it allows the current solution to be replaced by a candidate solution having a worse evaluation,
under the control of a randomized scheme. This crucial difference with RMHC means that
simulated annealing is able to search for a global optimum, and under certain conditions it

converges to a globally optimal solution with probability 1.

In simulated annealing, the probability function for accepting the candidate solution from

the current solution (assuming a minimization problem) is:

1 it () ()

accept exp it () 0 (2.4)

where is a control parameter, which is some function of the iteration of the simu-
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lated annealing algorithm. In SA, the value of  is set initially high, and is gradually lowered,
eventually to zero, so that initially transitions to highly inferior solutions are frequently ac-
cepted, but later these transitions become extremely unlikely. The regime for controlling

is called the cooling schedule, and it specifies:

an initial value of the control parameter

a decrement function for lowering the value of the control parameter,

a final value of the control parameter specified by a stop criterion,

a finite number of transitions at each value of the control parameter.

The simulated annealing algorithm was first proposed as a search algorithm in 1983 by
Kirkpatrick et al. [KmV83], based on an algorithm put forward by Metropolis et al. MRR 53]
30 years earlier, for simulating the cooling of materials in a heat bath - a process known
as annealing. Aarts, Korst and van Laarhoven [AKvL97] have given proofs that the SA
algorithm converges to the global optimum with probability 1 provided that the sequence
of trials (or Markov chains) approximate a stationary distribution. However, this requires
that an exponential number of trials are performed, even to approximate an optimal solution
arbitrarily closely, and for some problems (e.g. the TSP) it requires more computation than
a complete enumeration of the space. In practice, however, simulated annealing has been
practically applied in a large range of applications, including routing, graph partitioning, the

travelling salesman problem, VLSI design, and job-shop scheduling, according to [AKvL97].

Tabu search (TS) [GL97] is another example of a neighbourhood search algorithm that,
like simulated annealing, is capable of avoiding being trapped in local optima. However, the
operation of TS is quite different than SA’s. At each iteration in TS a subset of the neighbours
of the current solution are considered, and the best of these is chosen. This contrasts to SA
which chooses a neighbouring solution at random and then accepts or rejects it on the basis
of a probabilistic function. The subset of neighbouring solutions considered at each step is
made up of all the solutions in the neighbourhood minus some set of solutions which are
considered tabu. The tabu solutions (tabu list) are usually solutions or moves that would
bring the search back to a solution that has already (recently or frequently) been visited.
Thus the tabu list inhibits the search from cycling. The tabu list is a form of short term

memory that guides the search away from areas that have already been seen, but it can
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also be overridden if a solution that is tabu has some property that makes it particularly
appealing (e.g. it has the best evaluation yet encountered in the search). TS also allows
for the evaluation function, used to choose the best solution in the reduced neighbourhood
under consideration, to be changed so that the search can be guided towards or away from
certain areas. Specifically, the search can be guided to ards solutions that are in some way
similar to the current solution (intensification), or a ay from solutions similar to the current

solution (diversification).

TS has been used in a large variety of applications, many of which have been summarized
in [GLY7]. Hertz et al. [HTdW97] also describe the application of TS to problems including
the quadratic assignment problem, graph colouring, vehicle routing and course scheduling.
TS thus represents a flexible metaheuristic technique that can easily incorporate domain

knowledge and heuristics to provide efficient search.

Genetic algorithms (GAs), like the other metaheuristics described above, use an iterative
approach based on generating and evaluating solutions, one after the other. However, they
differ in that rather than searching, at each step, the neighbourhood of a single current solu-
tion, “GAs use a collection (or population) of solutions, from which, using selective breeding

and recombination strategies, better and better solutions can be produced.” [Ree96].

In a standard or simple GA, a population of chromosomes, representing the decision vectors,
through some encoding of them, are initially generated randomly. Each chromosome is then
decoded and evaluated according to the objective function. Following this a phase of selection
occurs, in which a number of parent chromosomes are probabilistically chosen to generate
offspring, with greater chance of selection being given to the chromosomes with higher fitness
(a measure of the relative quality of chromosomes in the population). Offspring are gener-
ated from the selected chromosomes by applying mutation and recombination operators to
them. The mutation operator makes a small random change to a single solution, whereas
recombination takes the genetic material from two or more chromosomes, called parents, and
forms one or more offspring chromosomes. The offspring replace the parent chromosomes,
becoming the next generation. With each new generation, the process is repeated from the
decoding and evaluation phase through to replacement. Usually, the algorithm is run for a

fixed number of generations, although many other stopping criteria are also possible.

Genetic algorithms were initially introduced and investigated by Holland [Hol75] as a model

of adaptation. In [Hol75], several arguments are developed to explain how a genetic algorithm
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can conduct complex and robust search by implicitly sampling a large number of partitions of
a search space. The general idea is that a chromosome can be viewed, not simply as a sample
of the search space in one point, but rather as a sample of the quality of numerous different
partitions of the search space. For example, any binary chromosome beginning with a 1 is a
sample of all of the chromosomes in the space that begin with 1. This can be stated in another
way by using the terminology of schema or hyperplane partitions. A schema is represented
by a string constructed with 0, 1 and where 0 and 1 represent fixed allele values and is the
don’t care symbol. A schema is said to match a chromosome (and conversely the chromosome
is in the schema partition) if the chromosome matches the schema at all of the fixed values.
So, using this terminology any binary string beginning with 1 matches the schema 1

Clearly, any chromosome is a sample of many different partitions (i.e. matches many different
schema), in fact 2 of them for a binary chromosome of length  [Rad97]. Therefore, implic-
itly, a chromosome’s evaluation betrays partial information about the average evaluation of
all other chromosomes in the same partitions as it. Holland’s theory suggests that through
the application of biased selection, recombination and reproduction, the frequency of schema
represented in the population will increasingly reflect the average quality of these schema
in the entire search space, as more and more samples are effectively taken. In other words,
schema with higher than average observed payoffs are allocated exponentially more trials over
time while schema with lower than average observed payoffs are allocated exponentially fewer
trials. And since the combination of highly fit schema within a single solution will generally
result in solutions of high quality, the genetic algorithm’s search will result in high quality

solutions.

However, although the schema theorem developed by Holland is not itself disputed, its pre-
dictive power is very limited [Whi94]. In reality, stochastic sampling errors in the selection
mechanism, and disruption caused by recombination and mutation operators all conspire to
making the genetic algorithm very hard to analyse theoretically. The simpler building bloc

hypothesis which is often used to explain the dynamics of genetic algorithms, which states
that “genetic algorithms seek near-optimal performance through the juxtaposition of short,
low-order, high performance schemata, or building blocks” has been criticized by Grefen-
stette [Gre93], because it can lead to serious misinterpretations if it is taken as an opera-
tional theory of GAs. Even the use of a binary representation, originally thought to maximize
the effectiveness of the hyperplane sampling is now not used very often in practical applica-
tions [Rad97], and newer texts on the subject, such as [Mic96], encourage the use of more
direct representation of parameters. These recommendations follow those of Davis [Dav9la]
who argues that using specialized mutation and recombination operators often improves the

search for solutions to real problems.
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Evolution strategies (ESs) [Rec65, Rud97] “...emphasize the behavioural link between par-
ents and offspring, or between reproductive populations, rather than the genetic link” [Fog94].
That is, the solution parameters or decision vector are operated on directly by the ES opera-
tors, rather than through some encoding as in the original GA. The mutation operator used
in ESs acts on all the parameters at once, changing the current values to new ones following
a Gaussian distribution with zero mean difference and a standard deviation that is controlled
by various strategy parameters which may be incorporated as part of the solution vector itself,

subject to evolutionary change.

ESs may use a single point search, in which case they are termed (1 1)-ESs, or a population-
based search similar to a GA. The latter can be either of two deterministic selection strategies,
called () and ( ) selection. In the former, the parents of one generation are replaced
by the best from the offspring. In the latter, parents and offspring compete together,
so the best from the become the next generation of parents. Although evolution
strategies did not originally include operators for recombining solutions in the generation
of offspring, a variety of such operators were later added, and reported on by Schwefel in
1987 [Fog94].

Evolutionary programming (EP) has many features in common with ESs. It too uses mutation
operators that act directly on the solution parameters, rather than through a genetic encoding
of them, and it does not (generally) employ recombination. EP was initially proposed by
Fogel [Fog64| where it was applied to the task of evolving finite state machines that learned
to predict the next number in a sequence of numbers presented to the machine one at a
time. The evolution of two-player game strategies, again using finite state machines, was also

investigated in the early development of EP [FB69].

Various selection strategies and mutation types may be employed in EP but generally EP
uses a constant population size greater than one. Continuous parameter optimization and

the inclusion of self-adaptive parameters similar to those used in ESs came later [Por97].

In the sections above a brief overview of some of the main search metaheuristics in use to-
day has been given. The list is by no means comprehensive but most of the key ideas in
metaheuristic search are contained in the strategies described above: generating solutions

randomly to start with generating solutions in the neighbourhood of other solutions proba-
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bilistically or deterministically accepting solutions based on their evaluation recombining two
or more solutions to generate new ones memorizing solutions already visited and directing
the search to particular areas of the search space. Other metaheuristics use essentially the
same ideas although they may emphasize one or more of them differently, while yet others

combine these ideas with constructive heuristics for generating solutions.

Ant colony optimization [DBTO00] is perhaps the most original of the other metaheuristics,
in that it uses a constructive approach to build its solutions incrementally, by making local
choices as to the components of the solution to be included. At the same time, the whole
process is iterative, in that the local choices made by an ‘ant’ as it builds a solution, depend
upon previous constructions made by other ants in previous iterations. Another combination
of constructive and iterative approaches is exemplified by the greedy randomized adaptive
search procedures (GRASPs) [FR95]. However, here the constructive part of the algorithm

is just as the (re-)initialization phase in a multi-start neighbourhood search strategy.

Scatter search, path relinking, differential evolution, and particle swarm optimization meta-
heuristics [CDGY99] are all population-based evolution algorithms that use specialized oper-
ators that are particularly beneficial for exploring real-parameter spaces. These methods
all emphasize the use of memory, learning and selection to different extents, reflecting their
different origins, but the main contribution of these modern techniques are the novel ways in

which new solutions are generated by combining, and learning from, previous ones.

eneralit

Most of the metaheuristics reviewed above are supposed to be general-purpose optimization
algorithms. That is, they are intended for use on a wide range of optimization problems
rather than any specific one. In truth, however, they each have their strengths and weak-
nesses. Even in the simple problems we introduced in the first section of this chapter we saw
how different search strategies have varying performance and appropriateness on different
problems. However, much research in general-purpose optimization, particularly evolution-
ary computation, is concerned with designing algorithms that offer high performance on as
many different problems of practical importance as possible. Sharpe [Sha00] has dubbed this
phenomenon: “the search for the holy-grail algorithm”. However, in order to convince us that
her new algorithm is a holy-grail (), or is at least generally competent, a researcher must
demonstrate its performance on problems that exhibit different problem features, known or
believed to exist in real-world problems, and known or believed to cause difficulties to differ-

ent search strategies. In the next section we consider some of these different problem features,
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and discuss how they might affect different search strategies.

Pro le features and tness landsca es

Practical optimization problems that we may genuinely be interested in solving — so-called
real-world problems — come in many, many different forms. Whether our aim is to design
and demonstrate an algorithm that performs well on a large portion of these problems, or
to establish which problems a particular algorithm is well-suited to, and which it is not, it
is essential to understand the different features exhibited by real-world problems. We are
particularly interested in those features that cause the most difficulty for search, or on which
it seems that a particular technique would fail or do especially well. In general, understanding
problem features may help us progress in our ability to solve optimization problems in two

different respects:

1. By testing our algorithms on artificial test functions that contain a problem feature in
isolation and allow that feature to be controlled, we may understand which techniques
are effective on problems with particular features, and we may be better equipped to

design better techniques for tackling problems with these features

2. Given any particular real- orld problem, measuring the presence of absence of these

features may help us to choose the best available technique to use.

Roughly speaking, different problems can be described according to the degree to which they

exhibit these features:

- Discrete (combinatorial or Boolean) vs. continuous variables
- Dimensionality

- Multimodality

- Discontinuity i.e. non-differentiable vs. differentiable

- Epistasis vs. linear separability

- Deception

- Unconstrained vs. linear constraints vs. non-linear constraints.
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The above list represents some of the more accessible and well-investigated ‘dimensions’ of
problem type, but is by no means an exhaustive list. In the following we say a little about

each of these problem features.

Much of heuristic search is concerned with problems whose solutions can be expressed exactly
using a finite length string of integer parameters. Such problems are called discrete or com-
binatorial optimization problems, and include all those detailed in [GJ79]. They also include
test problems such as the landscapes [Kau89] and Royal Road functions [MHF94].

In addition to combinatorial problems, metaheuristic search may also be used to optimize
mathematical functions of one or more continuous parameters. These are usually tackled by
choosing a finite precision with which to express the parameter(s). The parameter value(s)
may then be represented using chromosomes in which the allele value of each gene represents
the value of a parameter directly (to some precision), or the parameter value(s) may be

encoded, for example in binary, on the chromosome using multiple genes.

It is clear that local-search algorithms can easily be adapted for both continuous and discrete
spaces by defining the neighbourhood operator appropriately. GAs were originally thought
to work best with binary representation of variables, be they continuous or discrete. But
recombination of binary strings that are representations of continuous variables does not
preserve or recombine what is likely to be, in the building block sense, the relevant infor-
mation. Evolution strategies and evolutionary programming typically operate directly on
the continuous decision variables, and thus their operators are particularly suited to these
problems. Others have now developed similar operators for use in GAs. e.g. [Dav91b, DA95].
Optimization strategies such as scatter search, path relinking, and differential evolution, are
particularly suited to continuous variable problems because they emphasize the production

of new solutions by a linear combination of others [CDG99].

Dimensionality refers to the number of dimensions of the parameter space, . Test function
suites used for assessing EAs and other techniques should contain problems of high dimen-
sionality because these are more representative of real world problems according to Béck
and Michalewicz [BM97]. Low dimensional problems can often be solved more efficiently by

traditional optimization methods such as mathematical programming.
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Most real-world optimization problems of interest are multimodal, that is, they contain more
than one optimum. Sometimes the optima in a multimodal landscape may be of different
levels or of the same level. If they are all of the same level then they are all global optima.
Finding one of them is usually sufficient to solve the optimization problem exactly, thus
multimodality can potentially make a problem easy, as many points are easier to search for

than one.

If the optima, are of different levels, then some are not global optima. These ‘local’ optima are
generally regarded as a nuisance, particularly for local-search algorithms such as hillclimbers
because they can become stuck in them, unable to escape to any point of better evaluation.
However, as we have seen in our discussions above, there are many strategies for escaping
from local optima, although they generally slow down progress compared to a straightforward

hillclimbing technique.

Genetic algorithms (and other population-based techniques) are often touted as being par-
ticularly suited to searching multimodal landscapes. However, [LP98] shows that when the
problem becomes very strongly multimodal EAs may be little better than random search.
Furthermore, research comparing methods on the landscapes [Kau89] suggests that GAs

are certainly not peerless on multimodal problems [MF98].

In some applications, it is required or desirable to find multiple optima, particularly if mul-
tiple global optima exist. Genetic algorithms do have the advantage on problems of this
type, as multiple optima can be found from a single algorithm run if niching techniques are
used [GDH92].

Biéck and Michalewicz [BM97] suggest that test function suites should contain a few unimodal
functions in order to test the speed with which the search method approaches the objective
(efficiency). On these problems, one would expect hillclimbing algorithms to exhibit partic-

ularly efficient search.

Heuristic search can clearly deal with discontinuous objective functions because it does not
rely on gradient information to find the direction of search. This makes it suitable for com-
binatorial problems which are always non-differentiable. When a mathematical function is
continuous it is possible that gradient methods such as Newton’s method ([BC81], page 666)

may be faster than “blind” methods. However, gradient-based methods do not usually fare
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well on high dimensional and or multimodal search landscapes.

Discontinuity is not usually regarded as a relevant dimension of problem difficulty for general-
purpose search methods even though local search does rely on the extent to which points
within a neighbourhood have similar evaluation. Instead, the related concept of ‘ruggedness’

is used, which is generally subsumed into the multimodality dimension.

The notion of deception in problems has been an important concept in understanding what

makes a problem difficult for a genetic algorithm, albeit it is a notion fraught with controversy.

According to Deb [Deb97], “Deceptive functions are those in which low order building blocks
do not combine to form higher-order building blocks: instead they form building blocks for

a suboptimal solution.”

0.8
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f(u)
0.4

0.2

Figure 2.1: A four-bit trap function as a function of unitation

For example, the deceptive trap functions [DG92] are a common deceptive test problem,

defined in terms of unitation (the number of 1s) on a binary string, as follows:

—( ) if

—( ) otherwise

() (2.5)

where is the value of the deceptive optimum, is the value of the global optimum, is the
length of the string and is a parameter controlling where the slope in the function changes
when () is plotted against . Figure 2.1 shows a deceptive trap function with 06,

10 and 3 (from [Deb97]). In this function, the solution with three 1s is at the basin
of attraction for the global optimum solution (four 1s). On the other hand, all solutions

with fewer than four 1s (15 of them) are attracted towards the deceptive optimum (four 0s).
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Thus, the basin of attraction for the deceptive optimum is much larger than for the global

optimum.

Das and Whitley [DW91] suggest that only deceptive problems are hard for a GA. However,
Grefenstette [Gre93] points out that deception is not necessary for a problem to be hard,
citing the needle-in-a-haystack problem as a straightforward counter-example. Watson et
al. [WHP98] have also provided a test problem, H-IFF, that is very difficult for a standard
GA, without possessing any deception. Instead, H-IFF exhibits strong epistasis at different

hierarchical levels, making it difficult for the GA to maintain and assemble building blocks.

The deceptive trap functions are sometimes cited as an example of a problem that can be
tackled well by a GA (albeit one with niching, or some method of searching specifically for
building blocks up to a particular order) but which is very difficult for local-search methods to
solve. However, an order deceptive trap function is completely separable (see next section)
at order , so it could also be solved more efficiently using some other technique, provided the
position of building blocks is known. Knowing the identity and position of building blocks
is, of course, at least half the problem. However, demonstrations of GAs solving deceptive
problems often rely on building blocks being ‘tightly linked’ a form of a priori knowledge
about where they are. In fact, GAs using one or two point crossover can solve deceptive trap
functions of low order only if the traps — the building blocks — are tightly linked on the
chromosome. If they are bit re-ordered then the GA has much greater difficulty solving the

problem.

Epistasis is a measure of the degree of interaction between parameters in an objective function.
If a problem has no epistasis then all of the parameters can be independently optimized, so
that the number of points that must be visited is very small compared to the whole search
space. If the parameters in a problem can be split into groups in such a way that, taking each
group separately, the parameter values within that group which give the best evaluation, with
the values of all other parameters held constant, are the same as those in the global optimum,
then the problem is linearly separable. On the other hand, if in a problem, the contributions
of all parameters depend upon all others then the problem has unbounded epistasis and is
not linearly-separable. Such a problem is generally difficult to search using an EA or any
other general-purpose technique. For this reason, epistasis and epistasis variance have been
used as predictors of problem difficulty. It has also been suggested by some that real-world
problems exhibit bounded epistasis and this makes it possible to search them efficiently using

EAs and other metaheuristics.
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The property of epistasis is closely linked with multimodality and deception considered earlier.
The presence of epistasis leads to multimodality: Kauffman’s landscapes are models
of tunable rugged landscapes built up from maps of how the parameters interact higher
parameter interaction leads to greater ruggedness. Deception relies on epistasis because it
relies on the fact that unless a significant portion of the elements of the optimal solution are
discovered at once by a search algorithm, then these elements will not be attractive. Thus

these groups of elements are epistatically linked.

Constraints are virtually ubiquitous in real world optimization problems, both discrete and
continuous, so we should expect that good general-purpose search algorithms can deal with
constraints. Béack and Michalewicz [BM97] suggest that test function suites for assessing the

ability of EAs to deal with constraints should ideally contain functions with

- different numbers and types of constraint (linear and non-linear),
- the optimum located in different places, particularly on the constraint boundary,

- and, different relatively sized feasible and infeasible regions,

in order to emulate the full range of real-world constrained problems.

It can be argued that population based evolutionary techniques are better suited to con-
strained optimization problems than local-search methods because the latter can become
trapped in suboptimal feasible regions, unable to traverse an infeasible region in order to
approach the optimum. However, there are many different approaches to dealing with con-
straints, including penalty functions, decoders, repair mechanisms, and others, that can allow

both population-based and local-search methods to work in constrained search spaces.

o ree unc and itsi lications

The no-free-lunch theorem (NFL) [WM97] states that all search algorithms have identical
performance when their performance is averaged over all possible search spaces. This result
proves the futility of trying to devise a truly general-purpose search algorithm. However, it

does not imply that a particular algorithm cannot be better over a restricted set or class of
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problems . The class or set of problems that most researchers are interested in is the set
of real-world problems (RWPs). The NFL does not specifically rule out the possibility that
one algorithm could be best over the set of RWPs. Thus, it is suggested in [Sha00](page 80)
that some researchers still believe that it is possible that some algorithms perform better
than others, when performance is averaged over all possible real-world problems, and that
consequently some algorithm or group of algorithms must be ‘best’, over this set. In Sharpe’s
notation, such an algorithm — a holy grail for real world problems — is denoted by

Of course, the set of real-world problems is not a well-defined class so neither a proof nor a

refutation of the possibility of an is currently available.

However, even if NFL does not presently have anything to say about the RWPs, and even
if there were such a group of algorithms that on average were best over the set of RWPs, it
does not mean that these algorithms would be the best choice on all new real-world problems.
Obviously, when we encounter a new problem we do usually come to it with some knowledge
of its structure before any evaluations of the search space are made. Therefore we can hope
to apply roughly a good approach to it, better than blindly applying our putative

In some sense we are outside the NFL because we can make predictions about the search
space without making any evaluations of it. In fact, in real-world problems we almost always
do not approach a completely black box.

So, at present, and probably for at least some time into the future, the best possible strategy
for approaching a new problem is to look at it, make some judgments about the features
it will possess and then try out some different algorithms, perhaps being guided by some
measurements of the search landscape etc., until we find an approach that works well enough
on it. This process cannot all be automated, at present, and never can be if it is the case
that we are able to make some useful judgments without actually performing any objective
function evaluations. Our job then, is to try to choose the best algorithm for the problem.

This matching of algorithm to problem is worthwhile doing.

From the discussion about problem features above, and what has been said about the NFL,
it should be clear that — for the time being at least — we should reasonably expect that we
will have to choose the most appropriate approach, be it hillclimbing, simulated annealing, a
GA, TS, or some hybrid algorithm, given a problem and what we know or expect about its
features. Any talk of there presently being a single algorithm which is so good that it should
always be applied to problems (even of restricted classes) should not be believed. Schwefel

makes this point very clearly when he writes [Sch97]:

n fact on the contrary if one algorithm is shown to perform worse than another on one problem
by the one can state that is better than on a erage o er the set of all problems e cluding
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First, there will always remain a dichotomy between efficiency and general ap-
plicability, between reliability and effort of problem-solving, especially optimum-
seeking algorithms. Any specific knowledge about the situation at hand may be
used to specify an adequate specific solution algorithm, the optimal situation be-
ing that one knows the solution in advance. On the other hand, there cannot
exist one method that solves all problems effectively as well as efficiently. These

goals are contradictory.

In the late eighties and early nineties, much work was carried out on trying to identify
problem features that would make a problem easy or difficult for a genetic algorithm to
solve as compared to local-search algorithms, particularly hillclimbing. Amongst the features
put forward were deception, multimodality, crosstalk, isolation, and noise [HG95] as well as

exponentially long paths of monotonically increasing evaluation [HGD92].

In order to investigate the building block hypothesis [Hol75], Mitchell, Forrest and Holland
put forward a set of test functions called the Royal Roads with identifiable building blocks
or low order schema that were non-overlapping on the chromosome. These low-order schema
could be combined to form higher order schema which were rewarded with a larger evalua-
tion. By studying how a genetic algorithm processed these separate and identifiable schema,
Mitchell et al. hoped to test the “most prevalent “folk theorem” of GAs — that they will
outperform hillclimbing and other common search and optimization techniques on a wide
spectrum of difficult problems, because crossover allows the powerful combination of partial
solutions” [MHF94|. However, although the Royal Roads were designed to have just the sort
of building-block structure ideally suited for GAs, Mitchell et al. found that a simple ran-
dom mutation hillclimber was a factor of 10 faster than a GA with crossover at solving the
these functions. The explanations given for the poor performance of the GA on this problem
underlined the fact that selection pressure, mutation rates, population size, and crossover all
need to be very carefully controlled in a standard GA in order for it to perform better than

a hillclimber on the simple Royal Road functions.

The results of Mitchell et al. followed prior work by Tanese [Tan89] in which test functions
based on Walsh polynomials [Wal23, Bet80] were used to compare the performance of ge-
netic algorithms and a multi-start steepest-ascent hillclimber. Tanese found that hillclimbing
outperformed a genetic algorithm on all the Tanese functions functions of length 32 bits
and varying Walsh polynomial order of between 4 and 20. In an analysis of the results of

Tanese, Forrest and Mitchell admitted that the Tanese functions did not exhibit deception
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— previously thought to be the main cause of poor GA performance. In fact, Forrest and
Mitchell found that further causes of poor GA performance had to be postulated. Grefen-
stette [Gre93] also analysed the theory of deception as put forward by Goldberg, Liepins
and Vose, and others, and considered that it was not an adequate explanation of the poor
performance of GAs, since it was neither necessary nor sufficient for a problem to be difficult
for a GA.

Wilson [Wil91] and Louis [LR93] had more success in finding problems for which a simple
genetic algorithm outperforms a stochastic hillclimber. In the former, a population-based
steepest ascent hillclimber does not perform as well as a genetic algorithm with crossover on
a GA-easy problem, that is, one in which the low order schemata associated with the global
optimum have higher static average fitness than the competing schemata in their partitions.
However, the work of Forrest and Mitchell indicates that steepest ascent hillclimbing can
exhibit poorer performance than random mutation hillclimbing because it does not share the
ability of the latter to explore plateaus. With this fact taken into account the conclusion of

Wilson is weakened.

Louis constructed a problem that was maximally deceptive for a hillclimber, with a structure
tailor-made for one point crossover. He showed that on this problem a GA indeed outperforms
stochastic hillclimbers and populations of stochastic hillclimbers. However, the structure
of the problem put forward by Louis is particularly contrived. Louis does not consider
adding noise to this function or re-mapping some bit values. The problem therefore looks

unconvincing as a model of any real-world problem.

More convincing demonstrations of good GA performance compared to hillclimbers were
given by Deb and Horn [HGD92] on functions with exponentially long paths for a hillclimber
to the global optimum. They showed that a GA with crossover is orders of magnitude faster
than algorithms (hillclimbers) that only search a small neighbourhood with high probability,
and a larger neighbourhood with very small probability.

A comparison of methods was also carried out by Keane [Kea96], on a Royal Road function
described in [MFH91] and the fifty dimensional bump problem introduced by Keane. SA is
compared with GA, EP, and ES. Keane demonstrates that the GA is clearly best on these
problems, and is robust to changing its parameters. He argues that a modern GA with
niching and a form of restricted mating, as used in his experiments, would outperform even

hand-tuned versions of the EP, ES and SA algorithms on the test functions considered.

In two papers by Watson et al. and Watson and Pollack [WHP98, WP00], some of the
problems of the Royal Roads as functions for demonstrating the power of GAs to identify and
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recombine building blocks, are overcome in a new test problem, H-IFF, which they propose.
H-IFF combines the features of building block interdependency (i.e. partial-separability) and
competing optima, within a clearly defined hierarchical building block structure like that in
the Royal Roads. The resulting functions exhibit fractal multimodality, making them difficult
for hillclimbing algorithms to solve. Watson et al. demonstrate that a simple GA, although
it cannot solve the problem, significantly outperforms random mutation hillclimbing. When
the simple GA is augmented by a resource-based niching strategy it can solve the problem
to optimality, demonstrating that in order to solve H-IFF, it is necessary to maintain and
combine diverse building blocks. When the bits of the H-IFF problem are re-mapped (or
shu ed), however, a GA cannot solve the problem to optimality. This demonstrates that the
GA requires tight genetic linkage in a problem if crossover is to be a useful tool for combining
building blocks. The conclusion of Watson et al.’s early work are that GAs can discover and
combine building blocks provided diversity is maintained, and provided there is tight genetic
linkage. Furthermore, given these conditions, a GA can clearly outperform hillclimbing on
H-IFF-type multimodal functions. The requirement of diversity maintenance is in agreement

with the findings of Keane discussed above.

Merz and Freisleben [MF98] compared GA, genetic local search (GLS) [IMT97], and multi-
start local search (LS) on landscapes, with a range of and  values with  going up to
1024. They find that for large and  a multi-start LS algorithm outperforms both 1-point
and uniform crossover GAs. However, their key findings were that the genetic local-search
algorithms outperform both the GAs and LS algorithms at all sizes of and , and scale
particularly well. These findings on these test functions provide strong evidence of the power
of hybridizing local search and GA strategies. Much further evidence of this is provided in

papers discussed below.

Overall, much of the work in the GA literature on test functions serves to show that simple
GAs can exhibit poor behaviour in many function domains, and often require additional
features in order for them to outperform simpler techniques like hillclimbing and simulated

annealing.

Although the test function studies reported in the previous section are interesting and useful
because specific problem features and effects can be isolated and investigated, many re-
searchers believe that real-world problems often exhibit different features that are not readily
captured by test functions. They advocate the use of real-world problems for testing and

comparing algorithms, arguing that test functions are artificial landscapes that do not truly
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reflect the nature of problems that we would actually like to tackle.

A very large number of studies in which metaheuristics have been compared on real-world
problems have been published, and we consider just a sample of these here, summarizing
some of the key findings of them. We note also that the term real-world problem does not
always imply that the instances used in these studies have actually been taken from problems
in the real world, or that they are of the same or similar size to problems of actual interest. In
some cases they are much simpler. However, the problems tackled do reflect real problems in

the sense of their general structure, if not their size, number of constraints, or other details.

Bramlette and Bouchard [BB91] compare GA, SA and hillclimbing on an aircraft design
problem. Their study provides evidence that considerable tuning of the GA approaches was
necessary for them to reach a level of performance achieved by SA. It is not clear from
the study how much effort was put into tuning the SA cooling schedule. Interestingly, the
short study finds that the best result for the GA approach is when it is hybridized with the

stochastic hillclimber, and iterated with multiple random re-starts.

In [JW94], four real-world problems for which GA approaches had previously been proposed
in the literature are tackled using stochastic hillclimbing. The problems are the maximum
cut problem, the 11-multiplexer problem (tackled using genetic programming originally),
the multiprocessor document allocation problem, and the job-shop scheduling problem. In
each case, a stochastic hillclimber (capable of exploring plateaus in the landscape because it
accepts all non-worse neighbouring solutions, rather than just improving solutions), using (in
general) a similar encoding and mutation operator as proposed for the GA was tested, using
runs of the same length in terms of function evaluations as performed by the GA. In all cases
the stochastic hillclimber is found to outperform the GA in terms of mean values achieved
over 100 runs. For the last problem, the authors use a multiple start strategy where each run
of the hillclimber is divided into 5 mini-runs (and the best solution found returned), but the
authors claim that this strategy was chosen arbitrarily and may be improved if tuned further.
The authors stress that the aim of their study is to encourage GA practitioners to ‘baseline’
their approaches against simpler techniques — not to try to argue that hillclimbing is superior
to evolutionary algorithms. Indeed, in the last set of experiments where the encoding and
operators used in the hillclimber ere different from the GA they compared against, they
develop a new GA using this improved encoding and operator pairing that does outperform
the hillclimber.

The point of view expressed in [JW94], that researchers should baseline their approaches
against simpler techniques, is a view that is shared by us, and central to the work in this

thesis. However, we focus on work in the multiobjective EA field, where no baseline algorithms
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have been put forward, and comparisons with fundamentally different techniques, are rare.

Duvivier et al. [DPT96] also compare multi-start hillclimbing to an EA on the job-shop
scheduling problem using a direct encoding of job order. Their algorithm study also includes
a fairly simple tabu search implementation and a hybrid between the EA and the hillclimber.
The findings of this study echo those of [JW94], in that an EA is outperformed by hillclimbing
using the same encoding, mutation operators, and number of evaluations. These findings lead
the authors to question the value of recombination on this problem, particularly under the
encoding used, but they also emphasize that the poor EA results on the scheduling problem
differed greatly from previous results where an EA was compared to hillclimbers on a number
partitioning problem. The results of hybridizing the EA and hillclimbing algorithms on the
scheduling problems were found to be, in general, better than the pure EA and similar to the

multi-start hillclimber.

Yagiura and Ibraki [YI96] compare various metaheuristics on single machine scheduling prob-
lems. They report that a GA is found to be robust to the type of neighbourhood operator
used but that its performance is poor compared to the other algorithms considered. They
find that multi-start local search is the best simple algorithm with few parameters to control
and good performance. Overall, however, simulated annealing and a genetic local-search algo-
rithm are found to give the best performance over long computational runs. The performance
of tabu search, GRASP, and iterated local search, all depended strongly on the neighbour-
hood defined for the problem, but achieved better results than the GA for the more effective
of the two neighbourhoods explored in the study.

Mann and Smith [MS96] compared SA and GA approaches on a number of telecommunica-
tions traffic routing problems. A careful set of experiments were carried out to select the
parameters of each algorithm before final results were collected. Both algorithms were run
until they had converged as judged by the rate of improvement having fallen below some
defined level. The findings indicated that the SA and GA algorithms reached very similar
final evaluation levels on the range of problems, but SA converged in approximately 10 times
fewer evaluations. This finding, combined with the fact that the SA algorithm could be ac-
celerated further by using “delta evaluation” of solutions led Mann and Smith to conclude

that SA would be the favoured approach on this application.

In a paper by Lahtinen et al. [LMST96], a GA, SA, and two greedy local-search algorithms
were compared on a spanning tree problem in which an optimal branching must be determined
to minimize the cost of the tree while meeting certain capacity constraints. The experiments
carried out allowed for the greedy search algorithms to be run multiple times per single GA

run to allow for the fact that they converged in far fewer evaluations. Graphs were then
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plotted of the best solution found against total evaluations carried out for each algorithm.
The SA and greedy algorithms all outperformed GA on all three problem sizes tried. One
of the two greedy approaches was particularly fast and effective, but SA reached the best
evaluation in all of the experiments, though with slightly slower initial convergence speed.
Furthermore, SA was found to increase in relative performance compared with the GA as
problem size increased. Further similar comparisons in [LMS 98] show that while a GA
compares favourably with the other approaches on a frequency assignment problem, in terms
of final evaluation achieved, it requires of the order of 10 times as many evaluations as SA to
achieve this result, and 2040 times as many as a greedy local search approach which only

achieves very slightly inferior solutions.

Oates [Oat00] compares the performance of various EAs with SA and HC on 4 different
instances of the adaptive distributed database management problem [OC00]. Three different
evaluation limits were investigated in each of the approaches taken. The SA algorithm was
used with an appropriate geometric cooling schedule for each of the three evaluation limits.
The EAs investigated used 4 different mutation rates and 3 different population sizes giving
12 in all, and were otherwise similar. Oates found that no single algorithm outperformed
the others over the set of problems and evaluation limits. With the problems possessing
a larger search space, the performance advantage of the EAs was seen to diminish with
respect to hillclimbing and simulated annealing. Patterns in the EA results suggest that a
low mutation rate and large population size give good performance on the larger problem
spaces but these rules of thumb are not particularly accurate. Oates concludes that SA

is a good default technique while the EAs clearly give better performance when “

...simple
consideration is given to parameter choice...”, but it is clear from the study that much more
effort was expended on tuning the EAs than on trying different cooling schedules for SA.
Thus, once again we see that EAs do not offer a clear advantage over local-search algorithms,

particularly when the effort to tune them is taken into account.

rid e olutionar a roac es

In the real-world applications studies considered above, genetic algorithms were often com-
pared with other heuristic optimization techniques. On some of the problems, GAs clearly
did not perform as well as other approaches. This result simply underlines the fact that GAs
are by no means a ‘special’ approach, both efficient and effective on all problems. Rather, the
GA'’s strength lies in the large domain of problems to which it can be applied with minimal
problem-specific knowledge [Gol89](Chapter 8).



br t ar a r ac s

Nonetheless, the genetic algorithm framework also permits the use of natural data structures,
problem-specific operators, repair mechanisms, penalty functions, decoders and the like, to
make a much more problem-specific algorithm. Michalewicz calls the resulting algorithm, an
evolution program [Mic96]. Such tailoring of GA encodings and operators to the problem
at hand is the minimum requisite in any serious attempt to obtain a useful optimization

algorithm based on a GA, for most real-world problems.

A truer hybridization is described in [Dav9la] where Davis proposes a method for making
a hybrid GA for any problem where a good optimization algorithm is already known (the
current algorithm). This involves first using the current algorithm’s encoding in the hybrid
GA. In addition, elements of the current algorithm can be used to generate initial solution
vectors, and or to make “successive transformations” of, or search, solution vectors, and or
to decode solution vectors appropriately. In Davis’ scheme, the GA’s own genetic operators
should then also be adapted to the specialist encoding, whilst maintaining their usual roles
in genetic search. Davis maintains that this scheme will almost never fail to improve on the

current algorithm’s performance.

The model of Davis, particularly where the current algorithm is used for initialization and to
actually make “successive transformations” of the solution vector is more akin to the notion
of a memetic algorithm as described in [Mo0s99] and [MF99], than is simply the exploitation
of problem-specific knowledge as used in Michalewicz’s evolution programs [Mic96]. Both for-
mulations fall under what we consider to be a hybrid evolutionary approach, for the purposes
of this section. Memetic algorithms, for our purposes, mean evolutionary approaches that
include some iterative local search element to improve the solutions found by recombination

and or mutation.

Memetic algorithms, albeit under different names, have been remarkably successful on a wide
range of N -hard problems including TSP, graph colouring, set covering and many others.
For an extensive list with references see [Mo0s99]. The theory behind the approach is not
well-founded, however [Mo0s99]. Nonetheless, some interesting and potentially general results
have been found. Sharpe [Sha00] empirically demonstrates that searching a landscape with a
hybrid approach which mixes hillclimbing, recombination and mutation performs moderately
well on each of three different landscapes which are respectively designed to be easy for
hillclimbing, easy for recombination, and easy for mutation. The hybrid does not perform
as e ciently as the appropriate pure strategy but its effectiveness is high, suggesting that
a hybrid merely possessing the appropriate operator(s) will be effective on a given problem.
Sharpe’s results also demonstrate the converse, that is, that a hybrid algorithm is only as good

as its operators are appropriate. Hybrids without mutation, on a mutation-easy problem do
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not fare well, for example.

Finding what the appropriate operators are for a given problem landscape is the subject
of [MF99]. Merz and Freisleben show that by analyzing properties of fitness landscapes,
appropriate representations and operators can be designed. However, the authors also note
that in many applications, different instances of the same problem have different landscape
properties which may makes the use of landscape metrics for predicting what operators to
use an unreliable approach. Despite this caveat, Merz and Freisleben do report that MAs
using the appropriate operators are the most effective algorithms on a number of N -hard

problems.

Using hybrid algorithms which incorporate local search may improve efficiency too. For
example, Smith et al. [SDRWO00] note that in some applications, the evaluation of solutions
can be significantly accelerated if ‘delta evaluation’ is used. In local search approaches, where
each new solution differs only slightly from its predecessor, the fitness of the new solution can
be calculated by making a slight adjustment to the fitness of the predecessor solution to reflect
the small change made to the solution. This saves significant computation time compared
to doing a complete evaluation. This means that local search approaches have an advantage
over GA approaches on these applications, because GAs cannot typically make use of delta
evaluation the crossover operator is too disruptive for it to be worthwhile. In the fixed
channel assignment problem, simulated annealing approaches are much more efficient than
GAs for this reason. However, in [SDRWO00], a hybrid GA which overcomes this problem, to
some extent, is proposed. It uses a crossover operator which tries to improve the better of a
pair of parents by swapping in individual genes from the inferior parent. This process is done
using a greedy search through the genes, using delta evaluation at each step. Smith et al.
obtained a large efficiency improvement using this hybrid approach compared to a standard
GA. On medium-sized problems the hybrid approach was found to be competitive with SA.
On large problems, however, SA remained more effective and efficient.

In this chapter we have seen that, despite a great deal of research in general-purpose opti-
mization, there is no such thing as a truly general-purpose algorithm that performs better
than others on all (real-world) problems, or that can even guarantee better average perfor-
mance than any other method over all problems. Moreover, it is not easy to predict which
algorithm will perform most effectively and or efficiently on any given problem, or given in-

stance of a problem. Much theory and empirical investigation has been directed to classifying
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and quantifying various dimensions of problem features, and has tried to match these with
predictions of algorithm performance. However, to a great extent, it is still not possible to
make accurate predictions as to which algorithm(s) will perform best on a given problem
(instance). We have seen that on many problems, local-search based methods perform better
than population-based evolutionary methods, and that on a great number of problems, hybrid
methods also perform well. With this context in mind, we will later propose both local-search
and hybrid approaches for Pareto optimization, as alternatives to population-based MOEAs,
which are the dominant approach, today. However, before these contributions are presented,

a review of the current state-of-the-art in Pareto optimization is given in the next chapter.
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Pareto Optimization

This chapter begins with a brief overview of multiobjective optimization and explains its
relationship to the more specific domain of Pareto optimization. Next, the general Pareto
optimization problem is formally defined, and some key concepts and notation are introduced.
A number of different approaches to general-purpose Pareto optimization are then reviewed,
and the themes of elitism and diversity control are considered. We also review the literature
on methods for testing, assessing and comparing the performance of multiobjective optimiz-
ers, and critically analyze a number of current approaches. Finally, we propose some new

performance metrics that will be useful in assessing the algorithms presented in this thesis.

ntroduction and o er ie

When one thinks of optimization in general, or about well-known optimization problems, one
usually thinks about problems of minimizing or maximizing a single quantity or objective.
Indeed, with many optimization problems, one begins with the implicit assumption that all
candidate solutions can be ranked unambiguously according to their cost or utility. The goal
of the optimization process is then well-defined: One must find the highest ranked solution(s)

possible.

But in real-world applications, problems with a single, well-defined objective to optimize
tend to be the exception rather than the rule. In finance, operational research, medicine,
engineering, design, planning, scheduling, timetabling and many other domains, the norm is

for problems with multiple and conflicting criteria. Often, problems with a single objective

! Ibeit the e aluation of solutions may be sub ect to noise or uncertainty.
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may express what is most important or fundamental about a task in these domains, and they
are a mathematical nicety, greatly simplifying the problem, but they are not a faithful model

of the real world.

Unfortunately, in a problem with multiple objectives, it is generally impossible to obtain a
total-ordering (a ranking) of all of the alternative solutions, without invoking further rules or
assumptions. This means that ‘pure’ optimization, in which an unambiguously best solution
is sought, may not be possible. This problem of ranking solutions arises whenever we must
compare two solutions that offer a different compromise of the different criteria — with
one scoring better on one criterion, and the other scoring better on another criterion. In
this situation, the decision as to which solution is actually better may become somewhat
subjective, or must rely on additional information, such as the ‘importance’ of each criterion.
In any case, the solutions cannot by ranked (totally ordered) by their evaluation alone. Thus,
in a broad sense, multiob ective optimization (MOO) really entails two entirely different tasks:
search and decision-ma ing. Search is needed to find solutions, and decision-making is needed

for ranking them.

The study of methods for making choices between solutions that offer a different compromise
of criteria is a scientific and mathematical discipline in itself, separate from search, called
multicriteria decision-making (MCDM). MCDM essentially entails methods for scalarizing
the vector evaluation of a solution, so that a total ordering of solutions can be obtained, from
which the ‘best’ one can be chosen. Scalarizing methods in turn involve techniques for equal-
izing the ranges of different criteria, and for mathematically modeling the ‘preferences’ that
(human) expert decision-makers (DMs) have, when faced with making compromise choices
between solutions. For a concise but extensive overview of methods for performing MCDM,
see [Mie01].

In this thesis, we do not concern ourselves with methods for performing multiobjective op-
timization in the broad sense alluded to above. Rather, we are concerned only with what is
sometimes called vector optimization [Mie01], or more commonly, Pareto optimization. This
is a pure optimization process, not involving any decision-making. In the next section we de-
fine Pareto optimization formally, but here we note that it is a purely mathematical concept
which follows directly as a consequence of the definite, total ordering of solutions that exists
in terms of each single objective taken separately, and the fact that we can always decide
which of two candidate solutions and is better, if is better than  on one or more

objectives, and  is worse than  on none.
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Conce ts and notation

t t b ct t at is the process of finding one or more vectors
of decision variables that simultaneously satisfy all feasibility constraints and optimize a vector
ob ective function that maps the decision variables to t o or more performance criteria or

ob ectives.

t cs ct r (alsos t ) ( ) is a vector of
decision variables (also parameters) representing the numerical wualities for hich values
must be found in an optimization problem. The variables may be integer real or a mizture.
The set of all decision vectors for a given optimization problem is called the cs s ac

(also ara t rs ac ) and is denoted by

t The set of decision vectors (solutions) that satisfy all feasibility constraints

is called the asb s t and is denoted

t The vector b ct ct maps the decision vectors from the de-
cision space into a -dimensional b ct s ac (alsocrt r s ac )
() ( ) here  may be called the b ct ct r the
crtr ct r or simply the t.
t The image of in ob ective space is called the asb r in the

ob ective space and is denoted by

t t b ct t at at atca r
Minimize () (3.1)
Sub ect to (3.2)

Notice that the definition is in the minimization form. Of course, in general we may have to
either maximize all the objective functions, minimize all the objective functions, or minimize
some functions and maximize others. However, any objective function can be always be

converted from the minimization form to the maximization form, and vice versa since:

max( (1)) min( () (3:3)
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and

min( (1))  max( () (3-4)

so that the optimization problem can always be stated as a pure minimization (or pure

maximization) problem.

In any case, the definition given above is not fully specified. The term ‘Minimize’ appears in
quotes to remind us that the exact meaning of the (vector) minimization must be specified

before optimization can be performed.

In order to find the minimum (or set of minima) of a set of (objective) vectors, it must be
possible to order them. To do this one must select a type of binary relation that can be used
to form a (partial) order between all objective vectors in . Many different order relations can
be used, including lexicographic order, component-wise order, and max-order. In this thesis,

only component-wise order will be considered, which forms the basis of Pareto optimization.

t The ¢ t s r rr at is defined as:

1

t The a c t s r rr at is defined as:

1

t solution is called ar t t a if there is no such

that () ( ). If s Pareto optimal ( )iscalled ¢ t.If and
() () esay at s and () dominates (). The set of

all Pareto optimal solutions 18 the ar t s t. The set of all e cient points

() here is the ¢ tstorthe art r t.

t For any t o decision vectors and

( ats )+ () () (3.5)
( a at s ) i () () (3.6)

(s ¢ arab t ) () () () () 67

t solution is said to be at ith respect to a set
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(3.8)

In some circumstances it may be clear from the context hich set is meant in  hich case it
can be omitted. Often the set 1s a set of solutions that has been found by a multiob ective

optimization approzimation algorithm.

t Let and (). Let the function () return the set of

nondominated solutions from
() is nondominated ith respect to (3.9)

Similarly e define the function () as follo s:

() such that (3.10)
The set () is the at s t ith respect to ; the corresponding set of
ob ective vectors () is the at r t ith respect to
t e define the follo ing relations bet een a vector  and a nondominated
front ( ):
(3.11)
or in other ords
(3.12)
( )
(3.13)
t Similarly e define the e wivalent relations bet een a solution and a
nondominated set ( ):
(3.14)
or in other ords
(3.15)
( )
(3.16)
t The notation and concepts presented here are not uni ue in the literature.  n-

fortunately there has not been a common standard in describing these concepts adopted by
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all. o ever in this thesis the notation ording and meanings defined above ill be used
herever possible. But in describing other authors’ or e may adopt their notation tem-
porarily in order to ma e direct uotation of their or possible. In this case a footnote

ac no ledging the change in notation ill be included.

ro i atingt e e cient set

In Pareto optimization, the optimization goal is to find the global Pareto set of solutions, or
alternatively, the efficient set of points. The latter is usually sufficient because we would not
normally require more than one solution having identical attributes. In any case, given any
reasonably large N -hard problem, this optimization goal cannot be reliably achieved using
an exact algorithm. Thus, as in scalar optimization, the problem will be to find solutions
that approximate this ideal, in a reasonable amount of time. But, it is not so clear how
to judge the quality of an approximation to the optimization goal in Pareto optimization,
as this involves measuring the quality of a set of solutions (or points) and comparing this
with the desired, global Pareto set (or efficient set). One means of judging the quality of an
approximation to the efficient set might be to measure the number of true efficient points
found, and compare this with the number in the efficient set. Of course, this assumes that
the efficient set is known, which it may not be. However, even if it is known, this measure of
quality cannot differentiate between two different sets where neither contains a single efficient
point. Considering this, we might argue that we need to measure the distance of the discovered
points from the efficient set, in objective space. But doing this is not trivial because it will
necessarily involve combining measures in completely different objectives. Furthermore, even
if the distance is zero by this measure (on average over the solutions found, say) it does
not differentiate between different numbers of solutions being discovered, or how they are
distributed along the Pareto front. Thus, we can see that distance from the Pareto front
does not alone capture the quality of an approximation to the efficient set: some means of
measuring the distribution of nondominated points found is also required. From this, we
can see that Pareto optimization has at least two separate dimensions of success: distance of
points from the Pareto front and distribution along it. Thus, algorithms for approximating

the Pareto front should aim to address both these issues.
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eneral ur ose Pareto o ti 1 ation sc e es

In Pareto optimization, only a partial ordering of solutions is available, resulting in three al-

ternative methods for carrying out selection in an EA or other search metaheuristic [Hor97b]:

1. Consider just one objective in isolation, each time a solution is evaluated for selection.

This method is known as criterion selection.
2. Utilize the partial ordering directly to perform selection. This is Pareto selection.

3. Scalarize the different objectives, using a parameterized function, and vary the pa-
rameters such that a diverse set of solutions may be found. This is called scalarizing

selection.

The first, pioneering work in the evolutionary multiobjective optimization (EMOO) field was
Schaffer’s vector evaluated genetic algorithm (VEGA) [Sch84]. Its selection scheme worked
by building up the intermediate population in fractions. Each fraction of the intermediate
population was selected from the current generation using a different component of the objec-
tive vector to assign fitness. VEGA works well, although it has a tendency to favour extreme
solutions to the detriment of solutions that represent a compromise of the different objective
attributes, particularly when the shape of the Pareto front is non-convex. Two other EAs
used criterion selection: a tournament selection method based on comparing pairs of individu-
als on one chosen objective was proposed by Fourman in 1985 [Fou85], and, in 1991, Kursawe
devised a method based on deleting the worst-performing fraction of the population accord-
ing to one objective at a time [Kur91]. Both methods are discussed in more detail in [FF95].
Criterion selection has not gained much popularity since these early algorithms because other
methods of selection seemed to exhibit better behaviour. However, some new methods based

on different forms of criterion selection have been recently devised [GETA99, SB00].

Selection mechanisms based on Pareto dominance relationships have been the most prevalent
in the population-based algorithms used in the EMOO community. In 1989, Goldberg [Gol89]
first suggested an elegant method of ranking a population of solutions, based on their mutual

dominance relations. His nondominated sorting method effectively ‘peeled off’ Pareto fronts
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one at a time from the population, assigning maximum fitness to all those solutions in the first
layer, and progressively less fitness to successive layers. The nondominated sorting method
was implemented in an algorithm, NSGA, by Srinivas and Deb [SD94] in 1994. The NSGA
has since been one of the most popular and successful methods in EMOO and fuelled interest
in the field. Similar methods of selection, based on Pareto ordering of solutions, have been
devised by Fonseca and Fleming [FF93], Horn and Nafpliotis [HN93], and others.

These population-based algorithms all exploit the knowledge in the whole (or a sample) of
the population in order to perform selection. This is achieved by performing many domi-
nance comparisons between solutions in order to compute fitness. The advantage of such
an approach is that the current store of solutions is being used to drive the search towards
the Pareto front in all directions simultaneously. This is because newly generated solutions
are judged by their dominance relationships with all other solutions. Commonly, speciation
methods are also used to ensure that an even and diverse spread of points across the inter-
nal Pareto front is achieved, further increasing the efficiency and efficacy of these methods.
The disadvantage of this approach is the high computational cost of performing so many
comparisons, particularly when large populations are involved, or there are many objectives.
However, this criticism is often dismissed using arguments that, in most real-world appli-
cations, the cost of comparisons is irrelevant compared to the time expended in evaluating

solutions.

In single-point search methods, there has been little use of Pareto selection. This is because
only two solutions, the current and candidate (mutant) solution, are compared at each step.
Frequently, pairs of solutions ( ) will be nondominated with respect to each other.
That is, neither is better than the other on all objectives. Thus, it is not possible to judge
accurately which of the current and mutant solutions is better, and much of the selection

pressure may be lost.

The advantage of using scalarizing functions, in which the vector of objectives is mapped to a
single objective value, is that standard selection or acceptance mechanisms can then be used
without modifications. This has led to the great popularity of the approach in the operations
research and multi-criteria decision making (MCDM) communities. Adaptations of both tabu
search [GF98, GMF96, Han97b], and simulated annealing [CJ98, Ser94, UTFT99] have used
these methods. Most of the methods store the internally efficient solutions found but they
are not used further in the search. In most of the algorithms, a random weighting of the

scalarizing function is simply chosen at each step, and the new solution generated is accepted
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or rejected according to its utility on this measure compared with the current solution. This
method does not take advantage of the information from the previously found solutions, nor
does it direct the search in any particular direction. These factors seem to suggest that such
an approach would be inefficient compared to the latest elitist Pareto MOEASs, but there is

little empirical evidence of this fact, to date.

Some researchers argue that the use of such scalarizing vectors more naturally allows the
preferences of the decision maker to be used to guide the direction(s) of the search towards
the region(s) of interest (see for example [CJ98]). This may be true, although good methods
for directing the search towards desirable regions of the moving Pareto front within Pareto
ranking methods are now available [Deb99b, PCWBO00]. Also, the use of randomly selected
utility functions in the absence of such preference information, as used in many of the MCDM

algorithms, seems wholly unsatisfactory.

Examples of the use of scalarizing functions are few in population-based Pareto optimiza-
tion approaches. Hajela and Lin [HL92] proposed a GA using weighted-sum aggregation of
objectives. In their method, the parameters of the weight vector were encoded on the chro-
mosome, thus cleverly providing an implicit mechanism for maintaining diversity in objective
space. Later, Bentley and Wakefield [BW97] put forward and tested a number of different
weighting schemes for providing a sub-set of Pareto-optimal solutions. But these methods
have not caught on, and in the case of [HL92], there is now some evidence that this approach
is less efficient than some pure Pareto EAs [ZDT00]. More recently, however, memetic al-
gorithms for multiobjective optimization put forward by Ishibuchi and Murata [IM96] and

Jaszkiewicz [Jas98] has also used linear scalarizing functions.

If we consider the choice between the different strategies of selection outlined above on the one
hand, and the choice between local-search, population-based, or hybrid (memetic) approaches
on the other, we can obtain a broad, two-dimensional classification of general-purpose Pareto
optimizers. Table 3.1 presents such a classification for some of the methods reviewed in this

chapter.

From Table 3.1, it is possible to gain an appreciation of the relationships between different
methods of Pareto optimization. The popularity of Pareto-based EA approaches, represented
in the top left element of the table, is clearly visible. These methods have been successfully
applied to many problems in the EMOQ literature. However, very little comparison has been

carried out between them and methods in other regions of the table. Thus, nothing is really
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Pareto Scalarizing Criterion
Selection Selection Selection
MOGA [FF93] GA with weights on VEGA [Sch85]
Population- | NPGA [HN93] chromosome [HL92] ES [Kur91]
-based | NSGA [SD93] Weighting schemes Parallel ES [SB0O0]
approaches | SPEA [ZT98b] for GAs [BW97]
PESA [CKO00]
NSGA-II [DAPMOOb]
Memetic A [KCO00c] MOGLS [IM96] -
approaches RD-MOGLS [Jas98]
A [KC99b] | Multiobjective SA [Ser94] | -
Local- t r A A TS procedure [GMF96]
-search | ara ts rs t MOTS [Han97b]
approaches t st ss Pareto SA [CJ98]
MOSA method [UTFT99]

Table 3.1: Some of the general-purpose methods for Pareto optimization, classified by selec-
tion mechanism and overall search strategy.

known about the relative performance of the Pareto EAs and the scalarizing local-search

approaches, for example.

Scalarizing selection and criterion selection are less popular in EAs than Pareto-based ap-
proaches and there is some evidence that Pareto EAs are more effective and efficient than

EAs based on these other selection strategies, on some problems at least [ZT98b].

Scalarizing selection has been used in a number of local-search and memetic approaches,
mainly proposed by researchers from the operational research (OR) community, and have
been applied to various combinatorial optimization problems. However, criterion selection

has not, to our knowledge, been used in anything other than EAs, to date.

The methods proposed in the following chapters of this thesis, namely PAES and M-PAES,
complete the table. They use Pareto selection in a local-search and memetic approach, respec-
tively, and to our knowledge are unique in doing so. They are methods whose performance
can be directly compared with today’s Pareto-based EAs, which should contribute to greater
understanding as to the (types of) problems where local-search and hybrid approaches might
be effective. In future work, these algorithms may also be compared with the local-search

scalarizing selection methods of the OR community.
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litis in ultio ecti e e olutionar algorit s

Elitism is the retention of good parents in the population from one generation to the next,
to allow them to take part in selection and reproduction more than once and across genera-
tions. Elitism in (single-objective) GAs was investigated as far back as 1975 by Kenneth De
Jong [DeJ75] according to Eshelman [Esh97]. Evolution strategies used what would now be
called an elitist strategy from their beginning (1971) [JFS97], although in the terminology of
ESs it is called a plus selection strategy non-elitist comma selection strategies came slightly
later in 1974-1975 [JFS97].

The concept of elitism may be simple but there are many different instantiations of it, and
all of them have slightly different goals and effects. In generational GAs, elitism can be in-
corporated by selecting deterministically the best individual(s) in the population and placing
a copy (copies) into the next generation. Then the remainder of the next generation popu-
lation are produced in the normal way using some stochastic selection scheme, mating, and
reproduction. In steady-state GAs [Whi89, Sys89], the concept of “a generation” is softened
because only one mating is allowed per cycle. Thus, almost all of the population members last
for multiple “generations”. In some respects, this means that steady-stage GAs are elitist:
they have the property, as in generational elitist GAs, that the best fitness in the population
monotonically increases over time. But, in another sense, steady-state GAs are not strictly
elitist because they do not bias the reproductive selection towards the best parents, instead
they bias the replacement selection to the worst parents, ensuring that the best (and many

other population members) will last for many cycles.

The first multiobjective evolutionary algorithms employing elitism seem to have appeared
at approximately the same time as MOGA, NSGA, and NPGA were put forward, around
1993-4, judging by Horn’s comprehensive review of the MOEA field [Hor97a], although Kur-
sawe [Kur91] proposed a (1 1)-ES for vector optimization in 1991. In Horn’s terminology,
“Pareto elitist selection”, means dividing the population into two ranks: the dominated and
the nondominated, and biasing the reproductive selection towards the nondominated individ-
uals. According to [Hor97a], Belegundu et al. [BMSC94] use selection from the nondominated
individuals only, whereas Tamaki et al. [TMA95] use a mixed strategy based on copying the
nondominated individuals into the next generation, and using criterion selection to make up
the remaining individuals. Takada et al. [TYK96] apply mutation and recombination first
to generate an intermediate population and then make the new population by selecting only

nondominated individuals from among the old and intermediate populations.

In other elitist MOEAs, the strategy of elitism is combined with the maintenance of an
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‘external population’ of solutions that are nondominated among all those found so far.
Horn [Hor97a] considers such an external population is essential to any MOEA implemen-
tation, and this view is echoed by Veldhuizen [Vel99]. However, there are many ways to
incorporate elitism with the external population. Cieniawski et al. [CER95] seem to be the
earliest exponents of using the external population as part of an elitist strategy, rather than
simply as a repository of discovered solutions [Hor97a]. In their MOEAs, members of the ex-
ternal population are re-injected into the population, replacing randomly selected individuals.
Zitzler [Zit99] notes that some slightly later schemes [AL96, ALG96, MIT96, T'S97] control
the amount of elitism by selecting just the best individuals from the current population to

survive to the next generation.

Unfortunately, many of these early elitist MOEA schemes were largely unread by researchers
in the EMOO field, at least until Horn’s review in 1997 and the theses of Zitzler and Veld-
huizen in 1999. Thus there was little real investigation of the effects of these different strate-
gies until very recently. The first elitist MOEA paper to be published in the more mainstream
evolutionary computation literature did not appear until 1998 [PM98]. In this paper, Parks
and Miller describe a MOEA that maintains an ‘archive’ of nondominated solutions, similar
to an external nondominated set, but limited in size. They only archive members of the
main population into the archive if they are sufficiently dissimilar from any already stored.
Reproductive selection takes parents from both the main population and the archive. Parks
and Miller investigate the effects of different degrees of selection from each, and also differ-
ent strategies for selecting from amongst the archive, including how long individuals have

remained there.

Recently, some theoretical justification for the use of elitism in MOEAs was given in a con-
vergence proof by Rudolph [Rud98a], although Hanne [Han99] notes that selection strategies
where global convergence cannot be proved may work better in practice than those where

convergence can be proved.

The most well-known elitist MOEA, SPEA [ZT98a] developed just prior to much of the work
in this thesis, has been shown to be very effective on a range of test problems [ZDT00]
and combinatorial optimization problems [ZT99], compared with other non-elitist MOEAs.

Zitzler also formulated a general framework (or unified model) for elitism in MOEAs in his
PhD thesis [Zit99], that has since been extended in [LZTO00b].

Even more recently, Deb et al. put forward an elitist and more efficient version of Srinivas and
Deb’s NSGA [DAPMO0Ob]. Comparison of the new NSGA-II against PAES and SPEA on five
test functions seems to show that the new algorithm performs well in terms of both distance

from the true Pareto front and also the distribution of nondominated vectors found. However,
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the results are questionable in one respect. Deb uses a real-valued mutation operator in
NSGA-II and does not extend this to either PAES or SPEA. This could explain why NSGA-
IT gets closer to the Pareto front than PAES or SPEA.

The elitist models of SPEA, NSGA-II, and those presented in this thesis — PAES and M-
PAES — as well as PESA [CK00] have been used to tackle a variety of problem domains and
it is now more generally accepted that elitism in multiobjective search is at least as important
as in scalar optimization. With this advance, the problem of controlling elitism in MOEAs
is now coming under closer scrutiny. In [DGO00], Deb et al. investigates a method in which
a set number of solutions are placed in each equivalence class at each generation so as to
control the elitism. This is shown to improve the convergence properties of NSGA-IT on some
constrained test functions. And using the unified model developed by Zitzler, Laumanns et
al. [LZT00a] investigate various (elitist) selection schemes, diversity maintenance techniques,
and mutation strengths. They find that mutation strength and elitism are strongly linked:
elitist MOEAs work well with a higher mutation strength, whereas non-elitist MOEAs only

work effectively with a relatively lower rate.

taining a ell distri uted a ro i ation set

In section 3.4 we identified a number of different ways to undertake Pareto optimization. In
particular, different methods were broadly classified based on whether search was population-
based or based on local moves, or a hybrid of the two, and by the type of selection strategy
used. These different approaches to the Pareto optimization problem should all aim to obtain
a ‘well-distributed’ approximation to the true efficient set. However, the different features of
the approaches mean that for some of them, obtaining diverse points in the nondominated
front does not require any additional mechanisms explicitly for this purpose. For example,
in a strategy where a standard (single-objective) GA is run multiple times using a different
weighted scalarization of the objectives, additional techniques for diversity maintenance may
not be required at all. Similarly, local-search methods based on scalarizing selection do not
need niching mechanisms because the use of diverse scalarizing vectors already encourages
finding diverse points in the objective space. Indeed, some researchers in the MCDM field
regard it as a weakness of Pareto selection-based MOEAs that explicit niching is required
to make them work [Jas98]. Nonetheless, in the field of evolutionary multiobjective opti-
mization, Pareto selection genetic algorithms employing some form of diversity maintenance
technique have been by far the most popular algorithms in the literature [Vel99]. Thus, in

the following we focus mainly on the important issue of niching methods for use in Pareto
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MOEAs, before giving a brief discussion about diversity mechanisms used in other Pareto

optimization methods.

In natural evolutionary ecosystems, competition does not exist primarily between different
species it exists within environmental “niches”, which are believed to be the cause of the
different species forming, and thus the cause of the diversity of life within the ecosystem. The
different niches can be viewed as different local optima in a multimodal fitness landscape, and
the different species evolve around these different peaks. Thus researchers in EAs interested
in multimodal optimization, view speciation as a valid means of maintaining diverse solutions

so that multiple optima can be explored.

The need for some form of diversity promotion or maintenance in EAs is related to the
general exploitation exploration tradeoff that must be balanced in all search and learning
systems. Selection in EAs “drives the population toward a uniform distribution of  copies
of the most highly fit individual” [Hor97b]. This can lead to premature convergence to a
suboptimal solution, so that diversity maintenance is also important even when only one
(optimal) solution is desired. Maintaining diversity in the face of selection pressure helps
to avoid genetic drift [AM94], where the population converges towards a less fit region from
multiple similarly fit sampled regions, through stochastic sampling effects (errors) in the

selection procedure.

Many mechanisms for promoting speciation and the maintenance of diversity have been pro-
posed and studied in the literature. Before describing these, we can identify several features

or dimensions of quality of the different approaches:
1. Time complexity — particularly in terms of the population size.

2. Selection pressure and the exploration exploitation tradeoff.

3. What the measure of diversity is: genotypic vs phenotypic in EAs, and different tradeoffs
in objective space in MOEAs.

4. Accuracy and stability — how closely the method approaches the desired number of
solutions on each optimum (usually related to the fitness of the optimum) and how

stably it maintains these numbers as selection continues i.e. in the steady state.

5. Robustness to optima of different sizes and shapes, and to optima distributed non-

uniformly in the search space.
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6. Parameterization self-adaptiveness. How much a priori knowledge is needed about
the size, position and number of optima in the solution space in order to apply the
technique, how many parameters need to be set, and how much robustness is there if

parameters are not set accurately.

The schemes of cro ding and its close relative, preselection, are two of the oldest methods of
maintaining population diversity under selection pressure in EAs, dating back to 1975 [DeJ75]
and 1970 [Cav70], respectively [MG92]. Crowding is used in EAs that employ a generation
gap, i.e., only a fraction of the population reproduces and dies in each generation. (Both
steady-state EAs and generational EAs are just special (extreme) cases of EAs with a gener-
ation gap.) In a generation gap EA, after reproductive selection and reproduction, parents
from the previous generation must be selected for replacement by the newly generated off-
spring. In crowding, the idea is that offspring should replace parents that are most similar to
them, to maintain diversity. This is achieved by sampling the parent population and finding
the closest parent from the sample to die, for each offspring generated. Originally, the simi-
larity between individuals was measured as the Hamming distance between them - which can
be viewed as maintaining genetic (bit-wise) diversity, which Mahfoud and Goldberg regard
as of questionable value [MG92]. Crowding requires a fairly large degree of computational
overhead to measure the Hamming difference between many pairs of individuals. The amount
of computation is controlled to some extent by a parameter, the crowding factor , con-
trolling the size of the sample used for choosing parents to replace. However, low values of

cause stochastic sampling errors and instability [MG92].

Preselection uses a similar idea to crowding but has a much lower computational overhead.
The idea is that children should replace their parents, since one could estimate that a parent
would be one of the members of the population most similar to the new offspring. This can
be instantiated in a number of different ways. According to [MG92], one of the best methods

of preselection is for the offspring to replace the parent with the lowest fitness if it is fitter.

Better than either of these methods, though, is a kind of combination of them put forward by
Mahfoud [Mah95], called deterministic cro ding (DC). In DC, all members of the population
are paired up randomly to take part in recombinative reproduction, i.e., there is no repro-
ductive selection pressure. Each pair of parents then produces two offspring. Each offspring
then competes deterministically against one of its parents. Which of the two possible ways of
pairing up the offspring with the parents to execute this competition is chosen, is determined
by minimizing the sum of the absolute differences between parents and offspring. Mahfoud
recommends normalized phenotypic distance as the measure of difference, where available.

Deterministic crowding has several advantages: it is of low computational cost it has high
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accuracy as measured by the number of peaks it can maintain, and the number of replace-
ment errors it makes it has no niching-specific parameters, and it adapts itself to the number
of peaks in a multi-modal landscape. On the negative side, DC, has low selection pressure
compared to some other methods and because it has no parameters, this cannot be adjusted,
except by changing the population size. In some applications this may be a disadvantage.
Given the history of crowding and the advances made by Mahfoud, it is surprising that it is
“rather seldomly implemented in MOEAs” [Zit99]. This may be due to the greater theory

and exposure related to fitness sharing, considered next.

Fitness sharing is a mechanism whereby the reproductive fitness allocated to an individual
in a population is reduced proportionately to the number of other individuals that share the
same region of the fitness landscape. In other words, fitness is a resource which is shared

amongst the individuals competing in the same niche.

In explicit fitness sharing [GR87], the original fitness allocated to an individual is scaled using

a sharing function:

() (3.17)
(¢ )
where () is the adjusted fitness of individual , () its original fitness,  the population
size, and ( ( )) is the share value given by:
1 — if ()
) : (3.18)
0 otherwise
The share value is a function of ( ), the ‘distance’ between and , and the niche

radius, a parameter setting the radius over which one individual can affect the fitness of
another. The parameter affects the shape of the sharing function. It is often set to one,

yielding the ‘triangular’ sharing function.

Sharing may be genotypic, where the function is a suitable distance function (e.g. the Ham-
ming distance) between two strings, or phenotypic where should measure some meaningful
property of the phenotype. In multiobjective optimization, it may be more appropriate to
somehow measure the distance in the multidimensional objective space, i.e. based on where
individuals map to in objective space. This will encourage an even distribution of points

along the Pareto front.

Explicit fitness sharing has been used widely in multiobjective EAs. The NSGA [SD93] uses
phenotypic fitness sharing, whereas Horn and Napfliotis’ NPGA [HN93] is usually used with

sharing in the objective space. Horn and Napfliotis explain how to size the niche radius
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in the NPGA based on knowledge of the best and worst values in the search space of each
objective [HN93]. However, the lower bound calculation is stated wrongly since Horn says
that the “minimum length [area] Pareto frontier is the hyperplane connecting these extremes.”
This is clearly not true. The minimum area of the Pareto frontier is zero, since in the limit
one lone solution may dominate all others in the space. Small Pareto frontiers tend to occur
in problems where there is a strong positive correlation between the values of the different
objectives. Thus, these calculations for sizing the niche radius in objective space may not
work well in the case of positively correlated objectives. In actual fact, one needs to know

the extreme values of the Pareto front in order to size the niche radius correctly.

The problems with explicit fitness sharing include its () time complexity, and the diffi-
culty of setting the niche radius correctly. Several new explicit fitness sharing schemes have
been proposed which may reduce problems with the latter by using an adaptive niche radius,
including [MJ96, GW00]. However, these have not been used in MOEAs to date.

Fitness sharing may also be ‘resource based’, where reproductive fitness is allocated in pro-
portion to the amount of resources (or credits) an individual obtains. The resources available
for individuals to collect are finite so that individuals qualifying for a given resource must
share it between them, based on their relative ‘rights’ to it. Resource based sharing has
been recently used successfully in a MOEA called the evolutionary local selection algorithm
(ELSA) [MDSO00]. This algorithm is particularly effective at covering the full extent of the

Pareto front.

The strength Pareto evolutionary algorithm (SPEA) [ZT98b] is the first MOEA to employ
clustering for diversity maintenance. The external population in the SPEA is limited in
size and must be periodically reduced. To perform this reduction a standard clustering
algorithm is used, which clusters the members of the external population in the objective
space, and removes individuals from the densest clusters. Clustering may have the advantage
over sharing because it is more flexible and adaptive, requiring less knowledge of the size and
shape of the Pareto front.

There are a few other approaches to promoting and maintaining diversity in a population
which have seen little application in multiobjective optimization. Spatially structured popu-
lations and or island models, where mating is restricted to individuals that are close to one
another geographically, can encourage the formation of niches. Mating may also be restricted
to individuals that are phenotypically similar [SD93]. This has been used recently in the
RD-MOGLS algorithm [Jas98] to solve multiobjective travelling salesman problems. Finally,
multiploidy [CCR96, Kur91, YA94], where the loss of genetic diversity is prevented by storing

information which may not be expressed, has not been investigated at all in MOEAs.



In Pareto optimization approaches based on scalarizing selection, diversity of the discovered
objective vectors is encouraged by varying the parameters of the scalarizing function. In some
methods, such as CHESS and MOSA method [UTFT99, Bor00], search is carried out using
multiple runs, with each run using a particular parameterization of the scalarizing function.
In other methods, such as MOGLS [IM96], the weight vector is varied during a run. In all
of these approaches, however, the direction of search (specified by the scalarizing function’s
parameters) does not respond to the evolving distribution in objective space, of the discovered
nondominated points. Thus, it is quite possible that some regions of the objective space will

become much more densely populated than others.

Two approaches that use a reactive specification of search directions, to encourage a more
even distribution of points, are the tabu search procedure of Gandibleux et al. [GMF96], and
the Pareto simulated annealing algorithm put forward by Czyzak and Jaszkiewicz [CJ98].
In the former, the scalarizing weights are updated after each iteration of the tabu search.
The weights given to objectives where a large improvement has occurred in the last ‘move’
are reduced, whereas the weights given to objectives where the improvement is small or no

improvement has occurred are given a larger weight in the next iteration.

In Czyzak and Jaszkiewicz’ Pareto SA algorithm, each member of a population uses a simu-
lated annealing-style acceptance function to search in its neighbourhood. Each member has
its own scalarizing weight vector to specify the direction in which it is trying to improve.
Initially, the weight vectors are set randomly. However, the weights of an individual are
updated at each iteration, in order to increase the probability of moving it away from its
closest, nondominated neighbour in the population, . This is achieved by increasing the
weights of the objectives on which is better than , and decreasing the weights on which

is worse than . This will tend to evenly distribute the vectors in each equivalence class.

ere to go fro ere

In the previous sections we have reviewed some of the key steps in the development of modern
MOEAs, and considered the important elements of these algorithms. We have seen how the
early algorithms employed different selection methods for dealing with the multiple attribute
values, and how the successes and failures of these early schemes affected the direction of
the field. Pareto selection quickly became easily the most prevalent of selection methods

in the evolutionary camp, with the most popular schemes proposed by Srinivas and Deb,



Fonseca and Fleming, Horn and Napfliotis, and most recently, Zitzler and Thiele. In the
MCDM community, however, parameterized scalarizing selection has been favoured, probably
because scalarizing methods are routinely used in the decision-making process to convert the
DM’s preferences into a single value of utility. Using their expertise with scalarizing methods,
it was simple to convert well-understood local search algorithms such as SA to work with
multiple attribute values. Thus, although within the evolutionary camp, Pareto selection is
most popular, and believed by some to be superior to other selection schemes, this view is
not implicitly accepted by the MCDM community. It remains an important avenue of future
research for the two communities to take a closer look at these selection methods, and to

compare their performance on a variety of problem types.

Shortly after the first MOEA schemes were proposed, methods for niching became important
to the mainstream evolutionary field for multimodal optimization. It was quickly appreciated
that these methods could also be vital for multiobjective optimization, and they were incor-
porated into the MOEAs put forward in the early nineties. Explicit fitness sharing has been
the most prominent method for niching in MOEAs but it suffers from two problems: it can
be difficult to set the parameters and it is computationally expensive. Further work should
focus on methods more suited to the particular needs of niching in objective space adapt-
ing automatically to the size of the Pareto front and minimizing the number of comparisons

necessary between solutions.

The incorporation and control of elitism has been the most important issue concerning the
EMOO field in more recent years. We have seen how elitism in multiobjective search is not
merely a question of keeping the best solution(s) from the current population it is more
concerned with the interaction between the current nondominated solutions, and the repro-
ductive population. Most of the new MOEAs maintain nondominated solutions in an external
store and this may be used to re-insert solutions into the population, or they may take part
in selection. A number of different elitist schemes have been investigated but the issue of
controlling the size of the external store has not been investigated very thoroughly to date.
Zitzler’s SPEA uses a computationally expensive clustering algorithm to reduce the size of the
external population periodically to allow a bounded population of nondominated solutions
to take part in reproduction. The RD-MOGLS algorithm of Jaszkiewicz, which has demon-
strated good performance on the multiobjective knapsack problems used by Zitzler [Jas00],
works by using a large queue to store the nondominated solutions found, and then works with
a small selection of these to search in a particular direction The computation time needed
to search through this queue to select the mini-population may become very large, however,
if the queue is large. If the queue is smaller it may not be a good representation of the

current Pareto front. Since it now seems that MOEAs will use such external stores in real



applications, it is time that the computational issues of maintaining this store, and keeping
it down to a reasonable size, whilst ensuring it represents a diverse, well-distributed set of

solutions in the current nondominated front were investigated.

Whilst the issues of selection, niching, and efficient storage of nondominated solutions are all
important areas which need continued research, a more important issue may be to investigate
under what circumstances current MOEAs are really more effective, efficient, robust, and
easy to use than other methods. MOEAs have not been compared, historically, with either
random search or simple hillclimbing methods, on real search spaces of interest. Bucking this
trend, Zitzler did compare SPEA and several other MOEAs to random search in his recent
investigations of the Deb test functions. This is encouraging, particularly as the results
did clearly indicate that all of the MOEAs outperformed random search on this test suite.
This kind of verification should also be repeated on other test functions and also real-world
problems, to extend this result to a broader range of domains and problem features. However,
hillclimbing algorithms may be more formidable opponents to EAs than random search is, as
we have seen in single-objective optimization. If the evidence of single-objective optimization
is anything to go by, hillclimbers may be effective even in unexpected domains, and certainly
wherever the search space is not strongly epistatic, noisy, or deceptive. This would suggest
that MOEAs should really be compared against some sort of hillclimber in the future.

Comparisons of this type may be useful in attaining several important goals for the future
development of EMOO:

- to learn which existing problems can be tackled most effectively using current population-
based MOEAs

- to learn to predict which problem features tend to suggest the use of current MOEAs

is appropriate, and which suggest simpler techniques may be more effective or efficient

- to stimulate the design of better test functions which can differentiate between different

algorithm strengths and weaknesses

- to investigate whether the generally different topology of multiobjective landscapes may

affect the relative merits of local and population-based search

- and to facilitate the design of more diverse evolutionary algorithms based on local

search, or hybrids with a local search element.

A Pareto multiobjective analogue to a single-objective hillclimber, against which MOEAs
could be compared, would only usefully serve these goals if it met certain design criteria, how-

ever. Overall, hillclimbers are simple computationally, they do little work between function



t b ct rb S

evaluations, they use only minimal domain knowledge (for the design of the neighbourhood
operator), they can be applied with little effort to a wide range of applications, and they
have very few parameters to set or adjust. Despite their simplicity they give good search
performance on many problems of interest (better than random search). These attributes of

a hillclimber should be maintained, as much as possible, in a Pareto hillclimber.

Good search performance in a multiobjective optimizer necessarily means that a single algo-
rithm run would return a diverse, well-distributed nondominated set of solutions. One method
for achieving this in a Pareto hillclimber may be to use parameterized scalarizing selection in
a standard hillclimber, and to store all the solutions encountered during an algorithm run.
This would be simple to implement, and computationally inexpensive but using scalarizing
selection may not meet the design criteria for other reasons. When using scalarization, the
objectives have to be appropriately scaled, and their ranges equalized prior to starting the
algorithm. If linear scalarizing is used then concave regions of the Pareto front cannot be
found. On the other hand, if Tchebycheff utility functions are used then it is necessary to
know some ideal point. These considerations mean that it would be better to specify the use

of Pareto dominance in the acceptance function.

ultio ecti e ro le s

As in scalar optimization, multiobjective optimization problems can be broadly divided into
three categories: discrete or combinatorial optimization problems continuous problems and

those that are a mix of discrete and continuous variables.

A very thorough and extensive review and classification of problems and methods for multiob-
jective combinatorial optimization (MOCO) is carried out in [EGO00], where twenty different
multiobjective combinatorial problem structure types are identified and over 350 papers are
cited. References to fifteen design and engineering problems are given in [Deb99a], including
those of a continuous and mixed nature. Coello considers eight design engineering problems
in his thesis [CCH98], seven of which are continuous and one of which is combinatorial in
nature. As well as these real-world problems, there also exist a number of test functions for

multiobjective optimization. These are discussed in more detail below.
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test functions and ro le s

MOEA performance has been demonstrated, historically, on several, quite simple test func-
tions, which were proposed along with the seminal algorithms of the field, including those
of Schaffer [Sch85] and Fonseca and Fleming [FF94]. More recently, the way in which these
functions have been used for testing MOEAs has been brought into question [VL99, Deb99al.
Veldhuizen noted in 1999 that of the thirty test functions which had been used in the liter-
ature, all but three used at most two decision variables and most were two-objective prob-
lems [Vel99]. He concluded that: “...MOEA performance claims comparisons based on
these functions may not be meaningful.” Veldhuizen also noted that the rationale of the test
functions used was often unstated and unclear. To improve this situation, he classified the
existing test functions along a number of important dimensions, allowing researchers to use
these functions more intelligently [Vel99]. In addition, a test suite consisting of a number of
these functions was proposed that, when taken together, exhibit a range of different charac-
teristics and “form a coherent basis for MOEA comparisons”. Veldhuizen discretized these
problems to a certain level of resolution and solved them through exhaustive search using
powerful supercomputers. Thus for these problems, it is now possible to compare results

directly with the true Pareto set and Pareto front, up to this resolution.

Deb’s article [Deb99a], approaches the test suite design problem from the other direction from
Veldhuizen’s. Rather than classifying available functions in terms of their characteristics,
Deb proposes that certain problem features should be identified first, and test functions
which isolate these features should then be designed. He notes that few studies have tried to
identify those specific problem features which might cause difficulty to a MOEA, and argues
that test problems based on such features may enable better comparison of MOEAs with other
methods, better understanding of MOEA working principles, and facilitate improvements to
current algorithms, as good test suites have in single-objective optimization. The article
identifies problem features which may cause difficulties in three areas: convergence towards
the Pareto front, maintenance of diversity, and constraint-handling. A generic two-objective
optimization problem is then proposed which allows the identified problem features to be
introduced in a controlled manner. A sample of problems which may form a basic test suite

is also given.

The test function suites of Deb and Veldhuizen begin to address the needs of the MOEA com-
munity to test their algorithms effectively. However, both of them also note the limitations
of the use of purely numerical function test suites, and encourage more use of combinatorial

and real-world applications for testing MOEAs.
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n introduction to erfor ance assess ent and co ar

ison

Assessing and comparing the performance of heuristic search methods is always difficult be-
cause performance is a multidimensional attribute: solution quality computational effort and
robustness may all be important [BGK 95]. However, performance assessment in MOEAs
is even more difficult because there are even more dimensions of quality to measure, as a
result of the multidimensional nature of Pareto fronts. This is due to two separate factors.
First, the quality of individual solutions themselves are now represented by a vector, rather
than a scalar value. Second, (at least in Pareto optimization) the quality of solution found is
not represented by one single best solution, but rather by a set of nondominated solutions.
Thus it is now more difficult to represent solution quality as a simple variable that can be
plotted against time, for example, and to measure and report how robust it is to changes in
the problem, algorithm parameters, or other factors. Thus, the ideals that are put forward

in BGK 95] are far more difficult to achieve in the multiobjective optimization case.

Due to these difficulties it has been common in much of the multiobjective EA literature for
researchers to indicate the performance of their algorithm by simply plotting the nondomi-
nated solutions (to a 2-objective problem, at least) found upon termination of the algorithm.
This is remarked upon by Veldhuizen [VL00]: “Comparative results are then ‘clearly’ shown in
graphical form indicating which algorithm performed better, often implying the new MOEA'’s

.”  However, such an approach is not

returned is a better representation of
acceptable on its own (although it can be useful in conjunction with the reporting of other
results) because it tells us nothing about the robustness of the approach over multiple inde-
pendent runs (i.e. it has no statistical significance) and furthermore it does not relate the

solution quality to the computational time, or the convergence of the algorithm(s).

Several techniques developed more recently do seek to provide results that can summarize
and make inferences from the data collected from several independent runs of an algorithm,
and that can be used to measure the rate of convergence of a multiobjective algorithm. These
methods rely on being able to reduce the very high dimensionality of solution ‘quality’ as
represented by a single nondominated set of objective vectors, into a much smaller dimensional
metric. Several methods for achieving the latter have now been proposed and they work in a
variety of different ways: some of them rely on knowing the (entire) true Pareto front others
give an absolute value or values that summarize the quality of a nondominated set, without

reference to any other reference set while still other techniques can be used only to compare

n our notation is denoted where is any appro imation of the e cient set. nd
is the e cient set.
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two or more nondominated sets, or algorithms, against each other.

Of course, reducing the dimensionality of the data represented by a set of nondominated
objective vectors into a meaningful measure of quality requires us to first identify desirable
global aspects of such a set. Zitzler et al. [ZDT00] suggest three goals of Pareto multiobjective

search that can be identified and measured:

- The distance of the resulting nondominated set to the Pareto-optimal front should be

minimized.

- A good (in most cases uniform) distribution of the solutions found is desirable. The

assessment of this criterion might be based on a certain distance metric.

- The extent of the obtained nondominated front should be maximized, i.e., for each

objective, a wide range of values should be covered by the nondominated solutions.

Although these three criteria might not seem controversial, since these three aspects do indeed
describe desirable outcomes of a multiobjective search, it is questionable whether they are
completely general, and whether they are a minimal set. For example, if the true Pareto
front consists of just one point in objective space then item three is not appropriate. If, on
the other hand, the points on the true Pareto front are not uniformly distributed, then an
‘approximation’ that contains nearly all of the points in the true Pareto front will not comply
with item two, in the list. Thus, although the above list does serve as an intuitive guide
to the goals of Pareto search, it is not completely general. A more general (and economic)
statement of the goals of Pareto optimization would be to expand on the first point only,
defining what is meant by the distance of one set from the other. This is likely to lead to

more useful metrics than the set given above, which may lead to misleading metrics.

More recently, Hansen and Jaszkiewicz have written a detailed report [HJ98] on the subject
of evaluating approximations to the true Pareto front. In it they define a number of outper-
formance relations that express the relationship between two sets of internally nondominated

objective vectors, and

t a t rr ac ( ) and
In other ords approrimation  weakly outperforms approzimation  if all points in  are
covered’ by those in  ( here covered’ means is e ual to or dominates) and there is at least

one point in  that is not contained in
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t tr t rr ac ( ) and (
) . In other ords approzimation  strongly outperforms approzimation  if all points

in  are covered by those in  and at least one point in  is dominated by a point in

t t t rr ac ( ) and
( ) . In other ords pprozimation  completely outperforms if each point

in s dominated by a point in

Notice that . In other words, complete outperformance is the
strongest and weak outperformance is the weakest of the relations. This can also be written

as

These relations are valuable descriptors of the relationships between approximations to

because they are compatible with, and only depend upon, the standard dominance relation.
They do not of themselves constitute metrics of performance, however, and they cannot
be used to determine which of two sets is better in the often encountered case where each
set contains points that are not covered by the other set . Nonetheless, we can use these
relations to assess the usefulness of other quantitative assessment metrics: any metric which
is not compatible with these relations cannot be relied upon to provide evaluations that are

compatible with the notion of Pareto dominance.

Hansen and Jaszkiewicz formally defined compatibility and weak compatibility with an out-

performance relation, as follows:

t a ¢ atb t comparison metric  is weakly compatible ith
an outperformance relation  if for each pair of nondominated sets and B such that

ill evaluate approximation  as not being orse than

t atb t comparison metric  4s compatible ith an outper-
formance relation  if for each pair of nondominated sets and B such that ill

evaluate approzimation  as being better than

airs of sets li e this are said to be incomparable according to the wea outperformance relation. This
implies they are also incomparable according to and since
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Classi cation and anal ses of nondo 1nated set assess

ent etrics

In this section we classify and critically analyse some of the key metrics proposed in the
literature for assessing approximations to the efficient set. Specifically, we discuss the purpose
and approach of each metric, its compatibility with the outperformance relations discussed
above, and several other important factors affecting its usefulness. The results of the analysis

are summarized in Table 3.2.

We discuss each of the metrics under four headings:

Purpose and approach

Pareto compatibility

Advantages

Disadvantages and caveats.

Under the first heading we describe the intended purpose of the metric (e.g. to measure
the diversity in the Pareto front, or to measure distribution etc.), and the way in which the
metric actually compares two approximation sets and . There are several alternative

approaches to the latter which we briefly describe next.

A metric may compare the two approximations directly using a scalar measure ( ) which
describes how much better is than , and ( ), vice versa. If ( ) ( )
for some constant for all pairs of nondominated sets then is ‘symmetric’. Metrics

of this comparative type, such as the R1 metric of Hansen and Jaszkiewicz [HJ98], we will

call, ‘direct comparative’ metrics.

An alternative approach for comparing two approximations is to use a reference set, per-
haps the efficient set, and compare both approximations against this reference set, and then
compare the results. These metrics we will call ‘reference’ metrics. Clearly, any direct com-
parative metric can also be used as reference metric by specifying a particular reference set.
However, the converse is not true because some reference metrics, like Veldhuizen’s Error

Ratio are defined specifically for a particular reference set (the efficient set).

A third alternative approach is to measure some property of each set that is not dependent



ass cat a aa ss at s t ass ss t tr cs

on the other, or any other reference set of points, and compare the results of these two

measurements. These metrics, like Schott’s spacing metric, we will call ‘independent’.

Another important feature of a metric discussed under our first heading is whether or not
it induces a complete ordering of all possible nondominated sets. A complete ordering of
nondominated sets ensures transitivity, so that when nondominated sets , , and are
compared, if beats and beats then it is always true that beats . Often, direct
comparative metrics do not induce a complete ordering of sets so that the relations between
different approximation sets may be intransitive. In this case it is sometimes advisable to use
these metrics with reference sets (i.e. as reference metrics) to ensure transitivity. Transitivity
is not generally a problem with independent metrics as they all induce a complete ordering

of nondominated sets, provided they return a single figure of merit only.

Under the first heading we also note if the metric is a cardinal measure (based on counting

the number of vectors in some set) or non-cardinal.

The Pareto compatibility section of each analysis is concerned with judging if the metric give
scores or judgments that are compatible with the outperformance relations between nondom-
inated sets. The aim of this section is to indicate if a metric can be misleading, giving scores
for nondominated sets that do not accurately reflect their relative worth in a Pareto sense.
To judge the degree to which a metric is Pareto compatible, its compatibility with the three
outperformance relations , , and , proposed by Hansen and Jaszkiewicz is deter-

mined. Recall that a metric can be ea ly compatible or compatible with an outperformance

relation.
The hardest relation to be (weakly) compatible with is , and the easiest is . We note
that compatibility with is necessary and sufficient for ensuring t and sufficient

but not necessary for ensuringr at t , defined as follows.
a t Given a nondominated set , the addition of a nondominated point
always improves (never degrades) the set’s evaluation.
a r at t Theevaluation of the global Pareto front is uniquely (non-uniquely) opti-
mal, i.e., all other nondominated sets have a strictly inferior (non-superior) evaluation.
Weak compatibility with is sufficient for the weak versions to be exhibited.

The Pareto compatibility section also includes some discussion and figures to illustrate ex-

amples where the metric fails to perform in a desirable manner.

The final two sections summarize the advantages and disadvantages of the metric by consid-
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ering its compatibility with the outperformance relations and the following additional factors:

- the computational cost of the metric

- whether it is scaling independent (is the ordering of approximations affected if one

objective is scaled relative to the others )
- whether it relies on knowledge of the true efficient set or any other reference point
- whether its purpose is well-defined

- and whether it can differentiate between different levels of complete outperformance.
This means that given three approximation sets , , with and ,
would the metric give a different evaluation if and  were compared than if and

were compared

A definition of the metric and detailed description of how to calculate it is given in sec-
tion 3.12.2.

The purpose of the metric is to evaluate the overall quality of a nondominated set. To
achieve this it computes the size of the region dominated by the nondominated set. It is an
independent metric (although a single reference point must be chosen to bound the dominated

region), so it induces a complete ordering of nondominated sets. It is a non-cardinal measure.

art c atb t

It is compatible with provided that the upper boundary of the dominated region is set

so that all feasible nondominated sets are evaluated positive.

A ata s

There are many advantages to this metric. It is compatible with the outperformance relations.
It is an independent metric, giving a single figure of merit that all nondominated sets can be

judged by. It differentiates between different degrees of outperformance of two sets, where
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one completely outperforms the other. It is scaling independent. There is no need to know

the Pareto set or other reference points to use it. Its meaning is intuitive.

sa a ta sa ca ats

Strictly, it requires defining some upper boundary of the region within which all feasible
points will lie. The choice of this boundary does affect the ordering of nondominated sets (see
Figure 3.1), and it is difficult to justify any particular choice regarding this. The metric
has a very large computational overhead, ( ), which makes it completely unusable for
large numbers of objectives or large nondominated sets. however, in most applications in the
literature at present, only two or three objectives problems are usually tackled. It multiplies
‘apples’ by ‘oranges’, that is, different objectives together. It can be argued that this does not

matter, however, as the metric is scaling independent anyway, and the units are irrelevant.

(3.19)
where is the number of vectors in the approximation set 0 if vector is in and 1
otherwise. Lower values of the error ratio represent better nondominated sets.
r s a a r ac
The error ratio measures the ratio, amongst the approximation set ( in Veldhuizen’s

terminology), of those vectors that are in the true Pareto front, to those not in the true
Pareto front. It is a reference metric using the true Pareto front as reference set. It induces

a total ordering of nondominated sets. It is a cardinal measure.

art c atb t

The error ratio is only weakly compatible with . It is not weakly compatible with or

e.g. if an algorithm finds two nondominated vectors, one in , and the other far
away from the true front then its error ratio is 0.5. If it finds one hundred solutions, 99 of
which are very close to (and perhaps distributed evenly along it over a wide range
in the objectives), and one (as before) which is in , then its error ratio will be 0.99.

Clearly the second set of points is far better, but the first one scores a much lower error ratio.
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